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FOREWORD 


Foreword 


This book contains the full solution to every Exercise, Review Problem, and Challenge Problem in the text 
Precalculus. 


In most problems, the final answer is contained in a box, |like this |, However, we strongly recommend against 
just looking up the final answer and moving on to the next problem. Instead, even if you got the right answer, 
read the solution in this book. It might show you a different way of solving the problem that you might not have 
thought of. 


If you don’t understand a solution, or you think you have a better way of solving the problem, or (gasp!) find 
an error in one of our solutions, we invite you to come to our message board at 
www.artofproblemsolving.com 
and discuss it. Our message board is free to use and includes thousands of the world’s most eager mathematical 
problem-solvers. 
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Functions Review 


Exercises for Section 1.1 


1.1.1 
(a) 
(b) 


(c) 
(d) 


1.1.2 


(d) 


f222-2-e6-|-4] 
Since f(x) = x? - x - 6 = (x - 3)(x + 2), we have f(x) = 0 when Ix-3andx- 2| 
flee — 1) = (x - 1)? - (x- 1) - 6 = 2 - 2x 41-4 41-6 = [2 -3x-4] 


If f(x) = 6, then x? — x — 6 = 6, so x? - x — 12 = 0. Factoring gives (x — 4)(x + 3) = 0, which means x = 4 or 


x = —3. Hence, f(4) = f(—3) = 6, so we can have f(x) = 6. 


2 
Completing the square, we get f(x) =x? - x -6— (x = ;) = A, Hence, the range of f is | [-25/4, +00) |. 


We can evaluate the absolute value of 1 — x for any real number x, so the domain of f is [R] The absolute 
value of a real number is always nonnegative, and 1 — x can equal any nonnegative real number, so the 


range of f is [[0, +00) | 


We can only take the square root of a nonnegative real number, so 2 — t must be nonnegative. Hence, the 
domain of f is | (=00, 2] |. Also, the square root of a nonnegative real number is always nonnegative, so the 


range of f is [[0, +20) | 


We can evaluate 1 — x? for any real number x, so the domain of h is [R] Since x? is always nonnegative, 


1 — x? is always less than or equal to 1, so the range of / is [(799,.1]| 


First, we note that we cannot have u = 0, since this makes the denominator of 1/u equal to 0. We also cannot 
have the denominator of the whole function, 1 + 1/u, equal to 0. If 1 + 1/u = 0, then u = —1, so the domain 


of g is | all real numbers except 0 and -1 |. 


To find the range of g, let v = g(u) = ERU Taking the reciprocal of both sides and rearranging gives 


1 1 1 1-v U 
Jd 5 cc——-Jue > u= : 
U u v U 1-v 


Hence, for every value of v, there is a corresponding value of u, except when v = 1. Furthermore, as 
determined above, u cannot be equal to 0 or —1. There is no real number v that corresponds to u = —1, but 
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the real number v = 0 corresponds to u = 0, so v cannot be equal to 0 either. Therefore, the range of g is 


all real numbers except 0 and 1}. 


11.3 The function (f - g)(x) = V4-x- V2x-6 is defined only where both the functions f(x) = V4—«x and 
g(x) = V2x - 6 are defined. The function V4- x is defined only for x < 4, and the function V2x — 6 is defined 


only for x > 3. Hence, the domain of the function f - g is [3,4] |. 
As with f - g, the function 


D 


is defined only where both the functions f(x) = V4 — x and g(x) = V2x — 6 are defined. However, we must also 
exclude points where the denominator is 0. In this case, the denominator is 0 when x = 3. Hence, the domain of 


the function f/g is | (3,41 


The domains of f - g and f/g are different because we must exclude those values where g(x) = 0 from the 
domain of f/g, but we include these values in the domain of f - g if they are also in the domain of f. 


1.1.4 The function 

Dtm 
is defined only where (2x — 5)/(x — 8) = 0. For this inequality to hold, either both 2x — 5 and x — 8 must be positive, 
both of them must be negative, or 2x — 5 = 0. 


If both 2x — 5 and x — 8 are positive, then x > 5/2 and x > 8, so in this case, we get x > 8. If both2x -5and x - 8 
are negative, then x < 5/2 and x < 8, so in this case, we get x < 5/2. Finally, if 2x — 5 = 0, then x = 5/2. Therefore, 
the set of x such that (2x — 5)/(x — 8) 2 0 is (—09,5/2] U (8, +00), which is the domain of f. 


On the other hand, the function 
Nay 
(x) = TF 
XD 
is defined only where both the functions V2x — 5 and Vx — 8 are defined, and the denominator is nonzero. The 


function V2x — 5 is defined for x » 5/2, and the function Vx — 8 is defined for x » 8. The denominator is zero 
when x = 8, so the domain of g is (8, +00). 


Thus, the functions | f and g have different domains |, because those values of x for which 2x — 5 and x — 8 are 


negative are in the domain of f, but not in the domain of g. 


x+1 -x+1 x+1 x-1 
.1. č — = . = 8 = 1 f 2 il. 
as fo) feos SEP EEL EST eorn 
1.1.6 We break up the interval [—3, 4] into the intervals [-3, 2] and [72,4]. If -3 < x < -2, then-1<x+2<0, 
so 0 < (x +2)? <1. If —2 < x < 4, then 0 < x + 2 < 6, so 0 x (x - 2? < 36. Hence, every value in the range of g is in 
the interval [0,36]. 


Intuitively, it seems clear that every value in this interval is in the range. To prove it we let y = (x - 2 and solve 
for x. Taking the square root of both sides gives x + 2 = € Jy, so x = + y — 2. Consider the solution x = UD 
For any y such that 0 < y x 36, we have 0 < Jy < 6, so —2 < Jy -2 < 4. Therefore, the number Jy -2is in the 
domain of g if 0 < y < 36. So, if we let x = yy — 2 for any y such that 0 < y x 36, we have f(x) = y. Therefore, 


every value in [0,36] is in the range, and our range is | [0,36] |. 
1.1.7 


(a) Wehave T(2,3, -5) 2 3 -23 - (-5) 23.85 -|29| 


Section 1.2 


(b) 


Since T(x, 2,6) = 3x? — 6, we have 3x2 — 6 = 21. Isolating x* gives x? = 9, from which we find x = [+3]. 


Exercises for Section 1.2 


1.2.1 
(a) 


(b) 


(c) 


1.22 


(a) 
(b) 


(c) 


1.2.3 
(a) 


If 3x -7 = 0, then x = 7/3, so the x-intercept is | (7/3,0)|. Since f(0) = —7, the 


y-intercept is [0-7] 


fœ) = 


If 2 — |x| = 0, then |x| = 2, so x = +2. Hence, the x-intercepts are | (2,0) and (—2, 0) |. 
Since f(0) = 2, the y-intercept is | (0,2) |. 


Note that f(x) = x? — 5x + 6 factors as (x — 2)(x — 3). If (x — 2)(x — 3) = 0, then 
x = 2 or x = 3, so the x-intercepts are | (2,0) and (3,0) |. Since f(0) = 6, the ~ 


y-intercept is | (0,6) | 


JOD ir E 


f(x) =x* -5x+6 


Every vertical line intersects the graph at most once, so the graph represents a function. 


Every vertical line intersects the graph at most once, so the graph represents a function. Note that every 
vertical line does not need to intersect the graph, such as the line x = 0. 


There are many vertical lines that intersect the graph more than once, such as the line x = 1, so the graph 
does not represent a function. 


All we know about the function f is that f(9) = 2. Hence, if we set x — 3 = 9, then we have x = 12, and 
y = f(12-3)+5 = f(9) +5 = 7. Therefore, a point on the graph of y = f(x — 3) + 5 is | (12,7) | We can also 
find this point by noting that the graph of y = f(x — 3) + 5 results from shifting the graph of y = f(x) to the 


3 
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right by 3 and up by 5. So, because (9, 2) is on the graph of y = f(x), the point (9 +3,2 + 5) = (12,7) is on the 
graph of y = f(x — 3) +5. 

(b) If we set x/4 = 9, then x = 36, and y = 2f(9) = 4. Therefore, a point on the graph of y = 2f(x/4) is | (36, 4) |. 
We can also see this by noting that the graph of y = 2f(x/4) results from scaling the graph of y = f(x) 
vertically by a factor of 2 and horizontally by a factor of 4. So, because (9, 2) is on the graph of y = f(x), the 
point (9 - 4,2 - 2) = (36,4) on the graph of y = 2f(x/4). 

(c) Ifweset3x—1 2 9, then x = 10/3, and y = 2f(9)+7 = 11. Therefore, a point on the graph of y = 2f(3x—1)+7 


1.2.4 The graph of y = f(2x) is the same as the graph of y = f(x) compressed by a factor of 2 horizontally, and 
the graph of y — f(x — 6) is the same as the graph of y — f(x) shifted 6 units to the right. 


Knowing these results, we may think that the graph of y — f(2x — 6) results from compressing the graph of 
y = f(x) by a factor of 2 horizontally to give the graph of y = f(2x), and then shifting the result 6 units to the 
right. However, this is not true. The first step is correct; compressing the graph of y — f(x) by a factor of two 
horizontally gives the graph of y = f(2x). To see how we produce the graph of y = f(2x — 6), we let h(x) = f (2x). 
Then, the graph of y = h(x) is the same as the graph of y = f(2x). To get the graph of y = f(2x — 6), we note that 
h(x — 3) = f(x — 3)) = fx — 6). The graph of y = h(x — 3), which is the same as the graph of y = f(2x — 6), is the 
result of shifting the graph of y = h(x), which is the same as the graph of y = f (2x), by 3 units to the right. 


Therefore, the answer is (c). The graph of y = f(2x — 6) is the same as the graph of y = f(2x) shifted 3 units to 
the right. 


Exercises for Section 1.3 


13.1 If g(x) = 3x +7, then 9(9(x)) = g(3x +7) = 38x +7) +7 = [9x € 28]. If g(x) = -3x — 14, then g(g(x)) = 
g(-3xx - 14) = -3(-3x - 14) - 14 = [9x +28], Hence, both solutions work. 


1.3.2 
(a) First, we note that the domain of g is (—co, 1]. Since the domain of f is all reals, all outputs of g are in the 


domain of f. For x < 1, we therefore have f(g(x)) = f(V1—-x)z|1-x-2V1-—x, wherex € 1. 


(b) The domain of f(2(x)) is the set of values of x such that both g(x) is defined, and g(x) lies in the domain of 
f(x). From g(x) = V1 - x, we see that g(x) is defined only for x < 1. The domain of f(x) consists of all real 


numbers, so the domain of f(g(x)) is | (=o, 1] | 
(c) First, f(-2) = (-2)? - 2- (-2) = 8. Since g(x) is only defined for x < 1, we see that g(/(-2)) is [not defined | 


1.3.3 We show that f?(x) is the same as f?(f(x)) by expanding both expressions. By definition, f?(x) = f(f(f(x))). 
Since f(x) = f(f(x)), we may substitute to get f*(f(x)) = (FEE) so f^(f()) = P). Similarly, f(f2(x)) = 
FOG), so f(x) and f(f?(x)) are the same, as well. 


1.3.4 To get a feel for the problem, we compute f"(x) for the first few values of n: 
fF œ) = f(x) = ax, 
F) = f(f()) = fax) = a°x, 
P(x) = FUP?) = fx) = ax, 
FO = fü? (9) = fax) = atx, 
and so on. 


4 ae 


Section 1.4 


Applying the function f to x multiplies it by a. Therefore, applying the function f to x exactly n times multiplies 
it by a exactly n times; in other words, it multiplies it by a”. Hence, f"(x) = lex] 
13.5 All the statement "(3,0) is the only x-intercept of the graph of g” tells us is that 9(3) = 0. So, we have 


h(3) = f(g(3)) = f(0). This tells us that (3, f(0)) is on the graph of y = h(x), but this doesn't tell us anything about 
the intercepts of h. We cannot conclude anything about the intercepts of h from the given information. 


Exercises for Section 1.4 


144 Lety = f^! (3). So, we have f(y) = f(f *(3)) = 3. This means we have 


Vind E 3 one EE 
/-;03 = a-1-39-2-9;-6 > y=/3) 


1.4.2 
(a) Letx = f(y) = 2y - 7. Then y = (x + 7)2, so f ^ (x) =| (x - 72. 


(b) Letx = f(y) = qs Then 2y +3 = 1, soy= (i — 3)/2 = (1 - 3x)/ x). Therefore, f^! (x) = EI 


(c) Letx= f(y) = 42- y. Then x? = 2- y, so y = 2- x°. Therefore, f^! (x) = 2— x?. Note that since the range of 
f(x) is the set of all nonnegative real numbers, the domain of f~t is also all nonnegative real numbers. So, 


we have JN Eo) - 2 - x°, where the domain of f is [0, +00) | 


(d) Since f(4) = |5 - 4| = 1 and f(6) = |5 — 6| = 1, there are two different values of x that give the same value of 


f(x). Therefore, the function f(x) | does not have an inverse |, 
(e Since f(2) = y4-2+ N2-2- v2 and f(4) = v4-4+4 y4-2= v2, there are two different values of x 
that give the same value of f(x). Therefore, the function f(x) | does not have an inverse |, 


(f) Completing the square gives f(x) = (x — 3)? — 6. We might at first think that this function does not have an 
inverse, since f(1) = f(5). However, f(x) is only defined for x > 4. By considering the graph of f(x), or by 
noting that the function f(x) strictly increases as x increases for x > 4, we see that no two values of x in the 
domain of f give the same output from f. In particular, f(4) = —5, so the range of f is [-5, +00). So, f does 
have an inverse. But what is it? 


To find the inverse of f, we solve x = f(y) = (y—3)? — 6 for y in terms of x. Adding 6 to both sides gives 
(y —3)* =x +6. Since x is in the range of f, we have x 2 —5, so x +6 > 1. Therefore, we take the positive 


square root to find y = Vx 6 +3. Hence, f (x) = Nx * 6&3, where the domain of f^! is [-5, +00) |. Note 


that f'(x) is defined only for x 2 —5, because this is the range of f. 
14.3 To find f(x), let x = f(y) = ay + b, so y = (x — b)/a. Then the equation f(x) = f~! (x) becomes 


x-b x b 
ax+b=—— =---. 
a a a 


This holds for all x if and only if a = 1/a and b = —b/a. From the first equation, we have =| som ouch 


If a = 1, then the second equation becomes b = —b, so b = 0. If a = —1, then the second equation becomes 
b = b, which is true for any real number b. Therefore, the ordered pairs (a,b) that satisfy the problem are 


(1, 0) and (-1, b) for any any real number b |. 
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We can check these solutions quickly. For (a, b) = (1,0), we have f(x) = x, so f(f(x)) = f(x) = x, which means 
f(x) = f(x). If (a,b) = (-1,b), then f(x) = -x + b, so f(f(x)) = f(-x + b) = -(7x + b) +b = x, and again we have 
fa = Fx). 


1.4.4 First, we find e !(x). Let x = e(y) = (ay + b)/(cy + d). Then 


x(cy+d)=ay+b = exy+dx=ay+b = cxy — ay = b — dx = y(ex —a) = b - dx 
b -dx 
cx-a 


=> = 


p= 


cx = We see that ^! (x) is defined for all x except when cx — a = 0, or x = p 
(Note that we must have ad + bc because if ad = bc, then g(x) is a constant for all x such that cx + d + 0, which 


means that g does not have an inverse.) 


Therefore, we have 9^! (x) = 


Review Problems 


1.23 
(a) Since A(x) = 4x? + 1 is defined for all real numbers, the domain of A is [R] Since 4x? can equal any 


nonnegative real number, but no negative number, the range of A(x) = 4x? + 1 is [1, +00) |. 


(b) The function o(x) = 3+ 4/16 — (x — 3? is defined only when (x — 3)? < 16, so x — 3 must be between —4 and 
4. In other words, -4 < x -3 < 4, so -1 < x < 7. Therefore, the domain of o is | [-1,7] |. 


As x varies from —1 to 3, 4/16 — (x — 3)2 varies from 0 to 4, so o(x) = 3+ 4/16 — (x — 3)? varies from 3 to 
7. As x varies from 3 to 7, 4/16 — (x — 3)? varies from 4 to 0, so o(x) = 3 + 4/16 — (x — 3)? varies from 7 to 3. 


Therefore, the range of o is | [3,7] |. 
(c) The function P(x) = 1/(3 + Vx + 1) is defined if and only if x + 1 > 0, or x > —1. Therefore, the domain of P 


Since Vx + 1 can take on any nonnegative value, we see that P(x) = 1/(3-- Vx +1) varies from 1/3 to 0 
(without ever reaching 0). Therefore, the range of P is | (0, 1/3] |. 
(d) The function S(x) = (12x — 9)/(6 — 9x) = (4x — 3)/(2 — 3x) is defined for all x except when the denominator 
2 — 3x is zero. We have 2 — 3x = 0 when x = 2/3, so the domain of 5 is | all reals except 2/3 |. 
To find the range of S, we let y = S(x) = (4x — 3)/(2 — 3x). Then we have 
_2y+3 


2-3 4x-3 => 2y-3x 4x-3 > 3xy+4x=2y+3 > = : 
y(2 — 3x) = 4x y- 3xy = y y EE 


Hence, for every value of y except y = —4/3, there is a corresponding value of x such that S(x) = y. Therefore, 


the range of 5 is | all reals except —4/3 |. 


1.24 
(a) The function ES is defined only when 2x — 5 > 0, or x > 5/2, and the function V9 — 3x is defined only 


when 9 — 3x > 0, or x < 3. Combining these, the domain of f is | (5/2,3] |. 
(b) The function | Vx — 2| is defined only when x > 0 and the function | Vx — 2| is defined only when x — 2 > 0, 


or x > 2. Therefore, the domain of f is | [2, +00) | 


Review Problems 


(c) The function y|x| - 2is defined only when |x| 2 2. This is equivalent tox < —2 or x > 2. The function yx — 3| 


is defined for all x, since |x — 3| is always nonnegative. Therefore, the domain of gis|(—co, 2] U [2, +00) |, 


1.25 fe = F ( a)-f ee ae ee 
x+4 2r +2 2x+2(x+4) 4x48 [x42 
domain of g. 


A 


where x # 4, because —4 is not in the 


1.26 The equation f(1) = 2(1) + 2 gives us a +b +c =a-b +c +2, sob = 1. Then the equation f(2) = 2 gives 
4a + 2b +c = 2, so 4a +c =2 -2b =0. Therefore, g(2) = 4a - 2b + c = (4a + c) -2b = 0 -2 =| -2| 


1.27 For part (a), we shift the graph 3 units to the right. For part (b), we scale the graph vertically away from the 
x-axis by a factor of 2, then shift the graph 1 unit upwards. For part (c), we reflect the graph over the y-axis. 


For part (d), we reflect the graph over the y-axis, then shift the graph 2 units to the right. To see why we 
shift to the right rather than the left, let (x) = f(-x). Then, the graph of y = f(2 — x) is the same as the graph of 
y = h(x — 2). The graph of y = h(x — 2) is the result of shifting the graph of y = h(x) to the right 2 units. So, the 
graph of y = f(2 — x) is the result of shifting the graph of y = f(—x) to the right 2 units. 


For part (e), we compress the graph horizontally by a factor of 1/2, then shift the graph 1/2 unit to the right. 
As with part (d), we can see that this shift is 1/2 unit by letting h(x) = f(2x); therefore, h(x — 1) = f(2x — 1), so we 
must shift the graph of h(x), which is the same as the graph of y = f(2x), to the right 1/2 unit to get the graph of 
y = fx — 1). We then compress the graph of y = f(2x — 1) vertically by a factor of 1/2, then shift the resulting 
graph 3 units upwards. 


The results for all five parts are shown below. 


y 
(a) SE at GE aes (c) 
E Jr mmm 
1 aX 
y = f(x-3) y = 4 f(2x-1)+3 
y 
(b) i |. (d) 


y -2f(x)*1 
1.28 The functions f and g need not be the same. For example, let f(x) = |x| and g(x) = x. Then f(f(x)) = |fG)] = 
lxil = Ix], and g(f(x)) = g(lxl) = [x]. So, we have f(f(x)) = sU G2), but f(x) + 869. 
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1.29 


(a) Every vertical line intersects the graph at most once, so the graph can represent a 
function. We also see that every horizontal line intersects the graph at most once, 
so the function has an inverse, the graph of which is shown at right. (It is simply 
the graph in the problem reflected over the line y = x.) 


(b) There are vertical lines that intersect the graph more than once, so the graph 
cannot represent a function. 


(c) Every vertical line intersects the graph at most once, so the graph can represent a 
function. However, there are horizontal lines that intersect the graph more than 
once, so the function does not have an inverse. 

1.30 From f(a,b,c) = 1, we have 5 = 1,s0a—c = b—c, which means a = b. Then f(a,c, b) = ab = [o] (Note 
that we know that b # c because f(a,b,c) is defined, so we know that we don’t have division by 0 in evaluating 


f(a,c,b).) 
131 If f(x) = —X? + bx + c and g(x) = dx + e, then 


f (g(x) = f(dx + e) = -(dx + e} + b(dx + e) + c = -d*x* — 2dex — e + bdx + be + c = -dx + (bd — 2de)x — (@ — be — c). 


For f(g(x)) to be equal to x? for all x, the coefficient of x? must be 1. However, there is no real number d for 


which —? = 1, so it is for f(g(x)) to be x?. 


1.32 To find the inverse of f(x) = ax + b, set x = f(y) = ay +b. Then y = x5 = 2 —Pso we have f^!(x) = tx- 


This is a linear function. We conclude that the inverse of a linear function is always a linear function. 


1.33 Consider a point (x, |f (x)|) on the graph of y = |f(x)]. If f(x) = 0, then |f(x)| = f(x). On the other hand, if 
f(x) < 0, then |f(x)] = — f(x), and the point (x, |f(x)]) = (x, — f(x)) is the reflection of the point (x, f(x)) over the x-axis. 


b 
z 


Thus, the graph of y = |f(x)| can be constructed from the graph of y = f(x) by reflecting over the x-axis the 
portion of the graph of y — f(x) that lies below the x-axis. An example is shown below. The dashed lines in the 
diagram on the right indicates portions of the graph of y — f(x) that are reflected over the x-axis to produce the 
graph of y = |f(x)]. 


134 Ify = f(x) = x/(1— x), then 


y1—-x)2x 2 y-xy-x => xytx=y > MYDS > x- 


Challenge Problems 
a eee 


We compare this to each of the given possibilities: 


m EE UR 
HIS] ap See 


10) ee 
vc; eee y 
fe» mc 
-— 78 
adip. accu 

Ona 


EET 
Therefore, we have x = p fy). 


cx c- cx[(2x - 3) cu on 
1.35 Wi h = = —— E sls 
eU) recs) 2-cx/(Qx+3)+3  2cx+3(2x+3) (2c+6)x4+9 


If f(f(x)) = x for all x except —3/2, then 


cx 


= = to. 2 
(e+ 6x49 = ex — «(2c + 6x4 9) 095 x = (2c + 6)x Ox 


This equation holds for all x except —3/2 if and only if 2c + 6 = 0 and c? = 9. The only value of c that satisfies 
both equations is c =| -3 | 


1.36 Let g(x) = f(2x). As discussed in the text, we find the inverse of g(x) by solving the equation x = g(y) for 
y in terms of x. From x = g(y), we have x = f(2y). Because f is invertible, x = f(2y) tells us that 2y = f^!(x), so 


y= I f (x). Thus, the inverse of f(2x) is not f^! (2x). We also could have found the inverse using the 
fact that the inverse of (f(g(x)) is g !(f-1(x)), which we proved in the text. Here, we let g(x) = 2x, so g(x) = Ix 
and the inverse of f(2x) is g^! (f 1(x)) = 1 f^! (x), as before. 


Note that substituting f(2x) into the function I f (x) gives x: we have I Tem 5 (2x) = x, as expected. 
Also, we have f (2- 1f-!(3)) = SFT) = x. 


1.37 For the functions f and g to be inverses, we also require that g(f(x)) = x for all x in the domain of f. But 
g(f(x)) = V? = |x|, which is not equal to x when x is negative, so f and g are not inverse functions. 


Since the function f(x) = x? fails the horizontal line test (for example, f(-1) = f(1) = 1), no function g can be 
an inverse of f. 


Challenge Problems 


138 If f(x) = f-!(x), then f(f(x)) = f(f (x) = x for all x in the domain of f. We find an expression for f(f(x)) as 
follows: 


2x+a\ NO (2x+a)/(bx-2)+a _ 2(2x+a)+a(bx- 2) 

fen = f a) ~ b+ (2x+a)/(bx-2)-2  b(2x+a)-— 2(bx- 2) 
| 4x+2a+abx-2a _ (ab+4)x 
~ 2bx+ab—-2bx+4 ab+4 ` 
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This simplifies to x as long as ab + 4 + 0. If ab + 4 = 0, then a = —4/b, and 
2x+a C DM P CENE (E 


jolie - 07 ~ b(bx—2) bbx-2) b 


which is a constant, so f does not have an inverse if ab = —4 


Hence, f^! (x) exists and f^ !(x) = f) | for all a and b such that ab + —4 | for all a and b such that for all a and b such that ab  —4 | z-4|. 


1.39 
(a) The function f(x + 1) is defined only when —1 < x + 1 < 1, or 22 < x < 0. Therefore, the domain of f(x +1) 


(b) The function f(1/x) is defined only when —1 < 1/x < 1. If x is positive, then multiplying all three parts of 
the inequality chain by x gives —x < 1 < x. Since x is positive, —x is negative, so the inequality —x < 1 is 
always satisfied. Hence, the solution in this case is x > 1. 


If x is negative, then multiplying all three parts of the inequality chain by x gives —x » 1 » x. Since x is 
negative, the inequality 1 > x is always satisfied. Multiplying the inequality -x > 1 by -1, we get x < -1. 
Hence, the solution in this case is x « —1. 


Therefore, the domain of f(1/x) is | (co, -1) U (1, +00) |. 


(c) The function f(x) is defined only when both x > 0 and -1 < yx < 1. Since yx is always nonnegative, 
the inequality —1 < x is always satisfied. For the same reason, we can square both sides of the inequality 


vx < 1 to get x < 1. Therefore, the domain of the function f(x) is | [0, 1) |. 


(d) The function fai is defined only when -1 < Hn < 1. We take the cases where x - 1 > 0 and x-1 <0 
separately. 


If x — 1 > 0, then multiplying all parts of the inequality -1 < #44 < 1 by x - 1, we get 
gcc x — Is 


Subtracting x + 1 from all three parts gives —2x < 0 < —2. Therefore, there are no solutions in this case. 


If x- 1 < 0, then multiplying all parts of the inequality -1 < “4 < 1 by x—1 (and changing the directions 
of the inequalities because x — 1 is negative), we get 


—-x+1>x4+1>x-1. 


Subtracting x + 1 from all three parts gives —2x > 0 > —2, so x < 0. Therefore, the solution is x < 0 in this 
case. 


Hence, the domain of (#4) is 


140 The function f(x) = V2 — x — x? is defined only when 2 — x — x? > 0. Factoring gives (2 + x)(1— x) > 0. Either 
both factors must be nonnegative, or both factors must be nonpositive. 


If both factors are nonnegative, then 2 + x > 0, so x > -2,and 1 — x > 0, so x x 1. Hence, the solution in this 
case is -2 < x < 1. If both factors are nonpositive, then 2 + x € 0, so x € -2, and 1 — x < 0, so x > 1. There is no 
value of x such that x < —2 and x > 1 simultaneously, so there is no solution in this case. Therefore, the domain of 


f(x) is [211] 


To find the range of f(x), we complete the square inside the radical: 


fey- icai = J3- (e 3 


10 


Challenge Problems 


Asx varies from —2 to -1/2, the expression 9/4 — (x + 1/2)? varies from 0 to 9/4, so f(x) varies from 0 to 3/2. Then as 
x varies from —1/2 to 1, the expression 9/4 — (x + 1/2)? varies from 9/4 to 0, so f(x) varies from 3/2 to 0. Therefore, 


the range of f(x) is [0,3/21 |. 


141 Lett=x2+1,sox? =t-1and x4 = (t - 1. Hence, 


VEU) +5 +3 = (F—1)2 +5 1) +3 =F 234125: 52-9912. 3 — 1, 


Substituting f = x? — 1, we get f(x? - 1) = (2 - 1)? +32 -1)-1 = x4 -22 41432 -3- 1 2| «2 23] 


142 Consider a point (x, f(Ix])) on the graph of y = f(Ix|). If x > 0, then |x| = x, so (x, f(Ix])) is the same as (x, f (x)). 
On the other hand, if x < 0, then |x| = —x, and the point (x, f(Ix])) = (x, f(—x)) is the reflection of the point (—x, f(—x)) 
over the y-axis. 


Thus, the graph of y = f(Ixl) consists of the portion of the graph of y = f(x) that is on or to the right of the 
y-axis, together with the curve formed when reflecting this portion of the graph of y = f(x) over the y-axis. An 
example is shown below. 


1.43 Let x be a root of f(x) = 0. Applying f to both sides, we get f(f(x)) = f(0) = 2003. But f(f(x)) = x for all 
values of x, so x = 2003. Therefore, the only root of the equation f(x) = 0 is x = | 2003 |. 


1.44 To find the inverse of f(x), set x = f(y) = (ay + b)/(cy + d). Then 


b — dx 
xa 


x(cy+d)=ay+b > cxyt+dx=ay+b => cxy-ay=b-dx > y= 


b — dx 
cx—-a 


Thus, the inverse of f(x), if it exists, must be f~! (x) = 


To check if this works, we substitute: 


* _ bu eR (DE ax) (cua) px bea) (bc -ad)x 
Mf e =F ( SS ee bc—ad ` 


cx—a 
This simplifies to x as long as ad — bc # 0. Hence, the function f has an inverse if and only if | ad — bc + 0| 


Note that the function f(x) = “8 is well-defined as long as c and d are not simultaneously 0, and the function 


ex+d 
b — dx 


cx—-a 


f'e- 


is well-defined as long as a and c are not simultaneously 0. However, if c = d = 0, then ad — bc = 0, and ifa = c = 0, 
then ad — bc = 0. Hence, the condition ad — bc # 0 also ensures that both of these functions are well-defined. 
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1.45 Let (x,0) be an x-intercept of the graph of f, so f(x) = 0. Then g(x) = f (x) f (xl) = 0, so (x,0) is also an 
x-intercept of the graph of g. Hence, all x-intercepts of the graph of f must also be x-intercepts of the graph of g. 


On the other hand, an x-intercept of the graph of ¢ is not necessarily an x-intercept of the graph of f. For 
example, take f(x) = x — 1, so g(x) = f(x) fx) = (x — 1)({x| — 1). Note that g(—1) = 0, but f(-1) = -2 + 0. Thus, the 
point (—1,0) is an x-intercept of the graph of g, but not an x-intercept of the graph of f. 


1.46 To construct the graph of y = 3 f(2x - 2) - 1 from the graph of y = f(x), we describe the construction one 
step at a time, working from the inside of the function out. 


First, we look at the expression f(2x — 2) = f(2(x — 1)). As described in the solution to Problem 1.2.4, the graph 
of y = f(2(x — 1)) is the result of scaling the graph of y = f(x) horizontally towards the y-axis by a factor of 1/2 and 
shifting the ensuing graph to the right 1 unit. This produces the middle graph below. 


Then, the graph of y = 2 f(2x — 2) is the result of scaling the graph of f(2x — 2) vertically away from the x-axis 
by a factor of 3/2, and the graph of y = 2f (2x — 2) - 1 results from shifting the graph of y = 3 f (2x - 2) downward 
1 unit. This produces the final graph at right below. 


meae een ste ae LT sioe eh ene fam 


Res 


y = f(2x - 2) 


[rum 
| | 


PC q-ifx-2)-1 


1.47 To find the unique number that is not in the range of f, let y = f(x) = (ax + b)/(cx + d). Then 


x= DU 
cy—a 


ucc =a => cxy+dy=ax+b => cxy-ax=b-dy > 


Hence, for every value of y, there is a corresponding value of x such that f (x) = y, except when the denominator 
cy — a is equal to 0. Therefore, the unique number that is not in the range of f is a/c. 


Now we compute f(f(x)): 


_ -faxtb\ _a:(ax+b)/(cx+d)+b _ a(ax+ b)+ b(ex * d) 
sE = s (E) — c- (ax+b)/(cx+d)+d  c(ax+b)+d(cx +d) 
_ (a +bc)x + (ab + bd) 
~ (ac + cd)x + (bc + d2) 


(a? + bc)x + (ab + bd) 


If FG) = x for all x, then (ac + cde + (be + 22) 


= x, so (a? + bc)x + (ab + bd) = (ac + cd)x? + (bc + d?)x for all x. 


Then the coefficient of x? must be 0, so ac + cd = 0, which means c(a + d) = 0. Since c is nonzero, we have 
a+d=0,sod = —a. Furthermore, if d = —a, then 


(a? + bc)x + (ab+bd) _ (a? +bc)x+(ab—ab) (xbox _ 
(ac + cd)x + (bc - d?) (ac—ac)x+(a2+bc) — abc — 


fge»- 


—— l Ail —————'————————————— LL pMK————————ÁO—*NEÁBÁBÁÉRBRBRBRBRBN 
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Challenge Problems 
i 


=19 => 19%c-194=194+b => 197¢=2-19a+b. 


Also, f(97) = 97, so we have 


97a +b 
97c— a 


297 = 97c-974=97a+b => 97c-22.97a-b. 


Subtracting the first equation from the second, we get 


(977 -197)c = 2(97-19)a => (97 +19)(97-19)c = 2(97 -194a => £= a =|58 |. 
C 


Here is a faster way to derive the same equations. Since f(f(x)) = x for all x, we have f(f(0)) = 0. Since 
f(0) = b/d, we have 
- _a-b/d+b _ ab+bd 


so f(f(0)) = 0 gives (ab + bd)/(bc + d*) = 0. Therefore, we have ab + bd = 0, so b(a + d) = 0. Since b is nonzero, we 
havea * d = 0, so d = -a. 


Now, we know that x = 19 and x = 97 satisfy the equation f(x) = x. Writing this equation out, we get 


ax+b ET 
cx+d 


=> x(cx+d)=ax+b => cx +(d-ax-b=0. 


The sum of the roots of this quadratic is —(d—a)/c = 2a/c. We know that the roots of this quadratic are 19 and 97, 
since these are the solutions to f(x) = x. Therefore, we have 2a/c = 19 + 97 = 116, which gives us a/c = 116/2 = 58. 


uum—— a a o $48 
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CHAPTER 


en e to Trigonometric Functions 


Exercises for Section 2.1 


2.1.1 


(a) Let P be the terminal point of 120° and let 5 be the foot of the perpendicular from P to the x-axis. From 30- 
60-90 triangle POS, we have PS = 3/2. Since 120° lies in the second quadrant, we have sin 120° = V3 Hea 


Figure 2.1: Diagram for Part (a) Figure 2.2: Diagram for Part (b) 


(b) Let P be the terminal point of 60°, and let S be the foot of the perpendicular from P to the x-axis. From 
30-60-90 triangle POS, we have PS = ¥3/2 and OS = 1/2, so 


dose (9E 2) | vo 


coon" = sin60° ^ PS ~ 3/2 | 3 


: a — = oa 1 =e 
(c) Since cos45° = 2/2 = 1/ V2, we have sec 45° = cosas? — 1/ V2 — Ra 


Section 2.1 


(d) Let P be the terminal point of 210° and let S be the foot of the altitude from P y 
to the x-axis. From 30-60-90 triangle POS, we have OS = v3 /2 and PS = 1/2. 
Since 210° lies in the third quadrant, we have cos 210? = — 3/2 and sin 210? = 
—1/2, so 


cur cp EBEN _ -1/2 IL EE 


S 
cos210° SL. E IS V E 
(e) The terminal point of 180° is (—1, 0), so cos 180° = [uj d 


(f) Let P be the terminal point of 300° = 360° — 60°, and let S be the foot of the 
altitude from P to the x-axis. Then ZPOS = 60°, so OS = 1/2 and PS = ¥3/2. 
Since 300° lies in the fourth quadrant, we have sin 300? = — 3/2, so 


csc 300° = l = l : 2 v3 


sin300° -32 4.8 | 3 


21:2 


(a) The terminal point of —90? is (0, —1), so cos(—90°) = lo] 
(b) Since 36000° = 100 - 360°, the terminal point of 36000 is the same as the terminal point of 0°. Therefore, 
tan 36000° = tan0? - [0]. 


(c) Since 750° = 2 - 360° + 30°, the terminal point of 750° is the same as the terminal point of 30°. Therefore, 


sin 750° = sin30° = [1/2 


(d) Since —1200° = —4-360° + 240°, the terminal point of —1200° is the same as the 
terminal point of 240° = 180° + 60°. We let P be this terminal point, and let 5 be 
the foot of the altitude from P to the x-axis. Then ZPOS = 60°, so OS = 1/2 and 
PS = N3J2. Since 240° lies in the third quadrant, we have cos 240° = —1/2, so 


Il 1 
=]|2 e) = 24 c = —— E — |, 
sec(—1200°) = sec 240 cos 240° 4/2 


2.13 The angle 293° lies in the fourth quadrant, so sin 293° is negative. The angle —68° lies in the fourth quadrant, 


so cos(—68°) is positive. The angle 206? lies in the third quadrant, so cot 206° = cose is positive. The angle 90.5° 


à m 1 : One 
lies in the second quadrant, so csc 90.5° = 355: is positive. 


Thus, | cos(—68°), cot 206°, and csc 90.5° | are positive. 
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2.1.4 Ifcos@ = V2/2, then cos? 0 = 2/4 = 1/2. We know that cos? 0 + sin? 0 = 1, 
so sin^O = 1-1/2 = 1/2, which means sin@ = + 1/2 = +¥2/2. Hence, 
(cos 0,sin 0) = ( V2/2, V2/2) or ( V2/2, — V2/2). 


We know that ( V2/2, ¥2/2) is the terminal point of 45°. However, the point 
(V2/ 2, V2/2) is also the terminal point of 45° + 360° = 405°, 405° + 360° = 765°, 
and 765° + 360° = 1125°. The angles in this list that are in the range 0° < @ < 900° 
are 45°, 405°, and 765°. 


We know that ( N20 V2/ 2)is the terminal point of —45°. However, the point 
( V2/2, — N2/2) is also the terminal point of —45? + 360° = 315°, 315? - 360? = 675°, 
and 675° + 360° = 1035°. The angles in the range 0? < 0 < 900° are 315? and 675°. 


Therefore, the solutions such that 0° < 6 < 900? are 0 = 45°, 315°, 405°, 675°, and 765°. 
solutions. 


There are such 


2.1.5 The range of the function sin 3x is [-1, 1]. Then the range of the function 2 sin 3x is [—2, 2], and so the range 


of the function f(x) = 7 + 2sin 3x is | [5,9] |. 


Exercises for Section 2.2 


2.2.1 
(a) 330° = 330°. d. =| Un | 
(b) 270° = 270°- 2% = di 
o -35 =-315"- 35 - | A 
(d) 2000" = 20009 . 5. - 1% | 


2.2.2 
Oe ig OM "Ben 
(b) 2n = 2h. $0" = 120° | 


= 60° _ 540° 


Section 2.2 
hu EE E KU SSS... 


2.23 Converting the angle measures to degrees, we find that: 


o o TC 
30° = 30 E: 
ud = 9 
UE = 
OSes ee, 


Each leg of the 45-45-90 triangle has length Y and the legs of the 30-60-90 triangle have length 2 and x with 
the shorter leg opposite the smaller acute angle. The triangles are drawn below. 


v2 1 1 1 
2 2 
v2/2 v3/2 
NNN NNN 
Fi GE So i i qe i 
igure 2.3 "um triangle Figure 2.4 CDD triangle 


(a) Converting 7 to degrees, we find 7 = 7 - sgo. = 45°. Then sin 7 = sin 45° = v2/2 . 
(b) The terminal point of 77 is the same as the terminal point of 77 — 3(27) = n, which is (-1,0), so sin zt = 0. 
Therefore, csc 7m = csc n, which is [ undefined |. 


(c) We let P be the terminal point of 57/6 and S the foot of the altitude from P to the x-axis. Then ZPOS = 7/6, 
so OS = Y3/2 and PS = 1/2. Since 57/6 lies in the second quadrant, we have cos(5z/6) = — 3/2 and 
sin(57/6) = 1/2, so 


Em su 0 dE v3 
6 cos — 3/2 V3 $ 


€ 


Figure 2.5: Diagram for Part (c) Figure 2.6: Diagram for Part (d) 


(d) We let P be the terminal point of -7/3 and S be the foot of the altitude from P to the x-axis. Then ZPOS = 1/3, 
so OS = 1/2 and PS = v3/2. Since -7/3 lies in the fourth quadrant, we have cos (-1) = Ea 


2.2.5 Since tant = $+, we see that tant is defined as long as cost + 0. But cost = 0 if and only if t is an odd 


cost’ 
multiple of 7, that is, if t = canu for some integer k. So, tan t is defined if and only if t is not of the form Oe 
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Hence, f(x) = 3 tan(2x — 3) is defined if and only if 2x — 5 is not of ae form Geena . Therefore, the values of x 
that we must omit from the domain are the values of x LN that 2x — = r a k is an integer. Solving 
this equation for x gives x = uu he 


Ge) 


Therefore, the domain of f(x) = 3 tan(2x — 2) is all real numbers except those numbers of the form where 


k is an integer. 
2.2.6 


(a) Since 40° lies in the first quadrant, tan 40° is positive. 


(b) Jake probably computed tan 40, where the angle 40 is in radians. Indeed, tan 40 = —1.11721 to five seam 
places. Jake should have either set his calculator to degrees mode, or computed tan(40° - 2%) = tan %2 
instead. 


Exercises for Section 2.3 


2.3.1 


(a) The graph is shown at right. 


(b) Since secx = and cos x has =. 27, sec x also has period [27 | 


eL 


(c) Sincesecx = == and csc x = =~, and the graph of y = cos x is the graph 
of y = sinx shifted 5 to the ex the graph of y = secx is the graph of 
y = csc x shifted 5 to ins left. 


2:92 
(a) The graph is shown at right. 


(b) Since cotx = z4, and tan x has period 7, cot x also has period [ 7}. 


It appears that the two graphs intersect twice in each period. To see why this is the case, consider the unit 
circle. If cos 0 = sin 0, then the coordinates of the terminal point of the angle 0 are the same. All the points whose 
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Section 2.4 


ey 


coordinates are the same lie on the graph of x = y. The intersection of this line with the unit circle gives us the 
two terminal points whose coordinates are the same, (£ 3 2) and (-¥%, -3). 


We know that (£, 32) is the terminal point of 7. However, = 3 ) is also the terminal point of 7 + 27k for 
any integer k. The smallest number of this form in the interval [0, 100] is 4, and the largest number of this form is 
4 + 27.15 « 95.03. Hence, we can take k = 0, 1, ..., 15, for a total of 16 different values of k. 


We know that (-¥, -X3) is the terminal point of ?*. However, (-¥, -3X») is also the terminal point of 


2 
52 + 27k for any integer k. The smallest number of this form in the interval [0, 100] is 32, and the largest number 


of this form is sz +27 -15 x 98.17. Hence, we can take k = 0, 1, . . . , 15, for a total of 16 different values of k. 


Therefore, the graphs of y = sin x and y = cos x intersect 16 + 16 = times in the interval [0, 100]. 


Exercises for Section 2.4 


2.4.1 The range of sin x is [-1, 1]. If a is nonnegative, then the range of f(x) = asin x is [-a,a], so the amplitude 
of f(x) is [a — (-4)]/2 = a = al. If a is negative, then the range of f(x) = asin x is [a, —4], so the amplitude of f(x) is 
(-a — 4)/2 = —a = |a|. In either case, the amplitude of f(x) is |a]. 


2.4.2 The graph of y = 3+sin xis obtained by shifting 
the graph of y = sinx up by 3 units. This graph is 
shown at right. 


2.4.3 


(a) The graph of y = cos 2x is obtained by compressing the 
graph of y = cosx horizontally towards the x-axis by a 
factor of 2. This graph is shown at right. 


(b) The graph of y = -3 cos 2x is obtained by stretching the 
graph of y = cos 2x vertically by a factor of 3, and then 
reflecting the result over the x-axis. This graph is shown 
at right. 


(c) We note that —3cos 2x is equal to -3 when x = 0. Cor- 
respondingly, the function —3 cos(2x — $) is equal to —3 
when 2x — $ = 0, or x = %. Therefore, $ is the phase 
shift of the graph y = —3cos(2x — 5), and we find this 
graph by shifting the graph of y = —3cos 2x to the right 
by Z. The resulting graph of y = -3cosQx - 3) is shown 
at right. 
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2.4.4 The amplitude of the function corresponding to the given graph is 3. The amplitude of the function 
g(x) = tsin ux is t when t is positive, so we have ft = 3. 


If t = 3, then g(x) = 3sin ux, so the graph of g(x) is obtained by stretching the graph of y = sin x vertically by 
a factor of 3 and compressing it horizontally by a factor of u. To find u, note that the graph completes 5 cycles in 
the interval [0,27]. Therefore, u = 5, and g(x) = 3sin 5x, so | (t, u) = (3,5) |. 
2.4.5 We start with the function cos x, which has period 27 and amplitude 1. The graph of cos 2x i is obtained 


by compressing the graph of cos x horizontally by a factor of 2, so the function cos 2x has period 2 = n and 
amplitude 1. 


The graph of —3 cos 2x is obtained by stretching the graph of cos 2x vertically by a factor 3, and then reflecting 
it in the x-axis. The period is still 7, but the amplitude is now 3. 


The function —3 cos 2x E equal to —3 when x = 0. Correspondingly, the function —3 cos(2x + 7) x equal to —3 
when 2x + xt = 0, or x = —%. The function —3 cos(2x + 7) also equals —3 when 2x + 7t = 2m, or x = 5. So, we see 
that we can view the sup of y = —3cos(2x + 7) as either a gister Or pe shift of y = —3 oni by 5. 
Therefore, we can say that the phase shift of —3 cos(2x + 7) is either —7 or 7. (Either is acceptable.) The period 
and amplitude are still n and 3, respectively. 


Finally, adding 4 does not change the period, amplitude, or phase shift. Therefore, the function f(x) = 


—3 cos(2x + 1t) + 4 has | period rt, amplitude 3, and phase shift 7 or —5 |. 


2.4.6 Because the distance between the block and the ceiling varies sinusoidally with time, the distance is 
f(t) = asin(bt +c) +d, where a, b, c, and d are constants. The middle point of the block's path is 1.5 meters from the 
ceiling, and it varies 0.3 meters above and below this point. So, the amplitude is 0.3, and f (f) must equal 1.5 when 
a sin(bt + c) is 0 (when the block is at the midpoint of its path). Therefore, the function is f(t) = 0.3 sin(bt + c) + 1.5 
for some values of b and c. 


Suppose we let t = 0 at a point when the block is closest to the ceiling, so we must have f(0) = 1.2. Therefore, 
we must have sin(bt + c) = -1 when t = 0, which means we can take c = —5, and we have 


f(t) = 0.3sin (bt Z 2 "TG 


Finally, we turn to the last piece of information we have: that the block goes from the high point to the low point in 
1 second. This means that it goes from high to low and back to high again in 2 seconds, so its period is 2 seconds. 
Since the period of f (t) is * when b is positive, we must have b = n, and we have 


f(t) = 03sin (nt = 2) i5 


So, 2.7 seconds after the block is at a high point, the distance between the block and the ceiling is 


f(2.7) = 03sin (27n - 7) + 1.5 ~ [1.68 feet] 


2.4.7 


(a) The graph pore one cycle in the interval [0,37], so the function has period 3m. But the function cos ax 
has period 22 ta SO F a = 3n, which means |a| = 2/3. Since a > 0, we have 


(b) The function sin(bx + c) has the same period as the function sin bx, which has period 4 p Since the period 


must be 37 and b > 0, we have | b = 2/31. 


(c) If f(x) = sin(bx +c), then we have f(0) = sinc. Since the graph passes through (0, 1), we must have sinc = 1. 
There are no other restrictions on c, so there are infinitely many possible values ofc. Since the only restriction 


: . Me T 
oncisthatsinc = 1, the permissible values of care! the numbers of the form D + 2kn, where k is an integer |. 


Section 2.5 


2.4.8 We claim that the function f(x) = 2 sin x — tan x has period 27. 


First, sin x has period 2r and tan x has period 7, so sin(x + 27) = sin x and tan(x + 27) = tan(x + 7) = tanx, 
which means 
f(x + 2n) = 2sin(x + 27) — tan(x + 27) = 2sinx — tan x = f(x). 


This tells us that f is periodic, and that the period of f is no greater than 27. 


Let d be the period of f(x) = 2 sin x — tan x, so f(x +d) = f(x). To show that the period of f is 2n, we must show 
that d cannot be less than 27. Note that 
sinx  2cosxsinx —sinx 


f(x) = 2sinx — tan x = 2sinx — =, 
cos X COS X 


so f(x) is undefined whenever cos x = 0. But if f(x) is undefined for some value of x, then f(x + d) must also be 
undefined. (Otherwise, the equality f(x+d) = f(x) could not hold.) In other words, if cos x = 0, then cos(x +d) = 

The values of x such that cos x = 0 are the integer multiples of 7. So, d must be an integer multiple of n. We have 
already seen that f(x + 27) = f(x) for all x, so the n other possibility for the d. is n. To show the period is 


not 7t, we can note that f (3) = 2m. — tan 7 = V2 — 1 and Di (3) = = 2sin ?7 — tan z = —«2 - 1. Therefore, we 
have f (z) # f (7 + n), which means the period is not 7. 


We conclude that the period of f(x) = 2sinx — tan x is | 271 | 


Exercises for Section 2.5 


2.5.1 


(a) Since sin 7 = 0.5 and -5 € 2 € 5, we have arcsin 0.5 = E 


(b) Since cos an = -2E and 0 < an < Tt, we have arccos (-¥) = 3a ; 

(c) Since tan (-1) = -] and -4 < -Į < 2, we have arctan(-1) =| -7 | 

(d) Since cos} 2 0a nd 0 < 7 < m, we have arccos0 = [5 

(e) Since cot = E and 0 < 2 < nt, we have arccot 3 - F 

(f) We seek an angle 0 such that csc 0 = —2. Since csc 0 = 3» we have d = —2, so sin = -i. Since 


sin(-£) = -i, and —% € [-2,0) U (0, 2] (the range of csc! x), we have csc !(-2) = ER 
2.5.2 LetO = arcsin 0.3, so -2 < 0 < 5 and sin 0 = 0.3 = 3/10. Then 


3 2 9 91 
2 =] 2 = I —— = — a re 
cos’ 0 = 1 — sinf 0 1 (=) 1 100 100 


Since -7 x 0 < 7, we have cos @ 2 0, so cos(arcsin 0.3) = cos 0 = 4/ i5 = EST 
2.5.3 Let 0 = arctan(tan em, so-5 < 0 < § and tan 0 = tan“ sn . Since tan 0 has period 7, and 


637 2n 
—— Tl 


2 
we conclude that tan €X = tan (-). Also, —Z < —4 < 5. Therefore, 0 =|—% | 
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2.5.4 Since tan 7 is undefined, the range of arctan cannot include 7, so in paiia len it cannot be the interval 
[0, x). But even if we removed the value 7 from this interval to make the range [0, 2) U (5, n), we would face 
another problem: this choice would introduce a discontinuity (that is, a gap) in the graph of y = arctan x. 


Note that tan0 = tan zt = 0. For small positive values of x, arctan x would be close to 0. However, for small 
negative values of x, arctan x would be close to 7. 


This kind of behavior is unnatural, and can easily be avoided by setting (—2, 2) to be the range of arctan x. The 
graph of arctan x is shown below. 


2.5.5 The range of the arccos function is 0 € 0 < n. But sin@ > 0 for all 0 < 0 € m, and sin 0 = 0 only for 0 = 0 
and 0 = 7t. Since cos0 = 1 and cos zt = -1, the only values x for which sin(arccos x) < 0 are Ix - land -1| 


The range of the arcsin function is -3 < 0 < $. But cos@ > 0 for all -2 < 0 < 5, so in particular, there are 


: = 2 , 
no values x | for which ssec x)<0 


2.5.6 Ify = arctanx, Acl and ys Sos Then x = tan y = & 


. siny _ siny 


= tog y 1-sin? y 


emm 2 Squaring, we get x^ — 


Solving for sin? y, we find sin? y = Taking the square root of both sides, we get 


as 
x2 


x 
ELT ; 
2] vx? +1 


The term Vx? + 1 is always positive. If 0 € y < 5, then sin y > 0 and x = tan y > 0, so in the equation above, the 
sign of sin y matches the sign of x. If -f < y < 0, then siny < 0 and x = tan y < 0, so again, the sign of sin y 
matches the sign of x. Since sin y always matches the sign of x, we can always express sin y as the “+” result of 
the “+” in our expression above for sin y. So, we have 


à xX 
sn y = | = | 
d vx? +1 
2.5.7 The solution in the text includes t = 2n T m while Kira's solution includes t = 2 E aA We will prove 


that these two expressions produce the same set of solutions as follows. 


Suppose k = a for some integer a in the text’s solution, and k = b for some integer in Kira’s solution. We wish 
to show that for any integer a, there is a value of b such that these two solutions are the same. So, for a given a, we 
want to show that there is an integer b such that 


25m dan n | 2bn 
36 3 36 3^" 


Solving for b, we find b = a+ 1. So, for every solution the form in the text produces, Kira's form also produces 
that solution. Conversely, we can see that for any integer 5 that we choose for Kira's form, setting a = b — 1 in the 
form in the text produces the same solution. Putting these observations together, we see that the two expressions 
produce the same set of solutions. So, Kira's answer is correct. 
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Review Problems 


2.39 


(a) Let P be the terminal point of 150° = 180° — 30? and let S be the foot of the perpendicular from P to the x-axis. 
Then ZPOS = 30°, so OS = N3/2 and PS = 1/2. Since 150° lies in the second quadrant, cos 150° =| — ¥3/2|. 


Figure 2.7: Diagram for Part (a) Figure 2.8: Diagram for Part (b) 
(b) Let P be the terminal point of 30° and let S be the foot of the perpendicular from P to the x-axis. From 
30-60-90 triangle POS, we have OS = V3/2 and PS = 1/2, so tan 30° = PS/OS = 1/N3 = | va/3\ 
(c) The terminal point of 90° is (0,1), so sin 90° = 1, which means csc 90° = 1/ sin 90° = 1| 


(d) The terminal point of 270° is (0, —1), so cos270? = 0 and sin 270° = —1. Therefore, tan 270? is | undefined |, 
(e) Let P be the terminal point of 315° = 360? — 45° and let S be the foot of the perpendicular from P to the 
x-axis. Then ZPOS = 45°, so OS = N2/2 and PS = v2/2. Since 315? lies in the fourth quadrant, we have 


cos 315° = | v2] 
y y 
SD KL 


Figure 2.9: Diagram for Part (e) Figure 2.10: Diagram for Part (f) 


ee 


(f) Let P be the terminal point of 225° = 180° + 45° and let S be the foot of the perpendicular from P to the 
x-axis. Then ZPOS = 45°, so OS = 2/2 and PS = 2/2. Since 225° lies in the third quadrant, we have 


sin 225° =| - V2/2| 
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2.40 


(a) Let P be the terminal point of -120? = —180? + 60° and let S be the foot of the 
perpendicular from P to the x-axis. Then ZPOS = 60°, so OS = 1/2 and PS = 


3/2. Since —120? lies in the third quadrant, we have sin(—120°) = | — 3/2 |. 


(b) Since —540° = —2 - 360° + 180°, the terminal point of —540? is the same as the 
terminal point of 180°, which is (—1, 0). Therefore, cos(—540°) = Eu 
(c) Since 1320? = 3- 360° + 240°, the terminal point of 1320? is the same as the 


terminal point of 240? = 180? + 60°. Let P be this terminal point and let S be the 
foot of the perpendicular from P to the x-axis. Then ZPOS = 60°, so OS = 1/2 


and PS = «3/2. Since 240° lies in the third quadrant, we have cos 240° = —1/2 
and sin 240° = — Y3/2, so 


Bie e Soe = ENS | v5] 


cos 240° —1/2 


P 


Figure 2.11: Diagram for Part (c) Figure 2.12: Diagram for Part (d) 


(d) Since 660° = 2 - 360° — 60°, the terminal point of 660° is the same as the terminal point of —60?. Let P be this 
terminal point and let S be the foot of the perpendicular from P to the x-axis. Then ZPOS = 60°, so OS = 1/2 
and PS = 3/2. Since —60? lies in the fourth quadrant, we have cos(—60°) = 1/2, so 


1 1 
660° = —60°) = ———_ = — =/21. 
d ec ) cos(—60°) 1/2 


2.41 As @ increases from 0 to 7, cos 0 varies from 1 to —1. Furthermore, it takes on each value in the interval 
[-1, 1] exactly once, including —0.1. As 0 increases from n to 27, cos 0 varies from —1 to 1, in the same way. In 
general, for each integer n, as 0 increases from nn to (n + 1)7, cos 0 takes on each value in the interval [-1, 1] 
exactly once. 


Thus, we can divide the interval [0,77] into the seven intervals [0,7], [n, 27], ..., [67,77]. On each of these 


intervals, cos 0 takes on the value —0.1 exactly once. Therefore, there are | 7 | values of O in the interval 0 < 0 € 7n 
for which cos 0 = —0.1. 


We can also tackle this problem by thinking about the unit circle. The angles 0 for which cos 0 = —0.1 are those 
angles whose terminal points have x-coordinate equal to —0.1. The intersections of the graph of x = —0.1 with 
the unit circle give us the two such points. One is in the second quadrant and one is in the third quadrant. So, 
there are two values from 0 to 2x for which cos 0 = —0.1, one between 0 and 7 and the other between n and 27. 
Since the period of cosine is 27, we have cos 0 = —0.1 for exactly one value of 0 between kn and (k + 1) for every 
integer k. There are clearly 7 such intervals from 0 to 77, so there are 7 values of 0 in the interval 0 < 0 < 7n for 
which cos 0 = -0.1. 
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2.42 The function tan x is defined for all x, except when x is an odd multiple of 7; in other words, when x = canu 
for some integer n. Hence, in order for f(t) = 2tan(3t — n) to be defined, we cannot have 3t — n = (nein for some 


integer n. Solving for t gives t = sus Therefore, tan(3t — 7) is defined for all t except t = m where n is an 


integer. So, the domain of f(t) is all real numbers except numbers of the form ee where n is an integer. 
The range of f(t) is all real numbers, since tangent can output any real number. 


2.43 


(a) 144° = 144°. 37 =| |, 


(b)" 336° = 336* 5. =| 2 | 


2.44 


2.45 
(a) Let P be the terminal point of = n — and let S be the foot of the perpen- 


y 
dicular from P to the x-axis. Then ZPOS = f, so OS = ES and PS = iE Since pP 
21 lies in the second quadrant, we have cos m = l ae 
(b) The terminal point of —7 is (—1, 0), so sin(—7) = [o] - 7 
(c) Let P be the terminal point of = n + 2 and let S be the foot of the perpen- 
dicular from P to the x-axis. Then ZPOS = 7,s0 OS = E: and PS = = Since 
x lies in the third quadrant, we have cos = = -x and sin a = - SO 


Ee RN 
4 sinf -vy2/2 


e e 


cot 


Figure 2.13: Diagram for Part (c) Figure 2.14: Diagram for Part (d) 
(d) Let P be the terminal point of 7: 2 7+ % and let S be the foot of the perpendicular from P to the x-axis. 
Then ZPOS = £,so OS = ES and PS = 1. Since 7 lies in the third quadrant, we have cos m= -3, so 
the d i 2 N3 


E o V3 3 
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2.46 Since m < 1.37 < 32, the angle 1.37 lies in the third quadrant, so cos 1.37 is nenne Since -27 < -6 < —%, 
the angle —6 pum lies in the first quadrant, so sin(—6) is positive. Since 7t « Tm < 32, the angle 4 7: Jies in the third 


quadrant, so tan is positive. Since ?7 < 6 < 27, the angle 6 radians lies in the ium quadrant, so sec 6 = 1/ cos 6 
is positive. 


Therefore, | sin(—6), tan 2, and sec 6 |are positive. 


2.47 Because 3 is between 5 and iE the angle 3 radians is a second quadrant angle, which means that sin 3 is 
positive. Since 4 is between 7 and 77, the angle 4 radians is a third quadrant angle, which means sin 4 is d a 


So, sin3 + sin4 is. . . Uh-oh, we er more information! Fortunately, we can get it. Since 3 is between 32 * and 7t, 
we know that 0 « sin3 « ES Since 4 is between ?7 and ?7, we know that —1 < sin4 < = Aha! Since ;in3 < 3 


and sin4 « -3ED we have sin 3 + sin4 < 0. Therefore, P + sin4 is [negative | (Basically, all we're doing here 


is noticing that 3 radians is a second quadrant angle, 4 radians is a third quadrant angle, and 4 is farther from 7 
than 3 is.) 


2.48 In order to have sin(sinx) = 1, we must have sin x = 5 + 2kn for some mee k. The smallest positive value 
5 + 2kn can have is 7. However, 5 is greater than 1, so we colnet have sinx = 5. Similarly, the greatest negative 
value of 5 + 2kr occurs when k = en which gives us sin x = -3. However, E. cannot be less than —1, so this 


equation also has no solutions. Therefore, sin(sin x) is never equal to 1. 


y 


2.49 The angle y in degrees is y: 24 = i5 in radians. Therefore, the line of code should be changed to 


y = t * sin(y * pi/188), 


2.50 


(a) Sincecotx = zl. = $, cotx is undefined whenever sin x = 0. In turn, sinx = 0 if and only if x is a multiple 


of 7; in other words, x = n7 for some integer n. Therefore, the asymptotes of the graph of y = cot x are the 


lines | x = nn, where n is an integer |. 


(b) By part (a), cot3x is undefined whenever sin3x = 0. In turn, sin3x = 0 if and only if 3x is a multiple of 7; 
in other words, 3x = n7 for some integer n. Solving for x, we find x = "7. Therefore, the asymptotes of the 


graph of y = cotx are the lines | x = "Z, where n is an integer |. 


2.534 Note that f(0) = asin0 = 0 and g(x) = acos0 = a, so the graph of f(x) passes through the origin and the 
graph of g(x) does not pass through the origin. This gives us a quick way to identify which graph corresponds to 
which function. 


2.52 We start with the function sin x, which has period 2x and amplitude 1. The graph of sin 7 is obtained by 
stretching the graph of sin x horizontally away from the y-axis by a factor of 4, so the function sin 7 has period 
4-27 = 8rt and amplitude 1. 


The graph of —2sin 7 is obtained by stretching the graph of sin 7 vertically away from the x-axis by a factor 2, 
and then reflecting it over the x-axis. The period is still 87, but the amplitude is now 2. 
Finally, the function —2 sin 7 is equal to 0 when x = 0. Correspondingly, the function g(x) = —2 sin (i - z) is 
Art 


equal to 0 when 7 — $ = 0, or x = 4. Therefore, the phase shift of g(x) = —2sin(7 — 2) is 4m | The period and 


amplitude are still respectively. 


2.53 We start with the function tan x, which has period 7t. The graph of tan3x is obtained by compressing the 
graph of tan x horizontally towards the y-axis by a factor of 3, so the function tan 3x has period §. 


The graph of —2 tan 3x is obtained by stretching the graph of tan 3x vertically away from the x-axis by a factor 
of 2, and then reflecting it over the x-axis. The period is still 7. 
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Finally, the graph of the function g(x) = —2 tan(3x — n) is obtained by translating the graph of —2 tan 3x by the 
phase shift, which does not affect the period. Therefore, the period of g(x) is H 


2.54 


(a) The graph of y = sin(} +x) isa 5 leftward shift of the graph of y = sin x, the result of which is shown below. 


(b) If f(x) =(F+ x), then f(-x) = sin(} —x), so the graph of y = sin(¥ — x) is the graph of y = sin(§ + x) reflected 
over the y-axis. Reflecting the graph from part (a) over the y-axis gives us 


y 


(c) The graph of y = sin(5 — x) appears to be exactly the same as the graph of y = cosx, so it appears that 
sin(5 — x) = cosx for all x. We'll prove this relationship in the next chapter. See if you can do it on your 
own! 


2.55 We produce the graph of y = 2sin 2 by scaling the graph of y = sin x vertically from the x-axis by a factor 
of 2, and horizontally away from the y-axis by a factor of 3/2, producing the graph below. 


We note that if f(x) = 2sin %, then f(x) = 0 for x = 0. If g(x) = 2sin (& - n), then we have g(x) = 0 for x = 27. 
Therefore, we can shift the graph of y = 2sin = by 77 to the right to produce the graph of y = 2 sin (z = n). The 
resulting graph is shown below. 
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2.56 The given graph passes through the point (0, —2), so h(0) = —2. But h(x) = acos bx, so h(0) = acosO = a. 
Hence, ee) 


The graph ae 3 cycles between —27t and 27, so the period is [21 — (—27)]/3 = <2. But the period of 


h(x) = a cos bx is a SO W = - . Solving for |b|, we find |b! = 3/2. Therefore, | b = 3/2 or —3/2 |. 


2.57 
(a) Since cos # = -0.5 and 0 < 77 < m, arccos(-0.5) = Ei 
(b) Since sin(-Ẹ) = -1 and -4 s st arcsin(—1) =| -3 |. 
(c) Since tan0 = 0 and -2 < 0 < & tan! 0 -[0]. 
(d) Since cos | = 3E and 0 < 2 < T, arccos (£) = let 


2.58 Let 0 = arctan2, so -4 < 0 < % and tan@ = 2. Then we have 2 = tan@ = $22. Squaring both ends, 


cos @° 
we get 4 = 3m = 02 Solving for sin? 0, we find sin? 0 = 4. Taking the square root of both sides, we get 
me 2a 
sin = t5 ree 
We know tan 0 = 2. If -5 < 0 < 5 and tan is positive, then 0 < 0 < 7, so sin@ is also positive. Therefore, 
m A zs E 
sin 0 7B IF 


2.59 If3cot(4k — x) = V3, then cot(4k — n) = N3/3, so 


1 3 
tan(4k — 7) = a = E = 3. 


Since tan x has period 7, this equation is equivalent to tan 4k = V3. 
We know that arctan V3 = $4 Since tan x has period 7, we conclude that tan x = X8 if and only if 


Me Pues (B3n+1)r 
TS ES 


for some integer n. E if tan4k = V3, then 4k = Gatlin for some integer n. This means the solutions are of 
the form k = where n is an integer. 


2.60 The graph of y = arctan x is shown below: 


The unn of y = arctan x is the reflection over the line y = x of the portion of the Morgan of n tanx on the 
interval -5 < x < 5. Since the graph of y = tanx has the yes BON x = —5 and x = 5, the graph of 
y- ci ERES has the corresponding horizontal asymptotes y = 7 and y = —5. And inse arctan x is defined for all 
x, the graph of y = arctan x has no vertical asymptotes. 


2.61 Since secx = 1/ cos x, and cos 5 = 0, sec 7 is undefined. Hence, 7 cannot be in the range of arcsec x. 
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2.62 Since tan@ = $2, the equation 8 tan 0 = 3 cos 0 becomes 8sin? — 3 cos 0, so 8sin 0 = 3cos? 0 = 3(1— sin? 6). 


Expanding and simplifying, we get 3 sin? 0--8sin 0—3 = 0, which factors as (sin 0--3)(3 sin 0—1) = 0, so sin 0 = —3 


or sin Ó = i But -1 < sin 0 x 1 for all 0, so sin 0 cannot be equal to —3. Therefore, sin 0 = B 
Challenge Problems 
2.63 


(a) First, we graph the functions y = sin(x — 5) (solid) and y = cos x (dashed). 


(b) The two graphs appear to be reflections of each other over the x-axis, which suggests that we have the 


2.64 The period of the function sin(px + pon is the same as the period of the function sin px, which is W . But the 


period of the graphed function is ?7, so WT 32, which means |p| = 4/3, so p = 4/3 or p = —4/3. 


First, we take the case p = 4/3. The graph of y = sin € is shown below, which we must then translate to 
produce the graph given in the problem. 


The graph of y = sin # passes through the origin, and is increasing at the origin. The graph given in the 
problem passes through the point (£, 0), and is increasing at this point. Hence, one possible equation for the given 


graph is 
y - sinl; zm gm 


However, since the sine function has period 27, the equation 


E 4 n ane (6n — 1)n =) 
y-sin(2x- 5 +2nn) = sin (5x4 fco 


will also produce the same graph, for any integer 1. 


Next, we take the case p = —4/3. The graph of y = sin(- &) is shown below. 


o oo o o o EEE———— S 
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The graph of y = sin(—®) passes through the origin, and is decreasing at the origin. The graph given in the 
problem passes through the point (—2,0), and is decreasing at this point. Hence, one possible equation for the 


given graph is 
y = sin l-5 (x+ 2) = sin (-5x- =) 
duas AIR da E 
Just as in the previous case, the equation 


= sin (-ix- Tan n) = sin (-àx4 2D) 
a See da 3 3 


will also produce the same graph, for any integer n. 


Therefore, the possible pairs (p,q) are 
4 (6n- 22) (-; NOR a) 
G ee = | 


2.65 Weclaim thatthe period of f(x) = sin x cos x y 
is 7. 


where n is any integer. 


First, we prove that cos(0 + n) =—cos@ and P = (cos 0, sin 6) 
sin(0 + 7t) = —sin 0 for all 0. Let P and Q be the 
terminal points of 0 and 0 + 7, respectively, so 
P = (cos 6, sin 0) and Q = (cos(0 + r), sin(@ + 72)). 


The point Q is obtained by rotating P around 
the origin counterclockwise by 7, which means 
that P and Q are diametrically opposite points 
on the unit circle. Therefore, we have cos(0 + 7t) = — cos 0 and sin(0 + 7t) = — sin 0. Hence, 


Q = (cos(0 + 70), sin(0 + 70)) 


f(x +7) = sin(x + n) cos(x + n) = (- sin x)(— cos x) = sin xcosx = f(x). 


To show that 7t is the period of f(x), we must also show that there is no positive real number d smaller than zt 
such that f(x + d) = f(x) for all x. 


If d is the period of f, then we have f(x +d) = 0 whenever f(x) = 0. So, finding all values of x such that O 
will limit the possible values of d. We have f(x) = 0 if and only if cosx = 0 or sin x = 0, so we have f(x) = 0 for 
x = ^7 for all integers n. Since the values of x for which f(x) = 0 are 7 apart, the only positive real number d less 
than 7 that could possible be the period of f(x) is 7. However, 


and 
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so f(Z) # f(Z + 5), which means that the period of f(x) cannot be 7. We conclude that the period of f(x) is [n]. 


2.66 Since |sin x| < 1 for all x, if x satisfies the equation sinx = as. then 
2 
X 
<1 > |x} <625n? 2 xx V62572 = 257. 
62572 


Thus, all solutions x lie in the interval -257 < x < 257. 


We consider the graphs of y = sinx and y = ao and count the number of times they intersect. The graph of 
y= E is an upward-opening parabola. When |x| < 257t, we have de « 1, so for |x| « 257, the parabola intersects 
the sine curve at two points in each period—once as sin x goes up from 0 to 1, and then again as sin x goes from 1 
back down to 0. Therefore, in the 24 full periods from x = —247 to x = 24m, there are 2 : 24 = 48 intersections. We 
have to be careful in the intervals -257 < x < —247n and 24n < x < 25n. The two intersections in each period are 
always in the left half of the period, since sin x is nonnegative in this half of the period. Therefore, there are two 
intersections for 24m < x < 25r, but no intersections for —257 < x < —24m. This gives us a total of 48 + 2 = 
intersections, and therefore 50 solutions to the given equation. 


2.67 Let P be the terminal m of &, and let S be the foot of the perpendicular 


from P to the x-axis. Then sin $* = PS, pn arccos(sin en) = = arccos PS. 
But ZPOS = n — of = = and /OPS ceu = T SO COS on = 55 = PS. Since on 


is in the range of the arccos eR we "oum that arccos PS = Ed 


2.68 The terminal point of £ is in Z sin inf) = s 1 and the terminal 


) Hence, sin 5 for Z A c SB 


: Smi 5n Ex d 1 
point of $ is (cos rain) = (C$ 5073 S 
ian 


and sin x < } for #¥ < x < toam E. 

Since sin x has period 27, we can also say that sinx < 5 5 for ¥ + 2nk < 
x < = + 2nk for any integer k, which simplifies as lank g > d 
Then E x= ud we find that sinx = sin30, and == < 30 < ranke3 


Therefore, sin 30 < 1 if and only if 


127k +5 Wm a l 
— «0« — 
18 18 


for some integer k. 
2.69 


(a) We know that sin x and cos x have period 27. Therefore, 
g(x + 2n) = sinfa(x  21)] + cos[b(x + 27)] = sin(ax + 27a) + cos(bx + 27b) = sinax + cos bx = g(x), 


so g(x) is periodic. (However, the period of g(x) is not necessarily 27. For example, the function sin 2x has 
period 7.) 
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(b) Leta = a/a and b = by/bo, where a, a5, bi, and b; are integers. Then aaz = a; and bb; = bi, and 


g(x + 2magb2) = sin[a(x + 2magb2)] + cos[b(x + 27a2b2)] 
= sin(ax + 2naazbz) + cos(bx + 21u5bb;) 
= sin(ax + 271a,b2) + cos(bx + 20501) 
= sinax + cos bx 
= g(x), 
SO g(x) is periodic. 


2.70 We consider the sine function with respect to radians. Then the sine of t in radians is simply sin t. However, 
to evaluate the pc of t in degrees, we must first convert t to radians, which becomes 4254. Then the sine of t in 
degrees is sin Æt. Since the professor found the correct answer despite being in the wrong angular mode, we 
must have 


180 


T 
t= oem 
sint = sin 180 


In order for the sines of two angles to be equal, the terminal points of the two angles must have the same 


y-coordinate. So, we examine the terminal points of the angles t and 1551. 


For all positive t, the angle t is larger than the angle jg. Therefore, when 0 < t < 7, the terminal points of t 
and 155! cannot be the same. Moreover, as t Po from 5 to 7, the y-coordinate of its terminal point goes from 1 


to 0. Meanwhile, the value of 125! goes from 35 E D T. The y-coordinate of the terminal point of 735 therefore is 
pretty close to 0, and increases slightly as t goes from 5 to n. Putting these together, we see that for some value of 
t between 5 and 7, the two terminal points have the ss y-coordinate. 


Let these terminal points be P and Q, and let A and B be the feet of the altitudes 
from these points, as shown at right. (This figure is very much not to scale!) Since 
these terminal points have equal y-coordinates, we have QB = PA. Putting this 
together with PO = QO gives us APOA = AQOB by SA Congruence for right trian- 
gles, so we have ZQOB = ZPOA. Since Q is the terminal point of ZQOA, we have 
ZQOA = t. Similarly, we have /POA = 75t, so we have 


= OD T ZQOA = = /POA+ ZQOA = = = +t. 


Solving for t gives t = 40. 


Fortunately, finding the next solution is easier. As f continues from the value we just found up to t = n, the 
y-coordinate its terminal point decreases, while that of 1551 increases, so there are no more positive solutions less 
than or equal to 7t. For n < t < 27, the value of sint is negative, but that of sin iso! 1 is positive, since 0 < t < > for 
values of t in this range. The next time the angles t and 425f will have equal sines is when their terminal aime 
coincide. This occurs when the values of the angles themselves differ by 27, so we have 


t-2 zo 
T — 180 


oe 
180-7 ° 


Solving this equation gives t = 


Therefore, the two smallest positive values of x such that sin x = sin ;-x are Soon iie Aa | 
180 180-7 180+n 


2.71 Since the price of the stock varies sinusoidally with time, we can express it as p(t) = asin(bt + c) +d for some 
constants a, b, c and d, where t is in days. Since the price per share varies from 80 to 120 dollars, the amplitude is 
20, and the price varies about an average price of $100 per share. So, we can let a = 20 and d = 100, and we have 
p(t) = 20 sin(bt + c) + 100. 
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Challenge Problems 


At the start of the year, the price is 110 dollars, so we must have p(0) = 110, which means 20sin(c) = 10, so 
sin(c) = Ł, Therefore, we can let c = 5, and we have p(t) = 20sin (bt + z) + 110. Finally, from the information that 


the price climbs to a peak of 120 in 3 days, we have p(3) = 120, so 20 sin (3b + z) + 100 = 120. From this, we have 
sin (3b + z) = 1, so 3b + $ = 5, which gives us b = 3. Therefore, we have 


p(t) = 20sin is i =) +100. 


To maximize the amount of money we make, we buy as low as we can and sell as high as we can. So, we start 
by buying at $110/share, since we know we'll be able to sell it at $120/share. We can buy 1000/110 shares, and we'll 
sell them for $120 per share, so we'll have 120(1000/110) dollars. 


After that, we repeatedly buy at $80 per share and sell at $120 per share, multiplying our money by 120/80 = 
1.5 each time. But how many times can we do so? The period of p is F = 18. That is, stock goes from 
$120/share to $80/share, and back up to $120 per share in 18 days. So, every 18 days, we can multiply our 
money by 1.5, which means we'll be able to do so 360/18 = 20 times in the next 360 days, giving us a total of 
120(1000/110) - 1.5% = $3,628,000. At that point, we'll be 363 days into the year, and the price will go down for 


the last two days, and we won't be able to make any more money. Since we started with $1000, our profit then is 


$3,628,000 — $1000 = | $3,627,000 |. 
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Trigonometric Identities 


Exercises for Section 3.1 


2 2 MES 
auroro 1 e a 1 


2 
= csc’ Q. 
sin? 0 sin? 0 sin? 0 


3.1.2 The angle 360? — 0 has the same terminal point as the angle -0. Let P and Q 
be the terminal points of 0 and —6, respectively. The actions of rotating (1,0) an angle 
9 counterclockwise about the origin and rotating (1,0) an angle 0 clockwise about the 
origin are symmetric about the x-axis. That is, P and Q are reflections of each other 
over the x-axis, which means that their y-coordinates are opposites. Therefore, we have 
sin 9 = —sin(—9) = —sin(360? — 0), which means that sin(360° — 8) = -sin 0. 


3.13 From the equation tanx+secx = V3, wehavesecx = V3 tanx. Substituting into 
the identity tan? x + 1 = sec? x, we get 


tan? x 4 1 = ( V3 — tan x)? => tan?x+1=3-2V3tanx+tan?x > 2V3tanx=2 > bru 


The only values in the interval 0 < x < 27 such that tan x = E are x = 2 and x = z, Checking these values, we 


find that only x =| 2 | satisfies the given equation. 


3.1.4 We can combine the identities that we have derived so far. For example, 
cos (= + 6) = cos E + (m+ 6) 
2 - 2 
In the text, we showed that cos (z + x) = — sinx for all x, so 
T : 
cos [= + (m+ 6) = —sin(z + 0), 


which we can rewrite as — sin[z — (—0)]. 


We also showed that sin(x — x) = sinx for all x, so —sin[x — (-0)] = —-sin(-0). Finally, we know that 
sin(-0) = — sin 6, so we have — sin(—0) = sin 0. Therefore, cos (3 t 6) = [sin 6] 


3.1.5 First, we note that tan an = tan Z = 1, and that we can pair off the other four angles conveniently: 


5n 2n | 4n _ n e el : 
+ os = i ti = 9: Um the text, we showed that tan (z = x) — cotx,so tan (z — x) = Gay Which means we have 
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tan $5 tan 35 = 1 and tan 7 tan # = 1. Therefore, we have 


T 2n 3n An 57 
t —t am EET ETT C — S «- 
an 12 an 12 tan 12 tan 12 tan 12 1| 


3.L6 The numerator is equal to 


sin A(3 cos? A + cos! A + 3sin? A + sin? A cos? A) = sin A[(3 cos? A + 3sin? A) + cos? A cos? A + sin? A cos? A] 
sin A[3 + cos? A(cos? A + sin? A)] 
sin A(3 + cos? A), 


and, when A is not an integer multiple of 7, the denominator is equal to 


sinA/ 1 sinA sinA(1-sin?A) sinAcos?A  . 
tan A(secA — sin A tan A) = ( — . ) = = —————— = A. 
( cosA \cosA ut cos A cos? A cos? A i 
Therefore, 
_ sin A(3 + cos* A) _ 3 
f(A) = nA =z 3 oe A 


The range of cos? A is the interval [0,1], so the range of 3+ cos? A is the interval [3, 4]. However, A is not allowed 
to be any integer multiple of 2, so cos A cannot be equal to 0, 1, or —1. Therefore, the range of f(A) is the interval 


[69] 


Exercises for Section 3.2 


3.2.1 
(a) sin(n + 0) = sin n cos 0 + sin O cos n =| -sin0|, 
(b) cos (Z + €) = cos 4 cos 8 — sin Ẹ sin 0 =| -sin 0| 
(c) cos(3n — 0) = cos 37 cos 0 + sin 37 sin 0 = | - cos 6. 
3n 


(d) If weapply the angle sum identity for tangent, we obtain tan (e t an) = neo, 


cu mes 
2) Tessin However, tan 7* is not 


defined, so we try a different approach: 


Mone 
2 cos (0 + 3t 


By the angle sum identity for sine, we have 
sin (o + =) = sin Ø cos 7 + sin 77 cos 0 =-cosG, 


and by the angle sum identity for cosine, we have 


3 3 : 
cos (o+ =) esses — - sin @ sin 77 = gin O, 


2 
sin (0 + 3) — cos 0 E il 
SO odor T x) e =-cot0 =| - il 
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tana + tan " 
3.2.2 By the angle sum identity for tangent, we have tan(a + y) = ERU Letting y = —f, we have 


tana -Ftan(-f) ^ tana -tanf 


tan(a — $) = = 
ene) 1-tanatan(-B) 1+ tang tanfß 


3.2.3 By the angle sum identity for tangent, we have 


tan 240° + tan 45° 4341 V3 +1 
9 240? + 4 °) = ————— ———— = ——__ = 
tan 285° = tan(240" + 45°) 1- tan240° tan45° 1-43.1 1-v3 


_(V3+1X(1+ V3) 4423 — a 
 Q-v90«N9 2 AES 


3.2.4 We have sin(a — B) = sina cos f — sin B cos a and sin(a + B) = sina cos f + sin B cos a, so 


sin(a — B) sin(a + f) = (sina cos f — sin f cos a)(sina cos B + sin B cos a) 
= sin? a cos? B + sina cos a sin f cos fi — sina cos asin f cos $ — sin? $ cos? a 
= sin? a cos? B — sin? 8 cos? a 
= sin? a(1 — sin? f) - sin? f(1— sin? a) 
= sin? a — sin? a sin? f — sin? B + sin? a sin? B 


= sin? a — sin? f. 


3.2.5 Ifsin2xsin3x = cos 2x cos 3x, then 
cos 2x cos 3x — sin 2x sin 3x = 0. 


By the angle sum identity for cosine, we have cos 2x cos 3x — sin2xsin3x = cos(2x + 3x) = cos 5x, so cos 5x = 0. 
Since x is an acute angle, we have 0 < x < Z, so 0 < 5x < %. The only angles between 0 and == whose cosine is 0 


are Z and 22, so the solutions are x = and EJ 


tan A+tan B 


3.2.6 By the angle sum identity for tangent, we have tan(A + B) = 73 ahaa: 


1 — tan A tan B, so 24:907. = 1, which means tan(A + B) = 1. 


But we are given tan A + tan B = 


Since angles A and B are acute, we have 0? « A + B « 180°. The only angle in this range whose tangent is 1 is 
45°, so A+ B = 45°. Thus, we have the equations A + B = 45° and A — B = 41°. Adding these two equations, we 


get 2A = 86°, so A =([43° | 


3.2.7 Squaring the given equations, we get 


sin? a + 2sinasinb + sin? b = 


L4 


w| C01 


cos? a + 2cosa cos b + cos? b = 1. 


Adding these equations, we get 
2 " : , 8 
sin? a + 2sinasinb + sin? b + cos? a + 2cosacos b + cos? b = 3' 


Butsin? a+cos* a = sin? b+cos” b = 1,s02sinasin b+2 cosa cos b = $—2 = 2, which means cos a cos b+sina sin b = I. 


Then by the angle difference identity for cosine, we have cos(a — b) = cosa cos b + sina sinb = BH . 
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(a) Since 0 <a « 5 and y = 2 — a, we have 0 < y < Z. Hence, y is acute. Similarly, 0 < f < 5 andọ = 80 
0<ọ<5 E Qis E 


(b) Substituting, we get sin(a + f) = sin IE = y) + (5 — $)| = = sin[x - (y + ¢)]. 
(c) Since sin(z — x) = sin x for all x, we have sin(a + f) = sin[n — (y + $)] = sin(y + Q). 
(d) We see that 


pros (2 -a) + (7-8) Ege tue 


Since a + B is obtuse, y + is acute. Furthermore, both y and ó are acute, which is the case we have already 
proved (this is why it is important that y and @ are acute). So, we may apply the angle sum identity to get 


sin(y + $) = sin y cos + sin $ cos y. 
But sin (z = x) = = cos x and cos (z — Ule = sin x for all x, so 


sin y cos $ + sin $ cos y = sin e -a) COS = -g) + sin = -g) COS C -a) 


= cosa sin f + cos f sin a. 


By part (c), sin(a + B) = sin(y + ¢). Therefore, the angle sum identity for sine holds when a and f are acute 
and a + f is obtuse. 


(e) Ifa and f are obtuse, then x — a and zt — f are acute, so we can use the sine angle addition identity, which 
we have proved for acute angles, to find that 


in (rt — a) + (7 — B)) = sin(t — a) cos(rt — f) + sin(xt — p) cos(t - a). 
Applying sin( — 0) = sin @ and cos(n — 0) = — cos 0, we have 
sin ((r — a) + (t — f)) = -sin a cos£ — sin $ cosa. 
As Exercise 3.1.2, we showed that sin(27 — 0) = — sin 0, so 
sin ((7 — a) + (n — B)) = sin (27 - (a + )) = - sin(a + 8), 


which means we have - sin(a+) = — sina cos f—sin f cos a. Multiplying by —1 gives the desired sin(a+f) = 
sin a cos f + sin f cos a. 


Exercises for Section 3.3 


3.3.1 By the half-angle formula for sine, we have 


1 =. mE i= i PIA NOE 
sin 22.5? = sin 


2-42 
= 


Since the angle 22.5° lies in the first quadrant, its sine is positive, so sin22.5° = 


2 
3.3.2 By the double angle formula for cosine, we have cos 20 = 1 — 2sin? 0 =1-2 (4) =1- 1 = Z L 
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3.3.3 We have - 
any 


TS 2sin xcosx 


2tanx 2 
= = —_——_ = 2sinxcosx, 


and iA 5 
l+tan?x 44 ee cos? x + sin? x 


: . — 2i 
and by the double angle formula for sine, we have 2sin xcosx = sin2x. Therefore, we have sin2x = ; zi, as 


desired. 


3.3.4 We have 


sinx cosx _ sin*x+cos?x _ 1 5 2 
tee NNUS mcum BGB EM 
2 =, 
2sinxcosx  sin2x 


tanx + cotx = 


By the double angle formula for sine, we have 2sin x cos x = sin 2x, so = 2csc 2x. 


3.3.5 By the double angle formula for cosine, we have cos 2A = 2 cos? A — 1 = 1 — 2 sin? A, so 


sin2A—cos2A+1_ sin2A—(1-2sin’A)+1 _ sin2A+2sin°A 
sin2A+cos2A+1  sin2A + (2cos?A-1)+1  sin2A+2cos?A’ 


By the double angle formula for sine, we have sin 2A = 2sin A cos A, so 


sin2A+2sin*A 2sinAcosA +2sin” A _ 2sinA(cosA+sinA)  sinA 


ieee a E = = —— = tan A. 
sin2A+2cos?A 2sinAcosA+2cos? A 2cosA(sinA+cosA) cosA oi 
3.3.6 Let x = cos0 — sin 0. Then 
x^ = cos? 0 — 2cos Osin 0 + sin? 0 = 1 — 2 cos O sin 6. 
By the double angle formula for sine, we have 2cos@sin@ = sin20 = 31, so x? = 1- # = 4, which means 


x = + /% = +2. Weare given that cos @ > sin@, so x = cos @ — sin@ = P 


3.3.7 Squaring the given equation, we get 
2 ; Q2 3 
cos“ 0 + 2cos @sin@ + sinf 0 = 7 


But cos? 0 + sin? 0 = 1, so 2cos 0 sin 0 = 7 If cos 0 is negative, then sin 0 is also negative, because the product 
cos O sin @ is positive. This means cos 0 + sin 0 is negative. But cos 0 + sinO = 3/2, so we cannot have cos 0 be 
negative. Therefore, cos 0 is positive, so sin 0 is also positive, which means 6 lies in the first quadrant. In other 
words, 0 « 0 « 5. 


Now, by the double angle formula for sine, we have 2 cos 0 sin 0 = sin 20, so 2 cos 0 sin 0 = 5 gives us sin 20 = L 


7 
We know that 0 < 0 < 2,so 0 < 20 < n. The only angles in this interval whose sine is 1 are % and z, Hence, 


20 = Ž or 20 = s, so the solutions are, 0 = 15 and an i 


We check these solutions: Note that 75 = 3 — 7, so by the angle difference identity for cosine, 


cc eto, au ae vA, V3 N2_ NH 2 
D 2090/95 3 MT cu EDU oD 1s OE. 
and by the angle difference identity for sine, 
E- e eee ee X21. vé-v2 
1» 9» 3 aO id eo 1 2 x p. s 
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3.3.8 
(a) By the angle sum identity for cosine, we have 
cos 30 = cos(0 + 20) = cos 0 cos 20 — sin @ sin 20. 
Then by the double angle formulas for cosine and sine, we have 
cos 0 cos 20 — sin @sin 20 = cos 0(2 cos? 0 — 1) — sin 0(2 sin 0 cos 0) = 2 cos? 0 — cos 0 — 2 sin? 0 cos 0. 
But sin? 0 = 1 — cos? 0, so 


2 cos? 0 — cos 0 — 2 sin? 0 cos 0 = 2cos? 0 — cos 0 — 2(1 — cos? 0) cos 0 


= 2 cos? 0 — cos 0 — 2 cos 0 + 2cos? 0 
=|4 cos? 0 - 3cosO0 | 


(b) By the angle angle sum identity for sine, we have 
sin 30 = sin(0 + 20) = sin 0 cos20 + sin 20 cos 0. 
Then by the double angle formulas for cosine and sine, we have 
sin 0 cos 20 + sin 20 cos 0 = sin 0(1 — 2 sin? 0) + (2 sin 0 cos 0) cos 0 
= sin 0 — 2sir? 0 + 2sin 0 cos? 0. 
But cos? 0 = 1 — sin? 0, so 


sin 0 — 2sin? 0 + 2sin 0 cos? 0 = sin 0 — 2sin? 0 + 2sin 0(1 — sin? 0) 


= sin 0 — 2sin? 0 + 2sin 0 — 2sin? 0 
=|3sin 0 —4sin? 0|. 
(c) By part (a), cos 3x = 4 cos? x — 3 cos x, so 


cos3x  4cos?x-3cosx 
2L —————- = 4ccos* x - 3. 


cosx — cos x 


Hence, 4 cos? x — 3 = 1/3, so cos? x = (3+1/3)/4 = 10/12 = 5/6. Therefore, sin? x = 1— cos? x = 1—5/6 = 1/6. 


By part (b), we have sin 3x = 3sinx — 4 sin? x, so 


. " - 73 1 2 7 
Sindy _ Ssing “Asin a = 3-4-7 cao 7| 


sin X sinx 6 3 
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Exercises for Section 3.4 


4x—cos2x  -2sin3xsinx 
3.4.1 By the difference-to-product formula for cosine, we have e o E sin 
2sin3x 2 sin 3x 


3.4.2 By the sum-to-product formula for cosine, we have cos27° + cos33° = 2cos30°cos3° = V3cos3°, so 
f=] 


3.4.3 Subtracting the second equation from the first equation and dividing by 2, we get 
1 
sin f cos q = 5 sin(a + f) — sin(a — £)]. 
Switching a and f and noting that sin(B — a) = sin(-(a — B)) = —sin(a — f), we get 


jl 1 : 
sina cos f = 5 Isin(a + b) sins — &a)] = z [sin(a + B) + sin(a — B)], 
which agrees with our earlier formula. 
3.4.4 By the sum-to-product formula for sine, we have 
sin 10° + sin 80? = 2 sin 45° cos35° = V2 cos35°, 
sin 20? + sin 70? = 2sin 45° cos 25° = V2cos25°, 
sin30° + sin 60° = 2 sin 45° cos 15° = V2cos15°, 


sin 40° + sin 50° = 2 sin 45° cos5° = V2cos5°, 


SO 
sin 10° + sin 20° + sin 30^ + sin 40° + sin 50° + sin 60? + sin 70? + sin 80° 
= N2(cos 5? + cos 15? + cos 25° + cos 35°). 
By the sum-to-product formula for cosine, we have 


cos 5° + cos 35° = 2 cos 20° cos 15°, 
cos 15° + cos 25° = 2 cos 20° cos5°, 


sO 
V2(cos 5° + cos 15° + cos 25° + cos 35°) = V2(2 cos 20° cos 15° + 2 cos 20° cos 5°) = 2 V2 cos 20°(cos5° + cos WS 


Finally, by the sum-to-product formula for cosine, we have cos 5° + cos 15° = 2 cos 10° cos 5°, so 


2 V2 cos 20* (cos 5? + cos 15°) = 4 V2 cos 5? cos 10? cos 20°. 


Therefore, 


sin 10? + sin 20? + sin 30° + sin 40? + sin 50° + sin 60° + sin 70° + sin80° — 4 V2 cos 5° cos 10? cos 20° 2 
cos 5° cos 10° cos 20° = cos5°cos10°cos20° ~ , 


3.4.5 By the difference-to-product formula for sine, 


sin(B + C — A) — sin(A + B + C) = 2sin(-A) cos(B + C) = —2 sin Acos(B + C), 
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and by the sum-to-product formula for sine, 


sin(C + A -— B) + sin(A + B - C) = 2sinA cos(C - B). 


Hence, 


—sin(A + B+ C) + sin(B + C — A) + sin(C + A - B) + sin(A + B - C) = —2sin A cos(B + C) + 2sin A cos(C — B) 
= 2sin A[cos(C — B) — cos(B + C)]. 


By the difference-to-product formula for cosine, 
cos(C — B) - cos(B + C) = —2 sin Csin(—B) = 2sin B sin C, 
so 2sin A[cos(C — B) — cos(B + C)] = 4sin Asin BsinC. 


3.4.6 The sum in the numerator and difference in the denominator suggest we should try the sum-to-product 
and difference-to-product identities, particularly because the angles are the same, so the difference of the angles 
is 0°, which we know how to handle. Unfortunately, all these identities involve the sum or difference of two of 
the same trig function; none of them has a sum or difference of one sine and one cosine. So, we try changing the 
problem into a form that involves the sum or difference of two sines or the sum or difference of two cosines. 


There are many ways to turn a sine into a cosine. Clearly, sin? 0 + cos? 0 = 1 isn’t what we're looking for, since 
this won't give us a sum of cosines. But sin 0 = cos(90° — @) will. Applying this to both of the sines in the problem 
gives 

cos 96° + sin96°  cos96? + cos(—6°) 
cos 96° — sin96° — cos96? — cos(—6°) ` 


We then apply the sum-to-product and difference-to-product identities for cosine: 


cos 96° + cos(—6°) _ 2cos (383682) cos (2e) .. 2cos45*cos51? — — cot 51? 
cos 96° — cos(-6?) - -2sin (8) sin (256) ^ 2sin45°sin51° - i 
2 2 
so the equation we must solve now is tan 19x? = — cot 51°. We'd rather have tangent on both sides, so we convert 
cotangent to tangent. Since ; 
cos51° _— sin(90° = 51°) 
t51° = = C = tan(90° — 51°) = tan 39°, 
ii nspeessopuE rs mant E 

we can write tan 19x° = —cot51° as tan 19x = —tan39°. We'd like to get rid of the negative sign so that we're 
equating two tangents. We have plenty of identities to do that. The two simplest are tan@ = —tan(-0) and 
tan@ = —tan(180° — 0). The former gives tan19x° = —tan39° = tan(—39°) and the latter gives tan19x° = 


—tan39° = tan141°. Uh-oh! These look different! But they're not. Since the period of tan @ is 180°, we have 
tan(—39°) = tan(—39° + 180°) = tan141°. This observation also helps us see how to finish the problem. 


We want tan 19x? = tan 141°, but we also need x to be a positive integer. If we let 19x = 141, then x is not 
an integer. But we also know that tan 141° = tan(141° + 180n°) for all integers n. So, we keep increasing 141° by 
multiples of 180° until we hit a multiple of 19°, which will allow us to divide by 19° to get an integer answer for x. 


Now we have a basic number theory problem. We want the smallest positive integer x such that there is some 
positive integer k with 19x = 141 + 180k. Dividing by 19 gives 
8 9k 9k +8 
= = —_= 7 : 
Besse 19 + 9k + 19 9k+7+ 19 
We could figure this out with trial and error, starting with k = 1 and increasing k by 1 until 9k + 8 is divisible by 
19. Instead, we'll use a little more clever algebra and number theory. 
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Since 9k + 7 is an integer, we must have (9k + 8)/19 be an integer in order for x to be an integer. If (9k + 8)/19 is 
an integer, then there is a positive integer j such that 9k + 8 = 197. Solving for k gives 


Eum Ti 
k= 9 =2j+ NÉ 


We want k to be an integer, so we let j — 8, since this is the smallest possible positive integer value of j that makes 
(j — 8)/9 an integer. When j = 8, we have k = 16, which gives 


x=9k4+7+ 2577 - [159] 


Exercises for Section 3.5 


3.5.1 From the identity cos 0 = sin(90° — 0), we have cos41? = sin 49°, so cos41° + sin41? = sin 49° + sin 41°. 
Then by the sum-to-product formula for sine, we have 


sin 49° + sin41? = 2sin45? cos4? = 2 - 3d -cos4° = V2cos4°. 


Hence, we have cos 41° + sin41° = V2cos4°. Comparing this to the given cos41° + sin41° = V2sin A gives 
sin A = cos 4°. Since cos 4° = sin(90° — 4°) = sin 86°, we have A = [86] 


3.5.2 We let ad + bc = k. We square this equation and the equation ac — bd = 1, hoping to produce squares that 
we can combine with our other two equations. These squarings give us 


a^d? + 2abcd + Pe = K, 


ace — 2abcd + bd? = T 


Adding these two equations eliminates the abcd terms and leaves a*d? + b?c? + aà?c? + b?d? = k? + 1. The left 
side of this equation is exactly what we get when we multiply the left sides of the other two equations. Since 
(a2 + b*)(c2 + d?) = 1 we have 


1 
1240-444. b +H pg? =r + a 
which means k? = 3 Since a, b, c, and d are positive, k must also be positive, and we have k = k| 


3.5.3 We can solve this problem with sin? 0 + cos? 0 = 1, but it’s a little tricky—try it and see. Instead, we'll use 
the sum-to-product identities. Applying these identities gives 


2sin (==) cos (=) = iP 
2 2 2» 
2 cos (==) cos (==) = ic 
2 2 2 


We can eliminate the terms with (A — B)/2 by dividing the first equation by the second (which we can safely do 
since we know the left side of the second equation is not 0). This gives us 


sin (4:8) 
: 8, 


cos (428) 


42 


Section 3.5 


The angles are the same on the left side, so we can write this equation as tan (422) = V3. Since we seek the 
value of A + B such that 0° < A,B < 180°, we know that 0 < ax < 180°, and the only angle in this range whose 
tangent equals V3 is 60°. Therefore, we have A+B — 60°,soA+B= 120° |. 


3.5.4 By the angle sum identity for tangent, we have tan(x + y) = — 7 We are given that tan x + tan y = 25, 
so we only need to find tan x tan y. 


We are also given that cotx + cot y = 30. But cotx + cot y = z} + TET - E SO 


tanx+tany _ 25 


tan x tan y = = — = 
J cotx+coty 30 


B 
z 


— tanxrttany _ 25 _ 
Tneretore, tan(x EE = qe z= [150]. 


1l-tan x tan y 


3.5.5 First, we determine cos B by noting that cos? B = 1 — sin? B = 1 — $ = iy so cosB = 4/ ij = te. We are 


: : NA : _ sinB _ 1/V]O _ 
given that B is acute, so cos B Vin which means tan B = $25 = Sum a 


Vie 


By the double angle formula for tangent, we have tan 2B = pian = cw = 2. Since B is acute, we have 


0° < 2B < 180°. Since tan 2B is positive, 2B is also acute. 


Then by the angle sum identity for tangent, we have 


tan(A +2B) = E 1/7 * 3/4 


—tanAtan2B  1-1/7.3/4 - 1. 


Since both A and 2B are acute, we have 0° < A+ 2B < 180°. The only angle in this range whose tangent is 1 is 45°, 
so A + 2B =| 45° |. 


3.5.6 Rearranging the terms, we get sin 0 — cos 0 = cos 20 — sin 20. Squaring both sides, we get 
sin? 0 — 2sin 0 cos 0 + cos? 0 = cos? 20 — 2 cos 20 sin 20 + sin? 20. 


But sin? 0 + cos? 0 = cos?20 + sin? 20 = 1, so the equation above becomes 1 — 2sin 0 cos 0 = 1 — 2cos20sin20, 
which means sin 6 cos 0 = cos 20 sin 20. 


By the double angle formula for sine, we have sin 20 = 2sin 0 cos 0, so 
sin 0 cos 0 = 2cos 20 sin 0 cos 0. 
Moving all the terms to one side, we get 
2 cos 20 sin 0 cos 0 — sin 0 cos 0 = 0, 


which factors as 
sin 0 cos 0(2 cos 20 — 1) = 0. 


Hence, sin 0 = 0, cos @ = 0, or cos 20 = L. We are given that 0 is acute, so neither sin 0 nor cos 0 can be equal to 0. 


Therefore, cos 20 = 1. Since 0 is acute, we have 0 < 20 < rt. The only angle in this range whose cosine is $ is 5, so 


20 = Sr and 0 = [8] This solution works, because when 0 = £, we have sin 0 + sin20 = cos 0 + cos 20 = I + 


M 


3.5.7 By the angle sum identity for cosine and the angle difference identity for sine, we have 


cos(a + B) = cos a cos B — sina sin f, 
sin(a — p) = sina cos B — cos asin p, 
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so the given equation becomes cos a cos f — sina sin f + sina cos f — cos a sin B = 0. Dividing by cos a cos B, we get 


sina sinf n sina sinf _ 


7 


cosacosB cosa cosp - 


which becomes 1 - tana tan $ + tana — tan f = 0. This equation factors as (1 + tan a)(1 — tan f) = 0, so tana = -1 
or tan f = 1. We are given that tan f = 1/2000, so tana = [= 


3.5.8 Expanding the given equation, we get 


5 
1+sini+cost+sintcost = n 

Let x = (1 — sint)(1 — cost), so 
1 — sint — cost + sint cost = x. 


Adding these equations, we get 2 + 2sintcost = x + 2, so sin t cos t = ÉL = £2. Taking the difference of the 
5/A-x _ 5- 
2 


= 9 Squaring this equation, we get 


same two equations gives 2sint + 2cost = i — x, so sin t + cost = 8 


— 4x MV? 
sin? t + 2 sint cost + cos? t = (* 8 =) } 


However, sin? t + cos? t = 1 and sin t cost = (4x — 3)/8, so 


4x-3 | c=) 


1+2. 
8 8 


Simplifying, we obtain the quadratic equation 16x” — 104x + 9 = 0. By the quadratic formula, we have 


T ea + 
-MLA ENG 9 | 104:32V10 13. c5 
2.16 32 4 


However, —1 < sint < 1 and -1 < cost < 1, so 


x= (1—sinf)(1— cost) x 2-2 = 4, 


and D + V10» 24324. Hence, we have x =| 8 - vi0] 


3.5.9 Solving for y, z, and x in the given equations, respectively, we find 


_ 2x pet 2y Lm 2z 
Ye 2 Signe” T? 


The right sides of these equations look like the double angle identity for tangent. Since x, y, and z are real 
numbers, we can let a = arctan x, B = arctan y, and y = arctanz, so x = tana, y = tan f, and z = tan y. Then from 
y- i, we have 


tan 2tana 
ye = = 
1 — tan? q 
But from the double angle formula for tangent, we have 
2tana eee: 
meom c Ud. 
1-tan?a 


so tan f = tan2a. Similarly, from the other two initial equations, we have tan y = tan 2f and tana = tan 2y. 
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We'd like to combine these equations in a way that allows us to produce an equation with only a. One tempting 
possibility is to combine tan f = tan 2a and tan y = tan 26 through the following argument: “Since tan f = tan 2a, 
we have tan 28 = tan4a, and combining this with tan y = tan 28 gives tan y = tan4a." But before we get too 
excited, we better check the claim that if the tangents of two angles are equal, then the tangents of double the 
angles are equal. 


To do so, we let 0 and y be two angles. Then 


2tan @ 
E and tan2y = DM 


tan 20 = er" 
1 — tan? Y 


— tan? 0 
Hence, if tan 0 = tan y, then tan 20 = tan 2y. 


Returning to our problem, we know that tan y = tan 2f, so tan2y = tan 4$. Also, tan B = tan 2«, so tan 28 = 
tan 4a, and tan 46 = tan 8a. Therefore, 


tana = tan 2y = tan 4f = tan 8a. 


In particular, tana = tan8a. Two angles with equal tangents must differ by an integer multiple of 7. To see why, 
suppose that tan 0 = m. Then, by the definition of the tangent function, the terminal point of 0 is one of the two 
points at which the line y = mx intersects the unit circle. These two points are at the opposite ends of a diameter 
of the unit circle. That is, they are terminal points of angles that differ by an integer multiple of zz. 


Therefore, from tana = tan 8a, we know that 8a = a + nk, where k is an integer. Solving for a, we find a = ah ; 


so x = tana = tan ak 


We now check that this solution works. If x = tan m then 


2x 2 tan 3% 2nk 
= OL—— = ——_—— = tan —, 
4-7 @ 1- tan? € 7 
Pa ee ye Auk 
771-93 1— tan? 2 C qe 

and 

a 2 tan 5 e 87k 

1-2 1-tae 7 7 


87k ais — Hae — 8nk _ ae = ——27; : 2 
Butt m = nk, so tan 7 —tan 7 =x. Hence, x = 7z, and the system is satisfied. 


Therefore, the solutions are of the form 


( 2) = (tan TE, tan, tan) 
le ee tes ame aa 


where k = 0, 1, ..., 6. (We only take k up to 6 because the solutions for k = 7 and k = 0 are the same, as are the 
solutions for k = 8 and k = 1, and so on.) 
Review Problems 


pinu O sin @ = —tan 0. 
cos(rt —0) | —cos8 


3.33 tan(r-0)- 


3.34 Since sin(—x) = —sinx for all x, we have sin(0 — 1t) = —sin( — 0). We also have sin(x — x) = sinx for all x, 


so sin(0 — 1) = —sin(m — 0) = [-sin8]. 
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3.35 
(a) 


(b) 
(c) 


(d) 


(e) 


3.36 
3.37 


First, we have cos(x — y) = sin[90° — (x — y)] = sin(90° — x + y). Therefore, we have 
cos(x — y) = sin(90° — x + y) = sin[(90° — x) + y] = sin(90° — x) cos y + sin y cos(90" — x). 
Letting z = 90° — x in the identity sin(90° — z) = cosz gives sin x = cos(90° — x), so 
cos(x — y) = sin(90° — x) cos y + sin y cos(90° — x) = cos x cos y + sin x sin y. 
Taking y = x in sin(x + y) = sin x cos y + sin y cos x, we get sin 2x = 2sin x cos x. 
First, cos(x + y) = sin[90? — (x + y)] = sin(90? — x — y). Then 
sin(90° — x — y) = sin[(90* — x) + (—y)] = sin(90° — x) cos(—y) + sin(—y) cos(90° — x) = cos x cos y — sin x sin y. 


Hence, we have 


in x sin 


; : : V 
sin(x + y) H Sin x cos y + sin y cos x |. cosx cosy — tanx + tan y 


cos(x +y)  cosxcosy-sinxsiny  1— EE ~ 1- tanxtany' 
cos X COS 


tan(x + y) = 


Letting y = —x in the identity we proved in part (a), we have 
cos 2x = cos x cos(—x) + sin x sin(—x) = cos? x — sin? x = cos? x — (1 — cos? x) = 2 cos? x — 1. 


Letting x = 2, we have cosz = 2cos? 2 — 1, so cos? 2 = 149982, Jf 0 <z « m, then 0 < Žž < Z, socos2 > 0. 
2 2 2 2 25915 2 


1+cosz 


Therefore, we take the positive square root of our equation above to find cos 5 = 4/ +9% 


If part (a), we found 
cos(x — y) = cos x cos y + sin x sin y. 


Replacing y with —y in this equation, we have 
cos(x + y) = cos x cos(—y) + sin x sin(—y) = cos x cos y — sin x sin y. 


Adding these two equations gives cos(x — y) + cos(x + y) = 2cosx cos y, so we have the identity cos x cos y = 
l(cos(x + y) + cos(x — y)). 


Replacing y with —y in sin(x + y) = sin x cos y + sin y cos x gives 
sin(x — y) = sin x cos(—y) + sin(—y) cos x = sin x cos y — sin y cos x. 
Subtracting this from our equation for sin(x + y) gives 
sin(x + y) — sin(x — y) = 2sin y cos x. 
Letting a = x + y and f = x — y, we then have x = (a + f)/2 and y = (a — B)/2, and we have sina — sin B = 
2sin (55) cos (SF). 
By the angle sum formula for sine, we have sin(x — y) cos y + cos(x — y) sin y = sin[(x — y) + y] = [sinx]. 


Applying the angle difference identity for cosine, we have 


2 
V2 cos G - x) = V2 (cos 7 cosx + sin 7 sinx) = v2 (X cosx + Fanz) = cosx + sin x, 


which is choice (a) | 
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3.38 Since cos? 0 = 1 — sin? 0, we have 


—8  4cos? 0 _~3+4(1-sin’@) 1-4sim^0 _ (1+2sin@)(1 -2sin8) 
1-2sin@ 1-2sin0 |  1-2sinO 1-2sin8 


Thus,|a = land b 2 |, 


3.39 We know how to find the range of a function of the form f(t) = a sin t, so we try to write g(t) in this form. 
The angle sum identity for sine has a single sine on one side and a sum of trig expressions on the other: 


—1-2sin8O. 


sin(t + y) = sin t cos y + sin y cost. 


However, we have g(t) = 2sint + 3cost, and there is no angle y such that cos y = 2 and sin y = 3. But maybe we 
can find some constant c such that there is an angle y with cos y = 2 and sin y = ?. From cos? y + sin? y = 1, we 


have 4 + 3 = 1, from which we find that c = V13 fits the bill. That is, we have 


2 3 
(= VB ( sint + -2 cost) = V13sin(t + y), 
s(t) Te T (t y) 
where y is the angle such that cosy = X and siny — E (We know that such an angle exists because 


= ii (4) = 1, which means m E23 is on the unit circle.) 


From g(t) = V13sin(t + y), where y is some constant angle, we see that the range of g(t) is |- V13, V13 


because the range of sine is [-1, 1]. 


3.40 We have 


ear 20 EET 20° sin* 20° B sinf 20° ~ sin’ 20° 


tan? 20° —sin?20° 3:25 —sin^20* _ sin? 20° — sin’ 20° cos” 20°  sin?20*(1-cos?20*) _ sin*20° _ T] 


tan(a — f) + tan p 
1 - tan(a — B) tan f` 


3.41 By the angle sum identity for tangent, we have tana = tan[(a — B) + f] = 


3.42 By the angle sum formula for tangent, we have 


: E: " 0) tan + tan 0 
IQ | ee = Se 
NT 1 — tan 7 tan 0 


Uh-oh; tan 32 is not defined! To get around this, we write tangent in terms of sine and cosine: 


" [E " 6) sin e: + 8) sin 77? cos 0 + cos sinO — —cos0 A 1 
an ST Sw eS ees ER ES == =|- 
2 cos e t 8) cos cos 0 — sin 2 sin 0 sin 0 tan 0 


E 2 


3.43 By the angle sum identity for cosine, we have cos(A + B) = cos A cos B — sin A sin B = 1. Because A and B 
are angles of a triangle, we must have 0° « A + B « 180°. However, there is no angle in this range whose cosine 
equals 1, so it is impossible for any AABC to satisfy the equation cos A cos B — sin Asin B = 1. 


344 By the angle sum formulas for sine and cosine, we have 


S il 
sin(x + 30°) = sin x cos 30° + cos x sin 30° = RS sin x + z 05x, 


3 I 
cos(x + 30°) = cos x cos 30° — sin x sin 30° = ad cosx- 5 sin x. 
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Then 
___Bsin(e+30*)-cos(x+30°) —— — NB (sina + d cosa) - (3 cosx- dsins) 
4cosxsin(x + 30°) - 4sin xcos(x + 307) 4cosx (£ sinx + } cosx) - 4sinx (48 cos x — 1 sinx) 


_ 2sinx 
2cos2 x + 2sin? x 


—|sinx|. 


3.45 We have arccos (-1) — 120? and arcsin iB = 45°, so 


1 
tan (arccos (-5) + arcsin E) = tan(120° + 45°). 


Then by the angle sum identity for tangent, we have 


o amo _ tan120°+tan45° — -vV3+1 1-V3 (1-V3)(1- V3) _ 
tan(120 OS 7 EWERDENUES 7 AEN PMN 7 (ERNIE) =| 23! 


3.46 We know that 


V6 ~ v2 
4 

V6 + V2 
4 f 


sin 15° = sin(45° — 30°) = sin 45° cos 30° — sin 30° cos 45° = and 


sin 75° = sin(45° + 30°) = sin 45° cos 30° + sin 30° cos 45° = 


anono [27 
so (sin 15° + sin 75°)f = (38) = ar =| ek 


3.47 Wehave ' i : 
Sin2x  cos2x | sin 2xcosx —sinxcos2x 


sinx COS X sin x cos x 


By the angle difference identity for sine, we have 


sin2xcos x — sin x cos 2x = sin(2x — x) = sin x, 


-c [sex] 


sin X cos X sinxcosx  cosx 


sin2xcosx-—sinxcos2x sinx 


SO 


3.48 Since cos? 0 + sin? 0 = 1, we have 
sin? 0 = 1—cos? 6 = 1 —(-0.6)* = 1— 0.36 = 0.64, 
so sin 9 = + V0.64 = +0.8. Then by the double angle formula for sine, we have sin 20 = 2sin 0 cos 0 = +0.96. 


Now we show that both 0.96 and —0.96 are achievable. There exists an angle 0 in the second quadrant such 
that cos 0 = —0.6 and sin 0 = 0.8 (since (—0.6)* + (0.8)* = 1). For this angle, we have sin 20 = 2sin 0 cos 0 = —0.96. 
There's an angle @ in the third quadrant for which cos O = —0.6 and sin = -0.8. For this angle, we have 


sin 20 = 2sin 0 cos 0 = 0.96. Thus, both and are possible values of sin 20. 


3.49 Wehave 


cos x 
— siny 


7 cosx z p $ 
cotx+1 ee sll cosx+sinx 


cotx-1 -1 ces Sain 
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eee 


Looking at the other side of the identity we hope to prove, we have 


cos 2x cos? x — sin? x _ (cos x — sin x)(cos x + sin x) 


1+sin2x 1-42sinxcosx 1+2sinxcosx 


Aha! The factored numerator aes us a clue how to tie these together. We multiply the numerator and 


denominator of our fraction for ae = by cos x + sin x, and we find 


cosx—sinx  (cosx-sinx)(cosx-sinx) _ cos? x — sin? x cos 2x cos2x 
cosx+sinx (cosx+sinx)(cosx+sinx) cos?x+2sinxcosx+sin?x 1+2sinxcosx 1+sin2x’ 
where we have also used the identity cos? x + sin? x = 1 to simplify the denominator. 
3.50 We start with the identity sin? x + cos? x = 1. Squaring both sides, we get 


4 


sinf x + 2sin? x cos? x + cos* x = 1. 


By the double angle formula for sine, we have sin2x = 2sinxcosx. But we are given that sin2x = 3%, so 


2sinxcosx = E . Then sin x cos x = 2,80 2sin? xcos?x -2(8)' = 2S. Therefore, sinf x + cos 4x = 1 — 28 = e l 


3.51 Applying the half-angle formula for tangent, we have 


Sm sin 22 " = 8 ED —2(2 + V2) “eel 


8 Iros a 2-42 Q-J3Q«w2 


3.52 By the double angle formula for sine, we have sin 2x = 2sin x cos x, so the inequality sin 2x x sin x becomes 
sin x — S x > 0, which means sin x(1 — 2 cos x) 2 0. This inequality is satisfied if and only if sin x > 0 and 
cos X € 1, or sin x € 0 and cos x > 1. 


5n 


For 0 < x < 27, sin x > 0 if and only if 0 < x < 7, and cosx < 1 if and only if 4 < x < %. Hence, sin x > 0 and 


cosx € lif and only if $ < x < m. 


Similarly, sinx < 1 if and only if n € x € 27, and cosx > 3 if and only if 0 < x < 
sin x € 0 and cosx > 4 if and only if  < x < 2n. 


Therefore, the solution is x € | [4,7] U [= 2T] l. 


3.53 Since cos? 0 = 1 — sin? 0, the given equation becomes 


5 or 3m € x € 2n. Hence, 


Asin? 0 - 1 + sin? 0) = 8sin0 -5 © Asin? @-8sin0+3=0 ©  Qsin0-1)sinO -3)=0, 
so sin@ = 5 I or sin 0 = 
Since —1 < sin 0 < 1 for all 6, sin 0 can never be equal to 2, so sin 0 = 1. The solutions are 0 = and EI 
3.54 


(a) By the double angle formulas for sine and cosine, we have sin 20 = 2sin 0 cos 0 and cos20 = 2 cos? 0 — 1, so 


sin +sin20 _ sin 0 + 2 sin 0 cos 0 _ sin@ + 2sin8 cos0 
1-4cos0-cos20 1+cos@+2cos?9—-1 cos@+2cos?@ 
sin@(1+2cos@) sin 
= = = tan 0. 
cosO(1--2cos0) cosé 
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(b) Our derivation in part (a) fails if 1 + 2cos 8 = 0, or cos 0 = -1/2. The only value in the interval | « 0 « 7 


for which this occurs is 0 = ES 


3.55 By the product-to-difference identity, we have 


1 
2 sin 68° sin 52° = cos(68° — 52°) — cos(68° + 52°) = cos 16? — cos 120° = cos 16° + 7 


so we want to find the acute angle @ such that sin ġ = cos 16° = sin(90° — 16°) = sin 74°. Hence, @ = Ed 


8.56 To prove the identity, we express all the trigonometric functions in terms of sin x and cosx. The left-hand 
side becomes 
tan x " cotx X  sinx/cosx cos x/ sin x 
1-cotx 1-tanx 1-cosx/sinx 1- sinx/ cosx 
sin? x cos? x 
cos x(sin x — cos x) i sin x(cos x — sin x) 


sin? x cos? x 
sinxcosx(sinx — cosx)  sinxcosx(sin x — cos x) 
sin? x — cos? x 


^ sinxcosx(sinx — cos x)" 


As a difference of cubes, we have sin? x — cos? x = (sin x — cos x)(sin? x + sin x cos x + cos? x), so 


sin? x — cos? x _ (sinx — cos x) (sin? x + sin x cos x + cos? x) 


sin x cos x(sinx — cosx) sin x cos x(sin x — cos x) 


sin? x + sin x cos x + cos? x 


sin xcosx 
1 + sinx cosx 1 
= = — l Sa, 
sin xcosx sin x cos x 


which is the right-hand side of the identity we wish to prove. 


3.57 From the sum-to-product formulas, we have 


sin x + sin 5x = 2 sin 3x cos 2x, 


COS X + cos 5x = 2 cos 3x cos 2x, 


sinx + sin 3x +sin5x 2sin3xcos2x +sin3x sin3x(2cos2x+1)  sin3x 
o = ——————— = m a c 
cosx +cos3x +cos5x 2cos3xcos2x+cos3x cos3x(2cos2x+1) cos3x 


= tan3x. 


Challenge Problems 
3.58 Squaring the given equation, we get sin? x + 2sin xcosx + cos? x = +. But sin? x + cos? x = 1, so we have 
2sinxcosx = $ == — 2, which means sin x cos x = -B. Substituting cos x = i — sin x (this is a rearrangement 
of the given equation) into sin xcosx = —+ gives 
. (s : ) 12 
sinx | = —sinx) =-—. 
5 25 
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Multiplying both sides by 25, expanding the left side, and rearranging, gives 25 sin? x — 5sin x — 12 = 0. Factoring 
the left side as a quadratic in x gives (5sin x — 4)(5 sinx + 3) = 0. Since we are given 5 « x < m, we have sinx > 0, 


and the only positive solution to the quadratic for sin x is sin x = F, 
2 


2M ‘ae 
From cos^ x = 1 — sin^ x = a and the fact that x is in the second quadrant, we have cosx = -i, so 


sin x 4/5 4 
tan x = es —— 
cosx  —3/5 3 


3.59 To find f(sec* 0), we find the value of x such that 3; = sec? 0. Taking the reciprocal of both sides, we get 
zl = <a 4, which becomes 1 — 1 = cos? 0. Hence, we have 


1 
= = 1- cos? 8 = sin? 0, 


so f (sec? 0) = f (5) E =| sin? 6]. 


g — sin4x : : sináx _ cosx-sinx : 2 1 
3.60 Since tan Ax T En the given equation becomes SEE = CRISP. Cross-multiplying, we get the equation 
cos x sin 4x + sin x sin 4x = cos x cos 4x — sin x cos 4x, so 


cos x sin 4x + sin x cos 4x = cos x cos 4x — sin x sin 4x. 


By the angle sum formula for sine, we have cos x sin 4x + sin x cos 4x = sin(x + 4x) = sin 5x, and by the angle 
sum formula for cosine, we have cos x cos 4x — sin x sin 4x = cos(x + 4x) = cos 5x, so the equation above becomes 


T = — sindx _ 
sin 5x = cos 5x. Then tan 5x = ae 


The smallest positive angle whose tangent is 1 is 45°, so the smallest possible positive angle x is 45°/5 = [9° |. 


3.61 To find the intersections of the graphs, we must solve the equation 
8cosx+5tanx = 5secx + 2sin 2x. 
By the double angle formula for sine, we have sin 2x = 2 sin x cos x, so the equation above becomes 


5sinx 


8cosx + +4sinxcosx 


cos x cos X 
=> 8cos?x+5sinx =5+4sinxcos*x 


€ 8(1-sin’x)+5sinx — 5 + 4sinx(1 — sin? x) 
e 8-8sin!x t 5sinx =5+4sinx — 4sin?x 
e  Asin?x -8sin x * sinx £ 3 - 0. 
We can factor the left side of the final equation as a cubic polynomial. To see why, let t = sinx, so we have 
48 — 8 £t 43 = 0. Clearly, t = 1 is one solution, and factoring out t — 1 gives us (t — 1)(4f* — 4t — 3) = 


0, from which we have (t — 1)(2t — 3)(2t + 1) = 0. Substituting t = sinx back into this equation, we have 
(sinx — 1)(2sinx — 3)(2sinx + 1) = 0. 


Hence, sinx = 1, sinx = 3, or sinx = -1. 


If sin x = 1, then co?x = 1 — sin? x = 1-1 = 0, so cosx = 0. But if cosx = 0, then tanx = sinx/ cosx and 
sec x = 1/ cos x are undefined, so there are no solutions in this case. 


Since —1 < sin x < 1 for all x, there are no solutions to sin x = 3, 
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If sinx = -i, then x = a orx = x Por m, we have 


ns OD EUM up = 8- (3) £57 EU VOS e ES. 


6 6 2 43 9 3 
Forx = uz, we have 
11 11 1 5N3 7V3 
hee T a DU NS ——— gc See ae 
6 6 2 43 3 3 


Therefore, the points of intersection are (x, y) = (22, -238) (22, -238) and | (uz, 28) 


3.62 Since cos? x + sin? x = 1, we have 1 — cos? x = sin? x, so 


1-sin!x-— cos’ x = sin? x — sin’ x = sin? x(1 — sin? x) = sin? x cos? x. 


sin? 2x 
Sore 


By the double angle formula for sine, we have sin 2x = 2 sin x cos x, so sin? x cos? x = 


Hence, the given equation becomes sin 2x — i so sin? 2x = ae 1 which means sin 2x = xl. 


We are given that - 2 €x € 7 7o SD =N = ZE S T The only angles in this range whose sines are xi are -5, x 


5 and ze Therefore, s solutions are | x = -m,- ipo ey SIT sa 


3.63 From the sum-to-product formula for sine and the difference-to-product formula for cosine, we have 


sinx + sin(x + y) = 2sin AR = = 2sin RM d 


2 2 21 
and 
a AFU ME y "CIS 
cos x — cos(x + y) = —2sin 2 sin (-4) = 2sin —,—~ sin, 
so 
LC 2x+y y 
ees sinx + sin(x + y) _ 2sin 27 “3 ape 
| cosx-cosxty) 5. 2**W uy 2 S 
2 2 


Thus, f is constant. 


3.64 The given equation reminds us of the identity 1 + tan? x = sec? x. Rearranging this gives sec? x — tan? x = 1, 
from which we have (sec x — tan x)(sec x + tan x) = 1. We are given sec x + tan x = 2 , SO we have sec x — tan x = Z. 
Adding this to the given equation gives sec x = 33, and Du it from the given equation yields tanx = 


435 
308 533 pr 
Therefore, we have cosx = 55; and sinx = cosxtanx = 22. This gives us cscx = 35 and cotx = = 


tanx ^ 435' SO 
_ 841 _ | 29 
cscx+cotx = 435 =|2| 


Challenge: see if you can find a less computational solution starting from the fact that ( tsin) (tesa) zum 


3.65 The expression in x and y vaguely resembles some of our trig identities, particularly identities involving 
tangent. (We think of tangent instead of sine or cosine because x and y can be any real number.) So, we let 
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x = tan A and y = tan B. Then 


(x+y)(1—xy)  (tanA + tan B)(1 — tan A tan B) 
(1+ 2x2)(1+y2) (1 + tan? A)(1 + tan? B) 
(an 
= oe ea: (1 — tan A tan B) 
= (= r sin B 
cosA  cosB 


) (cos? A cos? B) (1 ae =) 


cosA cosB 


sinA | sinB sinA sinB 
= + " E . 
(=4 as] cos A cos B (1 ee n) cos A cos B 
= (sin Á cos B + sin B cos A)(cos A cos B — sin A sin B) 
= sin(A + B) cos(A + B) 
1 
= 7 sin[2(A ar B 


which is always between —1/2 and 1/2. 
3.66 Since0 < 0 < $, we have 0 € sin@ < 1 and 0 x cos 0 < 1. Then sin? 0 < sin? 0 and cos? 0 < cos? 0, so 
sin? 0 + cos? 0 < sin? 0 + cos? 0 = 1. 


But sin? 0 + cos? 0 = 1, so the inequalities above must be equalities. That is, sin? @ = sin? 0 and cos? 0 = cos? 0. 
Moving all the terms to one side in the first equation, we get sin? 0—sir? 0 = 0, which factors as sin? O(sin? 0—1) = 0. 
Therefore, sin 0 = 0 or sin 0 = 1, which means 0 = [0] or [5] Checking, we find that both of these solutions work. 
Rearranging and factoring cos? 0 = cos? 0 leads to cos? O(cos? 0 — 1) = 0, which leads to the same values of 0. 


3.67 We can rewrite the given equation as tan7x + cot7x = sin 6x + cos4x. Let t = tan7x. Then cot7x = L SO 
tan 7x + cot7x = t + 1. If t > 0, then by the AM-GM inequality, we have 


with equality if and only if t = 1. However, sin6x < 1 and cos 4x < 1, so sin 6x + cos 4x < 2. Therefore, we must 
have tan 7x = sin 6x = cos4x = 1. 

If t < 0, then lets = -t,sot+}=- (s * 1). Again by the AM-GM inequality, s + 1 > 2, so t + 1 < —2, with 
equality if and only if t = —1. However, sin6x = —] and cos 4x > —1, so sin 6x + cos 4x > -2. Therefore, we must 
have tan 7x = sin 6x = cos 4x = -1. 

Case 1: tan 7x = sin 6x = cos 4x = 1. 


Since 0 < x < 2m, we have 0 < 4x < 8n. The only angles in the interval [0,87] whose cosines equal 1 are 0, 27, 
An, 6m, and 87, so x is equal to 0, +, 7, an, or 27. None of these values satisfies tan 7x = 1. 
Case 2: fan < = sin 6x = cos 4x = —1. 


The only angles between 0 and 87 whose cosine is —1 are rt, 3m, Sm, and 77, so x is equal to 7, sa, x or m, 


The only angles that satisfy both tan 7x = —1 and sin 6x = —1 are 7 and SE 


Therefore, the solutions are x — and ED 


3.68 First, we derive an angle sum identity for the cotangent function. From the angle sum identity for tangent, 


t E 1 _ 1-tanxtany 
uic at i tan(x-- y)  tanx-tany ` 
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To obtain a formula in terms of cot x and cot y, we divide both the numerator and denominator by tan x tan y: 


1 
——— m 
l-tanxtany _ tanxtany _ cotxcoty-1 
tanx+tany 1 WE: ^ cotx+coty ` 
tany tanx 


cotxcoty - 1 


Hence, cot(x + y) = ; 
cot x + cot y 
cota cot B-1 — 8-751 2 2 


Let a = arccot 3 and f = arccot 7. Then cot(a + f) = o T 


ty cotó-1 Pil 
Let y = arccot 13 and 6 = arccot 21. Then cot(y + 6) = IT = LA -8. 


Then 


10 cot(arccot 3 + arccot 7 + arccot 13 + arccot 21) = 10cot[(a + B) + (y + ô)] 


cot(a + B) cot(y + 6) - 1 2-8-1 a 
cot(a + B) + cot(y + ô) 248 


3.69 Let P = cos 7 cos on cos i, We note that in the sequence of angles 7, on , and 4 =, each angle is double the 
previous angle. We can take advantage of this observation by using the double angle formula for sine. Multiplying 


both sides by sin on we get 


P T T T Dr 4n 
sin = = sin = cos = cos OS 
7 7 7 7 7 
ee e 2n e formula for sine, we have E cos ai = sin £, a sin? = 5 sin € cos € cos =. Similarly, 
By doubl nel f la f h 2 v Z e B ss 1 zr 2 5 Similarl 
sin 27 cos E = E so sins = sin € again, 2sin cos = = sin eo) silk sin 8. u 
2 ip i . And 2 z SE orme} But 


on Eu, ~ sin(7 + 0) = — sin O for all a so sin 7 an sim pem P= 


3.70 
(a) By the triple angle formulas for sine and cosine, we have sin 3x = 3sin x — 4sin? x and cos3x = 4cos? x — 
3 cos x, so 
sin3x 3sinx-—4sinņðx sinx(3 — 4sin? x) 3 — Asin? x 
tan 3x = Zooo o E = tank? | 
cos3x  4cos?x-3cosx  cosx(4cos?x-3) 4cos* x — 3 


If we only had sin? x and cos? x terms in the numerator and denominator of the fraction, we could turn 
them into constants and tan? x terms by dividing the numerator and denominator by cos? x. Therefore, we 
write 3 as 3(sin? x 4 cos? x): 


3-4sin'x _ 3(sin? x + cos? x) — 4sin?x _ 3cos? x- sin? x 
4cos? x-3 4cos?x—3(sin*x+cos?x) cos? x- 3sin? x` 

We can then divide the top and bottom by cos? x, to get 
3c0s x ama 2 vine || 3-tan’x 


cos? x—3sin?x 1 —38imx  1—3tan2x 
cost x 


3 — tan? x 3 tan x — tan? x 
Therefore, tan 3x = tanx - cer — || 
1-3tan^x 1-3tan*^x 
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Li * . * 2 
(b) pei we determine sin 0. We have sin? 0 = 1 — cos? 0 = 1 — (-&) =1- i5 = 25, sosin@ = + 2 - +P 
Since 0 lies in the second quadrant, we have sin 0 = B. 
By the half-angle formula for tangent, we have 
0 sin 0 15/17 1S 5 


tan — = — ——— = ——— = — = L, 
2 1+cos@ 1-8/17 9 3 


Then by the triple angle formula for tangent, we have 


EDD = 3tan(0/2) — tan?(0/2) _ 3- (5/3) — 0/3) E 
p 1-3tan?(0/2) | 1-3(5/33 | 99[ 
(c) The angles 40° and 80° are both 20° from 60°, so we know that we can express tan 40° and tan 80° in terms 
of tan 20*. So, we let t = tan 20^. Then by the angle sum identity for tangent, we have 


tan 60° + tan 20? zi V3 +t 


tan 60" = tan ( C020) nG ian PT 1-t V3" 


and by the angle difference identity for tangent, we have 


tan 60° — tan 20° v3 -t 
tan 40° = tan(60° — 20°) = ————__—_—__ = 
an an( Je UERETTEEENS SS. tN3' 


SO 
V3+t N3-t. _ B-P) 
1-tv3 1+tvV3 1-3P- 


This result resembles our earlier triple angle identity for tangent, and 60° = 3 - 20°. So, we apply the triple 
angle identity and find: 


tan 20° tan 40? tan 80? = t - 


3tan20?—tan?20? 3t-P  t3-2) 
1-3tan?20° 1-38 1-38 ° 


tan 60° = tan(3 - 20°) = 


Hence, tan x = tan 60°, so x = [60°]. 


3.71 Expressing all the trigonometric functions in terms of sin 0 and cos 0, we find 


Ero mo TU eU © ebm NOs + RO CORDES 

cos@ sin cos  sinO 

sin? 0 + cos? 0 + sin 0 + cos 0 
cos 0 sin 0 

1-4 sin0 + cos 0 


cos 0 sin 0 


= sin 0 + cos 0 + 


= sin Ó + cos 0 + 


Let s = sin 0 + cos 0 and p = sin 0 cos 0. Then from the given equation, we have s + 2 = 7. Solving for s, we 


find s = A To solve for p and s, we must find another equation involving s and p. 


Note that 
s? = (sin 0 + cos 0)? = sin? 0 + 2sin 0 cos 0 + cos? 0 = 1 + 2p. 
1 \2 à : aie . 
Substituting s = EE into this, we get (Z7) = 1 + 2p, which simplifies as 2p? — 44p? + 18p = 0. This factors as 


2p(p? — 22p + 9) = 0. But p # 0 (because both sec 0 and csc 0 are defined), so p — 22p * 9 = 0. By the quadratic 
formula, we have 
muU 
va SERT 4-9 _ EE al SENE 
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Since -1 < sin 0 < 1 and -1 < cos0 < 1, we have p = sin 0 cos 0 < 1. But 11 +47 » 1,sop 2 11-4 V7. 


Finally, by the double angle formula for sine, we have sin 20 = 2sin 0 cos 0 = 2p =| 22 - 8 v7 


3.72 The right side of the recursion looks a lot like the angle sum identity for tangent. So, we let a, = tan 0,, and 


we note that 
üjctü4,1 _ tan 0, + tan On+1 


= = tan(@, + 0,41). 
1 = Anån+1 1 pa tan 0, tan 0,4 ( n nea) 


tan(9n+2) =. = 


Therefore, if we let 9,42 = 0,,4 + On, the recursion for a, is satisfied when we let a, = tan 0,. Hence, we can find 
42009 by finding 02009. 

Since 4; = 1 and a2 = E we can let 01 = 45 and 0z = 30°. We have 01 = 45° = 3-15 and 0; = 30° = 2 - 15°, 
so each 6, is an integer multiple of 15°. Let 0, = ty : 15°, so ty = 3, t; 2 2, and ty42 = tn+1 + tn for all n > 0. Since 


180° = 12: 15°, and the tangent function has period 180°, it suffices to compute t2009 modulo 12. (That is, we only 
have to find what the remainder is when we divide t2009 by 12.) 


Computing the terms of the sequence {t,} modulo 12, we get 
Bio 207 7, 2 9131, 8, 7, 5, 10; MoO 9 7a Tae 325, 7, Oe 


Once we see 3 immediately followed by 2 a second time, we know that the sequence is periodic, since each term is 
determined by the two terms before it. Hence, the sequence (t,] modulo 12 has period 24 (that is, it repeats every 


24 terms) and we have t209 = t17 = 0 (mod 12), so 429g) = tan(0- 15°) = tan 0° = [ol 
3.73 Let45 < k < 133. Then 
sin 1? _ sin[(k + 1)? — K^] 
sink?sin(k-- 1)? sink?sin(k + 1)° ` 


By the angle difference identity for sine, we have 
sin[(k + 1)? — X^] = sin(k + 1 cos k° — cos(k + 1)? sin K^, 


SO 


sin[(k+1)° -k°]  sin(k- 1) cosK? — cos(k + 1)? sink? 
sink?sin(k-- 1) sin k? sin(k + 1)? 
_ sin(k+1)°cosk®  cos(k- 1)° sink? 
~ sink’ sin(k+1)° sink? sin(k + 1)° 
cosk?  cos(k-4 1)° 


— sink?  sin(k- 1)? 
cot k° — cot(k + 1)°. 


Summing over k = 45, 47, 49,..., 133, we get 


sin 1° sin 1° sin 1° 
EE Le Re pcs o N ? -cot 46?)4- os Sgt a= ° 
sin 45° sin 46° * sin 47° sin 48° Tee oa (cot 45°—cot 46°)+(cot 47°—cot 48°) (cot 133°—cot 134°). 


But cot 46° = — cot 134°, cot 47° = — cot 133°, ..., cot89? = —cot91°, cot 90° = 0, and cot 45° = 1, so each cotangent 
on the right above cancels with another, except for cot 45°. Therefore, we have 


(cot 45° — cot 46°) + (cot 47° — cot 48°) + --- + (cot 133° — cot 134°) = 1, 
which means 
sin 1° ? sin 1? ne sin 1? E 
sin 45° sin46°  sin47? sin 48° sin 133?sin134* - 
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Therefore, 
1 1 1 1 
i yer een 4, a Se ae 
sin 45° sin46° sin 47° sin 48° sin 133° sin 134°  sin1?' 
and the answer is n = 1| 


3.74 Notethat8 cos? 4x cos? x = (2cos 4x cos x). By the product-to-sum formula, cos 4x cos x = (cos 3x+cos 5x)/2, 
so (2 cos 4x cos x)? = (cos 3x + cos 5x)’. Hence, the given equation becomes 


cos? 3x + cos? 5x = (cos3x + cos 5o 
Let a = cos 3x and b = cos 5x. Then 
a +b = (a+b? e eb r-3)b-3ab) D e 3@b+3ab?=0 e 3ab(a+b)=0. 


Hence, cos 3x = 0, cos 5x = 0, or cos3x + cos 5x = 0. But cos 3x + cos 5x = 2 cos x cos 4x, so cos 3x + cos 5x = 0 gives 
cos x = 0 or cos4x = 0. So to summarize, x must satisfy one of the equations cos x = 0, cos 3x = 0, cos4x = 0, or 
cos 5x = 0. 


If cosx = 0, then x = 360°k + 90° or x = 360°k + 270° for some integer k. There are no solutions such that 
100° < x < 200°. (Note that we can express “x = 360°k+90° or x = 360°k+270° for some integer k” as “x = 180°k+90° 
for some integer k.") 


If cos 3x = 0, then 3x = 360°k + 90? or 3x = 360°k + 270? for some integer k, so x = 120°k + 30? or x = 120°k + 90°. 
The only solution such that 100° < x < 200° is 120° + 30° = 150°. 


If cos 4x = 0, then 4x = 360°k + 90° or 4x = 360°k + 270° for some integer k, so x = 90°k + 2t or x = 90°k + 135°, 
The only solutions such that 100° < x < 200° are 90° + 45° = 225° and 90° + 135° = 3^. 


If cos 5x = 0, then 5x = 360°k + 90° or 5x = 360° + 270? for some integer k, so x = 72°k + 18° or x = 72? k + 54°. 
The only solutions such that 100° < x < 200° are 72° - 2 + 18° = 162°, 72° + 54° = 126°, and 72° -2+ 54° = 198°. 


Therefore, the sum of the solutions such that 100° < x < 200° is 


225° 315° 
o o 12 o 9 a o l 
Innoc e eo lcs 


3.75 Note that sin(90° — x) = cos x and cos(90° — x) = sin x, so 


sin?(90° — x) = cos? x, 


cos*(90° — x) = sin? x, 
sin(90° — x) cos(90° — x) = cos x sin x. 


Hence, sin?(90? — x), cos*(90° — x), and sin(90° — x) cos(90° — x) do not form the sides of a triangle if and only if 
sin? x, cos? x, and sin x cos x do not form the sides of a triangle. Thus, the answer is the same if we restrict our 
attention to those values of x for which 0? « x € 45*. 


For x such that 0° < x < 45°, we have cosx > sinx > 0, so cos? x > sinxcosx 2 sin? x. Hence, sin? x, cos? x, 
and sin x cos x do not form the sides of a triangle if and only if sinx cos x + sin? x < cos? x, which is equivalent to 
sin xcosx < cos? x — sin? x. 


By the double angle formulas for sine and cosine, we have sin2x = 2sinxcosx and cos2x = cos? x — sin? x, 


so the inequality sin xcosx < cos? x — sin? x is equivalent to #82 < cos 2x, which means “23 < 2, or tan2x < 2. 
Hence, 2x < arctan 2 (since tan @ is strictly increasing for 0 < 0 < 45°), so 


arctan 2 
ES 
2 
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Therefore, the probability that sin? x, cos? x, and sinxcosx do not form the sides of a triangle is given by 


arctan2 
2 — | arctan2 
I 90 F 


3.76 The expressions in that terrifying equation we must prove strongly resemble the double angle formula for 
tangent. So, we let x = tana, y = tanb, and z = tanc. From the double angle formula for tangent, we have 


nore 2 tana 2x 
1-taa 1-x2’ 
2tanb 2y 
t 2b = , 
2 1-tan*b 1-y? 
m 2tanc 2 2z 
l—tan?c 1-22’ 


sO We must show that 
tan 2a + tan 2b + tan 2c = (tan 2a)(tan 2b)(tan 2c). 


We must somehow use the given equation x + y + z = xyz, which we can write as tana + tanb + tanc = 
(tan a)(tan b)(tanc). We get expressions like tana + tan b and (tana)(tan b) from the identity for the tangent of a sum 
of two angles. So, we wonder if we get expressions like tana + tan b + tanc and (tan a)(tan D)(tan c) in an identity 
for the tangent of a sum of three angles. 


By applying the angle sum identity for tangent twice, we find 


tan(a + b) + tanc 


tan(a + b + c) = tan[(a + b) + c] = 1 — tan(a + b) tanc 


tana + tanb 
* yee UE |. tana-tanb + tanc — tanatanbtanc 


p tana t tanb — —. 1 - (tanatan b + tana tanc + tan btan c). 
1-tanatanb 


Aha! Since we are given tan a-- tan b-- tan c = (tana)(tan b)(tan c), we now know that tan(a+b+c) = 0. Therefore, 
at b c — nk for some integer k. Then 2a + 2b + 2c = 27k, so 


tan(2a + 2b + 2c) = 0. 
But from our formula above for the tangent of the sum of three angles, we have 


tan 2a + tan 2b + tan 2c — tan 2a tan 2b tan 2c 


fan (2406 20 420) = pene eee D Da OLexmA 
an(2a c) 1 — (tan 2a tan 2b + tan 2a tan 2c + tan 2b tan 2c) 


Since this must equal 0, we must have 


tan 2a + tan2b + tan2c = tan 2a tan 2b tan 2c, 


so we have 
2x 2y 2z 2x 2y 27 


* t= = 
l= rT ee qu 


3.77 First, to deal with the 4" term, we let b, = an/2", so a, = 2"b,. Substituting into the given formula, we get 


PALO uae = : 29 ps 4 ° / 4n —4np? = à 20157 + : .9 /1 - p. 


Dividing both sides by 2"*!, we find 
4 3 
by = p *g 1- HB. 
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The term 4/1 — b? strongly suggests a trigonometric substitution, as do the 2 and 2, since the sum of the squares 
of these is 1. Since each a, is real, each b, must be real. Therefore, we must have 1 — b} > 0, so —1 € b, € 1, which 
means we can let b, = sina, to take advantage of the identity sin? a, + cos? a, = 1. Letting b, = sina, therefore 


gives us 
E 3 | 4. 3 4 
basa = 5 Sian + z vien m= 5 Nan + = V cos? a, = 5 sinan dE =| cos 


. L . one L 2 2 . 
We can take further advantage of trigonometric identities by noting that because (4) + (2) = 1, there is an angle 


0 such that sin 0 = 3 and cos 0 = B Therefore, we can write the equation above as 


SIN Qy41 = cos O sina; + sin 0| cos aql. 


By the angle sum and angle difference identities for sine, we have 
sin(a + B) = sina cos p + sin f cosa, 


SO 
m { sin(0 + æn) if cosa, 2 0, 
ntl | sin(O—a,) if cosa, <0. 


We have by = sin 0°, so we can take ap = 0°. Then cosas = cos 0° = 1 7 0, so b, = sin 0. We can take a = 0. 


Then cos a = cos 0 = 4 > 0, so b; = sin 20. We can take a2 = 20. 


To find b, we must find the sign of cos20. By the double angle formula for cosine, we have cos20 - 
cos?0 — sin? 0 = Ie — x = a > 0, so b3 = sin 30. We can take a3 = 30. 
To find b4, we must find the sign of cos 30. By the triple angle formula for cosine, 


4\3 
cos 30 = 4cos? 0 - 3cos0 = 4- (=) —-3- 


5 1235` 7” 


so b4 = sin(30 — 0) = sin 20. 


But since b,4; depends only on the value of b,, and bg = sin 20 = by, the sequence {bn} is periodic starting with 
the term b4, with period 2. Therefore, by the double angle formula for sine, we have 


. E qx 4 24 
bio = b; = sin 20 = 2 sin 0 cos 0 = 2 SET 


SO 419 = 2 bio = 24576 - 


3.78 First, we derive an angle sum identity for arctangent. Let a and f be acute angles, and let x = tana and 
y = tan £, so x and y are positive. Then by the angle sum identity for tangent, we have 


tana+tanpB — x+y 
1-tanatanf 1-xy 


tan(a + p) = 
If xy < 1, then (x + y)/(1 — xy) is positive. Furthermore, 0 < a < 4 and 0 < 8 < 5, so0 « a € B « m. Since 
tan(a + f) = (x + y)/(1 — xy) is positive, a + B must be an acute angle. Therefore, we may take the arctan of both 
sides, to get 
p 
— xy 


x 
a+ p = arctan 1 


Since a = arctan x and f = arctan y, the equation becomes 


v 


x 
arctan x + arctan y = arctan 1 


L eT 
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This formula holds for all positive real numbers x and y such that xy < 1. 


nN 
+1 


for all positive integers n by induction. 


n 
1 
Lets, = 3 arctan a We will prove that S, = arctan a 


For n = 1, we have 5, = arctan(1/2), so the result holds for the base case n = 1. Assume that the result holds 
for some positive integer n = m, so 


m 
1 m 
Sy = arctan —~ = arctan 
is x 2k2 m+1 


Then 


mt+1 1 n 1 1 - 1 
D 2 arctan 2d = » arctan 2d + arctan VET = arctan E + arctan 2m + 12 
Both m/(m + 1) and 1/[2(m + 1Y] are positive, and 


m 1 m 


ee | ce | 
m+1 20m«ly 2gm«1j ^" 


since m < 2(m + 1. Therefore, by our angle sum identity for arctangent, we have 


1 
1 TM 2 ++i 
PT = arctan ale dF arctan F/O = arctan a = arctan (aD ee aa 

_ arctan + WQm? «2m1) (nel)? + 2m+1) _ , (m Um? + 2m +1) 
j 2(m3 + 3m2+3m+1)—m — 2m + 6m24+5m4+2 (m+ 2)(2m2 + 2m +1) 

m+1 
= arctan " 

m+2 


Hence, the result holds for n = m + 1, and by induction, it holds for all positive integers n. 
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Applications to Geometry 


Exercises for Section 4.1 


4.1.1 Wehave sin ZPRQ = De, so = cwm xps z |11.96 |, and tan ZPRQ = o so QR = mm = c RI 
8.88 |. 
4.1.2 We have tan ZXZY = 22 so ZXZY = arctan v7 y= = arctan 4 x 76° |, 
4.13 The line 2x + 3y = 7 has x-intercept (7/2,0) and y-intercept (0,7/3). Therefore, 
if 0 is the acute angle formed by the x-axis and the line 2x + 3y = 7, then 
79 2 


CO T 


so 0 = arctan(2/3) « [34° | 


We could also have tackled this problem by using the relationship between tan- 
gent and slope that we proved in the text. Letting @ be an angle between the line and the x-axis, we have 
tan @ = —2/3, from which we find @ = arctan(—2/3) ~ —34°, which tells us that the acute angle between the x-axis 
and the line is approximately 34°. 


4.1.4 We see that BC = 12/4 = 3, so the area of triangle ABC is AB - BCsin ZABC = 1.12.3. l= [9], 


4.1.5 First, we calculate the horizontal distance between the two peaks (that is, the 6336 feet 


distance as viewed from above, without the vertical component). On the map, the 
two peaks are 1 inch apart, so in real life, the horizontal distance between them is 


IN 1.2 IS 5280 feet = 6336 feet. 
1 inch 1 mile 


Then the vertical distance between the two peaks (in feet) is 6336 - tan 4° ~ 440. Therefore, the second peak is 


14000 — 440 ~ | 13560 feet above sea level |. 


4.1.6 Since AO = 1 and ZOCA is right, we immediately have and | AC = sin @ | Since AO = 1 and 
ZOAD is right, we have AD/AO = tan 6, so and AO/DO = cos 6, so | DO = sec 0 |. 


Likewise, ZOAB is right. Also, ZAOB = ZBOD — ZAOD = 90° - 6, so ZABO = 90° — ZAOB = 0. Hence, 


AO/AB = tan@ (and we still have AO = 1), so and AO/BO = sin@, so | BO = csc 0 | 


CHAPTER 4. APPLICATIONS TO GEOMETRY 


4.1.7 Let the side length of the cube be s. Since AC is the diagonal of a square with side 4 C 
length s, we have AC = s v2. Then by the Pythagorean Theorem on right triangle ACB, we 
have AB = VAC? + BC? = N2g +52 = V392 = s V3. 


Therefore, 


a DONEC NES. 


AB s«X43 v3 3 

4.1.8 Let M be the midpoint of AB, so OM = AB/2 = 450. Let x = EM and y = FM, D C 
so x + y = EM + FM = FF = 400. 

Let a = ZEOM and f = ZFOM. Then a + f = ZEOM + ZFOM = ZEOF = 45°, 
so tan(a + B) = tan45° = 1. But by the angle sum identity for tangent, we have 
tan(a + f) = IL Since ZEMO and ZFMO are right, we have tana = B4 = $ 
and tanf = 4 = 3. Therefore, we have 

enna tana+tanB 3s E ad _ 450(x + y) 180000 


— tana tan BÓ 1- 202500 — xy ~ 202500 — xy xy’ MyF 


450 ' 450 
where we used x + y = 400 in the final step. We also have tan(a + B) = 1, so 

180000 = 202500 — xy, which implies xy = 22500. Substituting x = 400 — y from earlier into xy = 22500 gives 
(400 — y)y = 22500. Rearranging this equation gives y* — 400y + 22500 = 0. By the quadratic formula, we have 


_ 400+ v400?—4.22500 400+ v70000 400+ 100 v7 


5 - 5 - 3 = 200 + 50 V7. 


Since AE « BF, we have x > y, so x = 200 + 50 V7 and y = 200 — 50 V7. Therefore, we have 


BF = BM — MF = 450 - (200 — 50 V7) =| 250 + 50 V7 | 


Exercises for Section 4.2 


4.2.1 Let triangle ABC be obtuse, where ZC is obtuse. Let X be the foot of the B 
altitude from B to AC. 


We see that ZBCX = 180? - ZBCA = 180? - ZC, so CX = BC cos ZBCX = a cos(180? — 
ZC) = -acosC, and BX = BCsin ZBCX = asin(180° — C) = asin C. (Note that since 
ZC is obtuse, cos C is negative, so the expression CX = —a cos C makes sense.) X C A 


By the Pythagorean Theorem on right triangle BXA, we have AB? = BX? + AX?. Since AB = c, BX = asinC, 
and AX = AC + CX = b- acosC, we have 
= (a sin C} + (b — a cos C}? = a? sin? C + b? — 2ab cos C + a? cos? C 
= (a? sin? C + à? cos? C) + b? — 2ab cos C = a? + b? — 2ab cos C. 
Thus, the Law of Cosines holds for an obtuse triangle. The proof in the text suffices when ZB is obtuse or right. If 


ZA is obtuse or right, we can also use the proof in the text by simply swapping a and b, and MES OND A and B, 
throughout the proof given in the text. 
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PS EE 


Next, let triangle ABC be right, where ZC is right. Then by the Pythagorean Theorem, AB? = BC? + AC’, or 


c? = a’ + b°. But cosC = cos 90° = 0, so the equation c? = a? + b? — 2abcosC holds. Thus, the Law of Cosines also 
holds for a right triangle. 


4.2.2 Let A be the airport, W be the location of the westward-flying plane 90 minutes after takeoff, and E be 
the location of the eastward-flying plane 90 minutes after takeoff. Since the westward plane flies due west and 
the eastward plane flies 40° north of east, we have /WAE = 90° + (90° — 40°) = 140°. The westward plane flies 
at 200 miles per hour for 90 minutes, which is 1.5 hours, so WA = 1.5(200) = 300 miles. Similarly, we have 
EA = 250 - 1.5 = 375 miles. Applying the Law of Cosines, we have 


WE? = EA? + WA? — 2(WAY(EA) cos /WAE x 403,000, 
so WE x | 635 miles |. 
4.2.3 


(a) By the Pythagorean Theorem, AB? = BC? + CA? if and only if ZACB is right. 


(b) By the Law of Cosines, cos ZACB = 4€25€-47' | Therefore, AB? > BC? + CA? if and only if cos ZACB < 0. 
But ZACB is an angle of a triangle, so cos ZACB « 0 if and only if ZACB is obtuse. 


(c) By the Law of Cosines, AB? < BC? + CA? if and only if cos ZACB > 0. But ZACB is an angle of a triangle, so 
cos ZACB » 0 if and only if ZACB is acute. 


4.24 Let the lengths of the sides be x, 2x, and 6. 3 


If the angle opposite the side of length x is 120°, then by the Law of Cosines, 
(2x)* + 67-2 .2x.6cos1200 =x} >  Ax/-36-12x-x?^ >  Xx^4 12x36 — 0. 
This equation clearly has no positive solutions in x. 
If the angle opposite the side of length 2x is 120°, then 
xi-6 5 —2.x.6cos120 =(2x)* => 2174+36+6x=4 > 3x -6x-36=0 > x-2x-12-0. 


By the quadratic formula, x = ESSE CAMAS Du E TENET = i = 1+ V13. Since x must be positive, the only solution in 
this case is x 2 1+ V13. 


If the angle opposite the side of length 6 is 120^, then 
xb-(xy-2.-x-2xcos120 26 =  x)«4xl42x!236 => 7°=36 2 as 


so x = 6/V7 = (6N7)/7. 


Therefore, the possible side lengths of the triangle are | 1 + V13, 2 + 2 V13, and 6 and | 6 V7/ 7,12 V7/7, and 6 . 


42.5 By the Law of Cosines, cos /XYZ = X52Y2-XZ. — 3497. — 38 = -1 so /XYZ =|120°| 
4.2.6 LetO = ZABC. Then by the Law of Cosines on triangle ABC, 
AC? = AB? + BC? - 2AB - BC cos 0 = 2? 32 — 2.2.3cos0 = 13 - 12cos 8. 
Since quadrilateral ABCD is inscribed in a circle, we have ZCDA = 180° — ZABC = 180° — 0. Therefore, by the 
Law of Cosines on triangle ADC, we have 


AC? = CD? + DA? - 2CD - DAcos(180? — 0) = 4 6 - 2: 4 - 6(— cos 0) = 52 + 48 cos 0. 
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Hence, we have 


3 
13 — 12 cos 0 = 52 + 48cos0 = 060cos02 -39 => cos0=-—=-— 


Then AC? = 13 - 12cos 6 = 13 + 12. B = 48 = 1% so AC = 106 = vp eu 


4.2.7 LetOP denote the circle with center P for any point P. Let OB, OC, and OD 
be tangent to OA at X, Y, and Z, respectively. Let r be the radius of OE. 


Since the radius of OA is 10 and the radius of OC is 2, we have AC = 8 and 
CE =r +2. By symmetry, E lies on the diameter of OA passing through X. Since 
the radius of OB is 3, we have AB = 7 and BE=r+3,so AE = BE- AB- r—4. 


Triangle XYZ is equilateral and A is its center, so ZXAY = 120°, which means 
ZCAE = 60°. Therefore, by the Law of Cosines on triangle CAE, we have 


AC? + AE? - 2AC- AEcos 60? = CE? 


1 
= ar 0 — 2-8 -(7—4)-, = (r+ 2)" 

=> 644+7°-8r+16-8r+32=°+4r+4 > 20r=108 >» r=—=|—1 
4.2.8 Let x = PC. Since ZAPB, ZBPC, and ZCPA areallequalandadd A 


up to 360°, each angle is equal to 120°. Then by the Law of Cosines on 
triangles PBC, PAB, and PAC, we have 


b 
a =x" +6? —2-6xc0s 120° = x^ + 6x + 36, 
c = 6? + 10° -2-6-10cos120° = 196, i e C 
a 


b? = x? +10? —2-10xcos 120° = x? + 10x + 100. 


However, by the Pythagorean Theorem, we have a? + c? = b?. Substituting the expressions above for a?, b*, and c? 
gives 
4+ 6x+364196=2x7+10x+100 => 4x=132 => x-|33| 


Exercises for Section 4.3 


4.3.1 Let A, B, and W denote my house, my neighbor’s house, and the well, respectively. Then from the given 
information, AW = 150 (in feet), ZBAW = 42°, and ZAWB = 123°. Then ZABW = 180? — ZBAW — ZAWB = 
180° — 42° — 123° = 15°. Therefore, by the Law of Sines, we have 


AB AW AWsinZAWB _ 150sin 123° 
sin AWE AB eR res ee 
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43.2 Let A and B denote the top and base of the tower, let S denote the tip of the A 
shadow, and let G denote the point on the ground directly below A. Then from the 
given information, BS = 20, ZABG = 85°, and ZASB = 72°. 


Then ZABS = 180° — ZABG = 180° — 85° = 95°, and ZBAS = 180° — ZASB — ZABS = 
180° — 72° — 95° = 13°, so by the Law of Sines on triangle ABS, 


AB _ BS E . BSsinZASB  20sin72 . 84.6 
sinZASB — sin BAS 7 sin/BAS uae siis 
Then from right triangle AGB, we have AG = AB sin ZABG = 84.6 sin 85? « [84 feet |. 85? 4 
S 20 B G 


4.3.3 We claim that AB > BC > CA if and only if ZC > ZB > ZA. (In other words, the 
converse is also true.) 


First, we cover the case of an acute or right triangle. By the Extended Law of Sines, we have AB = 2RsinC, 
AC = 2Rsin B, and BC = 2Rsin A, so AB > AC > BC if and only if sinC » sin B » sin A. But the sine function is 
increasing on the interval [0, 2], so sin C > sin B > sin A if and only if ZC > ZB > ZA. 


Next, we cover the case of an obtuse triangle. Assume that ZC is obtuse, so ZC is the largest angle of the 
triangle. Furthermore, by the Law of Cosines, 


AB? = AC? + BC? - 2AC - BCcosC. 


Since ZC is obtuse, cos C is negative, so -2AC - BCcosC is positive. Therefore, AB? > AC? and AB? > BC?, which 
implies AB » AC and AB » BC. Hence, AB is the largest side of the triangle. 


Since ZC is obtuse, both ZB and ZC are acute. Hence, by the same argument as in the acute triangle case, 
AC > BC if and only if ZB > ZA. Therefore, for an obtuse triangle, AB > AC > BC if and only if ZC > ZB > ZA. 


4.3.4 From the given information, we have sin Atsin Besin C = ehe 


a=2RsinA, b = 2Rsin B, and c = 2RsinC, so 


By the Extended Law of Sines, we have 


sinA +sinB +sinC a+b+c _ 2RsinA +2RsinB+2RsinC _ R 


(sin A + sin B + sin C), 


B 7t 32 12 6 
so R = 2. 
Suppose that a = 2. Then sin A = & = 1, so ZA is| 30° or 150° | 
4.3.5 Applying the Law of Sines gives sin cACB = sin CAB so sin ZACB = AE sin ZCAB = 2 sin SP = n? We have 


arcsin à = 20.9°, so the possible values of ZACB are 20.9? or 180° — 20.9? = 159.1°. However, since ZCAB = 30°, 
we cannot possibly have ZACB = 159.1°, since the sum of these two angles is greater than 180°, which we cannot 
have in AABC. So, there is only one possible value for ZACB. That is, if AB = DE = 5, BC = EF = 7, and 
ZCAB = ZFDE = 30°, then we can deduce that AABC = ADEF. So, this wouldn't be an appropriate example to 
show why there isn’t an SSA Congruence Theorem. 


4.3.6 We cannot use the Law of Sines to prove AA Similarity because our very use of sine assumes that AA 
Similarity is true. For example, to show that every right triangle with a 23° angle has the same ratio 


leg opposite the 23° angle 


, 


hypotenuse 


we use AA Similarity. In other words, we use AA Similarity to show that sine “works.” So, we can’t turn around 
and then use sine to show that AA Similarity works. 
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4.3.7 Solution 1. We have ZCAP = ZCBP = 10° and CA = CB (as radii of 


the same circle). The Law of Sines applied to ACAP and ACPB gives us A 
sinZCPA _ sinZCAP d sinZCPB  sinzCBP B 
AC ^ CP 2 T Ww 
Combining these with the equalities above, we have sin ZCPA = sin ZCPB. z N 


However, triangles ACP and BCP are NOT congruent, and ZCPA + ZCPB, m - 
so sin ZCPA = sin ZCPB tells us that ZCPA + ZCPB = 180°. 


Since ZACM = 40°, we have ZACP = 180° — ZACM = 140°. Then ZCPA = 180° - ZCAP - ZACP = 180° — 
10° — 140° = 30°. Hence, ZCPB = 180° — ZCPA = 180° — 30° = 150°, so /BCN = BCP = 180° — ¿CBP - ¿CPB = 
180° — 10° — 150° = 20°. Therefore, we have BN = zBCN =[20° |. 


Solution 2. As in Solution 1, we have ZCPA = 30°. By the Law of Sines on triangle CPA, 


AG o. e (8E 
sinZCPA . sinZCAP  sin10°° 


By the Law of Sines on triangle CPB, 


we COP BB 
sinZCPB  sinZCBP  sin10*' 


Since AC = BC, it follows that sin ZCPB = sin ZCPA = sin 30?. Since ZCPB is obtuse, and sin 150? = sin 30^, we 
conclude that ZCPB = 150°. Then again as in Solution 1, we have BN = 7ZBCN = [20° | 


Exercises for Section 4.4 


4.4.1 Let the incircle be tangent to BC, AC, and AB at D, E, and F, respectively, as shown 
at right. Since AE and AF are tangents to the same circle from the point, they are equal 
in length. Let x = AE = AF. Similarly, let y = BD = BF, and let z = CD = CE. 


Hence, 
x+y=AF+BF=AB=c, 


x+z= AE +CE=AC=b, 
y +z = BD +CD = BC =a. 


Adding the first two equations, and subtracting the third equation, we get 
(exe 0) se (Coup E Vee 


Dici SHO) RE ull 
[tS oa = EET a=s-—-4. 


which simplifies as 2x = b + c — a. Hence, x = 
Similarly, adding the first and third equations, and subtracting the second equation, we get 
(x+y)+(yt+z)-(*+z)=a+c-b, 


which simplifies as 2y = a 4 c — b. Hence, y = #5 = etbich = eic Lp = s — h, 
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4.4.2 Let I be the incenter of triangle ABC. Then triangle IBC has height r and base A 
BC =a, so 


[IBC] = = 


Similarly, [[AC] = trb and [IAB] = Irc, SO 


[ABC] = [IBC] + [IAC] + [IAB] = jn + stb + jr m at — 5 


4.4.3 Let triangle ABC be obtuse, where ZC is obtuse. Let X be the foot of the B 
altitude from B to AC. 


We see that ZBCX = 180? - ZBCA = 180? - ZC, so CX = BC cos ZBCX = acos(180? — 
ZC) = -acosC. Also, AX = ABcosZBAC = ccos A. Therefore, b = AC = AX - CX = 
ccos A +a cos C. This proof also addresses the case in which ZA is obtuse if swap the X € A 
labels A and C, and swap a and c, throughout. The proof in the text suffices when ZB is obtuse. Thus, the formula 
holds for an obtuse triangle. 


Next, let triangle ABC be right, where ZC is right. Then b = AC = AB cos ZBAC = c cos A. But cos C = cos 90° = 
0, so b = ccos A +acosC. Thus, the formula also holds for a right triangle. As with the obtuse case, this proof 
addresses the case in which ZA is right, and the proof in the text covers the case in which ZB is right. 


4.4.4 By the Law of Sines, we have sin A = 55, sin B = and sin C = 57, so 


IR? aR? 
; ME, MEE NEN mw 
Wd is. OR ^ BR 
Since abc = 4R[ABC], we have sin Asin Bsin C = 275 = ARAM = = BRE. 
4.4.5 


(a) The desired formula wack the formula we already found for cos 4, so we write sin 4 in terms of cos 4 


and use the formula cos 4 = 4/5 that we proved in the text: 


k. s(s—a) uec 
2 be 9 bc 


We now must show that the numerator of that fraction equals (s — b)(s — c). A little algebra does the trick: 


bc — s(s — a) = bc — s? + as, 


(s 6-2 — (b + c)s + bc = s? — (2s — a)s + bc = bc — s? + as. 


So, we have sin 4 =+,/ SH But 0° « A < 180°, so 0° < 4 < 90°, which means sin 4 5 is positive. Hence, 


UE Ea 
oe bc 


(b) By the double angle formula for sine, we have sin A = 2sin 4 cos 4, so 


A A -= b)(s — s(s—a 
[ABC] = SbcsinA = zbc:2sin 2 cos 7 = be: =p - s(s — a)(s — b)(s — c). 
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(c) From the formula [ABC] = “£, we have 


4R7 

te abc E abc E abc 

M A4[ABC] A4Ws(-ay(s-b(s-c) vl6s(s—ay(s—b)(s—c)  w2sQ2s- 2a)(2s — 2b)(2s — 2c) 
abc 


— Va+b+c(-a+b+c(a—b+catb—c) 


4.4.6 Let d= AM. Then by Stewart's Theorem, we have 


2 um d Db 2 
EN S Z e ear ee ase 0 
JOLIE b+c x um Eb x 1 
2 DD V2b2 + 2c2 — a2 
pur 3g mc 20 ap 2h eum | 
4 2 
44.7 Let X, Y, and Z be the feet of the altitudes from A, B, and C, respectively. A 


We can express AH in terms of other legge and trig u o of angles with right 
triangle AYH, which gives us sinZAHY = so AH = 4%. Searching for other X 
angles that equal ZAHY, we note that Z 


A 


LAHY = 90° — ZYAH = 90° - ZCAX = 90° - (90° — C) = 
B X C 
so AH = 4%. Now we can use the Extended Law of Sines p ERE R. The Extended 


sinC* 


Law of Sines applied to AABC gives 2R = 5£c, so AH = #4 = GRAY) We wish to show that AH = 2Rcos A, 
4Y, This follows immediately from AABY, in which we have 


so all we have left is to show that cosA = 
cos A = cos ZYAB = ar = AY Therefore, we have 


2RXAY AY 
ABI = EDS) = 2R-— =2RcosA. 
C c 
4.4.8 We have 
sin 452 
tan Ack cos A sin 4 cos AXE 
A+B = Zem = ees uen 
tan 72. sin 72 sin 72 COS ^3 
cos AxB 


Applying product-to-sum identities gives 


E B 1 1 
A-B sat = 5 [sin A + sin(-B)] = 5(sin A — sin B), 


sin cos = 
2 2 2 
A+B A-B 1 
sin cos ——— = ~(sinA + sin B). 
2 2 zl ) 
MN an 458 E sin 45? cos 438. — sin A — sin B 
na sin 42 cos 48 ^ sinA + sinB’ 
tan 2 sin ^5^ cos sinA + sin 


Finally, by the Extended Law of Sines, we have sin A = 5; and sin B = 34, so 


at 


sinA -sinB 5x A a—b 
sinA+sinB | 


a 
2R 
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Review Problems 


4.26 Since ZU = 90°, we have ZS + ZT = 90°. Combining this with the given ZS = 34T produces 4/T = 90°, so 
wp 2 ÉL: Since cos AS n we have 


ST 1 
TU cos 22 58 e [1.08] 


4.27 The area of triangle PQR is given by 
1 : 1 
5PQ:QRsin ZPQR = 5 -12-4 V3 sin ZPQR = 24 V3 sin ZPQR. 


We are given that the area of triangle PQR is 12 V6, so sin ZPQR = p% = iR Therefore, the possible values of 
ZPQR are and (135° |, 


4.28 Since ZJLK = 90°, we have cos ZJKL = iz = Z, so ZJKL = arccos 5 x |54 |. 


4.29 


(a) Let a be the acute angle between k and the x-axis. The slope of t k 
line k is 2/3, so a = arctan $ x 34° | f 
(b) Let f be the acute angle between £ and the x-axis. The slope of 
line £ is 3, so B = arctan3 ~ po 
(c) Let y be the acute angle between k and £, and consider the 
triangle formed by k, £, and the x-axis. The angles of this triangle 
are a, 180° — B, and y, so a + (180? — B) + y = 180°. Therefore, 
(d) Let a be the angle between the line with slope mı and the x-axis such that tan a = mı. Similarly, let B be the 
angle between the line with slope m2 and the x-axis such that tan B = mp. 


As in part (c), one of the angles between the two lines is f — a. If we let y = B — a, then by the angle 
difference formula for tangent, we have 


tan B — tana mz — mı 
tany = tanp — a) = =a EJ S S 
rein" Ts ten plana 


We test the formula with lines k and £. The slope of k is 2/3 and the slope of ¢ is 3, so taking m; = 2/3 and 
mz = 3, we get 


so y = arctan(7/9) « 38°, as before. 


4.30 Bysymmetry, the overlap region is a rhombus. Lets bea side length of the rhombus. 
Then, we form a right triangle as shown. From this right triangle, we see that sina — 1, 


| 
sos = 1/sina = csc œ. The area of the rhombus is simply the base times the height, which 1 | 
| 


is (1)(s) = [esca] ` 
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4.31 As the boat sails along the latitude 30° N, it follows the arc of a circle on the 
surface of Earth, so first we must find the length of that arc. Let P be denote the 
center of this circle, let A be the position of the boat, and let O denote the center of 
the Earth. We take a cross-section of the Earth that includes P, A, and O. 


Since the boat is at 30° N latitude, we have ZOAP = 30°. Since the radius of 
the Earth is 3950 (in miles), we have PA = OAcos30° = 3950 - ES z& 3420. The 
circumference of circle O is then 27 - 3420 ~ 21500. 


As the boat sails from 19° W to n .W, it sweeps out an arc of 46° — 19° = 27°. 


Therefore, the boat sails a distance of 27. - 21500 ~ 1610 miles. Finally, the boat sails 


at 9 miles per hour, so the travel time is 1610/9 = | 179 hours |. 


432 Let x = CM. Then BM = CMsin ¿MCB = 0.8x = €, and by the Pythagorean 


@ 

Theorem, we have 
qa 2 m 
BC = VCM? - BM? = ye- s A zs 


25 5 A M 


Since M is the midpoint of AB, we have AB = 2BM = ®. Therefore, again by the Pythagorean Theorem, 


/ Ax V? 2 2 Ds 
AC = VAB? + BC? = | (ie (=) 2 78x? _ NTS 


25 25 25 5 


Hc es ERE 
LA B = —_ = =e = —— =| --- i 
Hence, cos LAC Nowe Z a a 


4.33 By the Pythagorean Theorem, we have AB = 5 and BD = 13. We have DE/DB = sinZDBE. Since 
ZDBE = 180° — ZABC — ZABD, we have 


sin ZDBE = sin(180° — /ABC —- ZABD) = sin(7ABC + ZABD). 


By the angle sum identity for sine, we have 


sin(ZABC + ZABD) = sin ZABC cos ZABD + cos ZABC sin ZABD 
_AC AB BC AD 3 5 4 12 15 48 [63 


- NE UD 4 BB 5 eG (emacs wie) 


4.34 


(a) We can build a right triangle with ZGIH as one of the acute angles by drawing altitude 
HM as shown. Because GH = HI, point M is the midpoint of GI, so GM = GI/2 = 3. 


Then by the Pythagorean Theorem, we have HM = VGH? - GM? = N72 = 6V2, so 


tan ZGIH = HM/IM = I2v2] i 


(b) We have 
GM 3 1 
tat 2G HV me G I 
HM 6y2 242 3M3 
Also, ZGHI = 27GHM, so by the double angle formula for tangent, 
p PE di. 
ELEEUI- nnQ/GHM) = = tact aaa? CNET US 
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Oo sone 126 
2-9.9 162 


4.35 By the Law of Cosines, the distance between the two peaks is 


V4.6 + 5.82 — 2 - 4.6 5.8 cos 37° = | 3.5 miles |. 


(c) By the Law of Cosines, we have cos ZGHI = 4 ' 


4.36 In the text, we used the Pythagorean Theorem to prove the Law of Cosines. In the "proof" offered in this 
problem, we then use the Law of Cosines to prove the Pythagorean Theorem. Because we used the Pythagorean 
Theorem to prove the Law of Cosines, we cannot use the Law of Cosines to prove the Pythagorean Theorem. (If 
we do, then we have essentially used the Law of Cosines to prove the Law of Cosines, which is clearly absurd!) 
We say this proof is guilty of "circular reasoning," and is therefore not a valid proof. 


4.37 Label the vertices of the triangle A, B, and C, so that AB = AC = 2 and BC = V6 — V2. Then by the Law of 


Cosines, 
_ 22 4+22?-(v6- V2} _ 4+4-64+4V3-2 4v38. v3 
z DOD 7 8 Es EDS 
Hence, A = 30°. Since AB = AC, we have ZB = ZC = (180? — 30°)/2 = 75°. Therefore, the angles of the triangle are 


B00 875 and 75-4 


4.8 Letx = AD. By the Law of Cosines on triangle ABD, we have cos A = - = B 


i5. (We can also see that cos A = 1; by noting that the altitude from B to AD bisects 


cos Á 


AD, because AABD is isosceles with AB = BD. So, we have cos A = Ape = 7 2 
By the Law of Cosines on triangle ABC, we have cosA = TII = D SO C D - A 


x/10 = 19/30, which means x = 19/3. Then CD = 9 —x = 8/3, so AD/DC = 
(19/3)/(8/3) =| 19/81, 


4.39 Let the side lengths of the triangle be x — 1, x, and x + 1. Since one angle is 60°, the other two angles must 
add up to 120°, so let them be 60° — 0 and 60° + 0, where 0 is positive. 


Since the angle with measure 60° is the “middle angle" (i.e., one other angle is larger and one is smaller), it 
must be opposite the side of with the “middle length", which is x. So by the Law of Cosines, we have 


1 
(x-1Y4(x-1?-2(x-1)x4-1)co$600 2x3? 2 xcov e ce RN 
pc cpu c l=s0, 


which gives us a contradiction. That is, we have shown that if one angle of a triangle has measure 60? and the 
three side lengths of a triangle form an arithmetic sequence with common difference 1, then we have 1 = 0. But it 
is impossible to have 1 = 0, so we conclude that no such triangle exists. 


4.40 Let ABCD be a regular tetrahedron of side length 1, and let M be the midpoint of A 
AB, so CM and DM are altitudes of equilateral triangles ABC and ABD, respectively. Then 

the dihedral angle between faces ABC and ABD is equal to ZCMD, since CM and DB are M 
perpendicular to AB by symmetry. 


Since AC = AD = 1, we have CM = DM = sin 60° = E Then by the Law of Cosines on B 
triangle CMD, 


mIo2 [m1 
C 


3 
cos CMD = +++ =t t —_ = 
r E 2 
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Therefore, ZCMD = arccos(1) ~ | 70.5° |. 


4.441 By the Law of Sines, we have I e. = £5 SO xig = afr = ave: By the double angle formula for sine, we 
have sin 2R = 2sin R cos R, so 
4 6 abs 6 3 
—— = > cos R = — =| -|. 
sinR  2sinRcosR 2-4 4 
4.42 By the Law of Sines, we must have AE. = 2B. SO dy = ze However, 2 = Xxx ~ 3.6 and 


E = ub ~ 8.4, so no such triangle exists. 
4.43 Let A, B, and C be the points where the plane starts, turns, C 
and ends, respectively. Then AB = 350 (in miles), AC = 800, and 800 
ZB = 180° — 20° = 160°. Then by the Law of Sines, 
, A 
AC | AB, unc- ABSinB _ 350sin160° |o 350 B 
sinB  sinC AC 800 ND 


so ZC = arcsin 0.150 ~ 8.6°. Then ZA = 180° — ZB — ZC = 180° — 160° — 8.6° = 11.4°. 
Again by the Law of Sines, we have 


BC AC Ae anA o nA 
Scan) Oo a E O 


The speed of the plane then is 462 miles/2 hours = 231 miles per hour, so the total flight time is 


350 miles + 462 miles 
EE M c-—He s 3.5 hours l, 


231 miles per hour 


4.44 Label the vertices of the triangle A, B, and C, so that AB = AC = 12 and BC = 6. We want A 
to find the circumradius of triangle ABC. From the Extended Law of Sines, the circumradius of 

triangle ABC is given by R = 545-. So, all we have to do is find sin C. We can build a right triangle 
with ZC as one of the acute angles by drawing altitude AD. The foot of this altitude is the midpoint 
of BC because AABC is isosceles. The Pythagorean Theorem gives us AD = VAC? - CD? = 3 V15. 


AD _ V5 
p r E ee 


ee e EN 
 2sinzC Xi$ 15 5 l5 f 


4.45 Solution 1. By the Law of Cosines, the equation AB cos B = AC cos C becomes 


Therefore, we have sin C = 


PM S OE A 

a+c hb a^ -b^—c 

(o c cg egli u pg pe 
2ac 2ab 


Therefore, the triangle is isosceles with AB = AC, so the angles opposite these sides are equal: ZB = ZC. 


cosk — 4C. But by the Law of Sines, we have 


Solution 2. The equation AB cos B = AC cosC is equivalent to 


AC .. sinB cosB .. sinB ; : - : : 5 
As = one, S0 £55 = S25, which means sin B cos C = cos B sin C. Then by the angle difference formula for sine, we 
ave 


sin(B — C) = sin B cos C — cos B sin C = 0, ' 


so B — Cis an integer multiple of zt. Since B and C are angles of a triangle, B — C must be equal to 0, so B = C. 
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4.46 From the Law of Sines, we have $2 sinzABC = SMALA o ci Ase ac 5 sin ZBCA = d = 1. Therefore, 


AB 
there is only one possible value of ZABC, which is ZABC = 90°. This means jum we must have ZABC = ZDEF, so 
AABC = ADEF by AAS Congruence. 


Te 


4.47 If ZBAD = ZCAD, then both angles are equal to A/2. Then by the Law of pube on triangle A 

ABD, we have A - = Sn /ADb , and by the Law of Sines on triangle ACD, we have 45 = 21072 

But ZADB + /ADC = 180°, so sin ZADB = sin ZADC. Hence, we have aE = ac. 

Challenge Problems s me 


4.48 We have BD = tana and CD = tan, so BC = BD + CD = tana + tanf. Also, cosa = AD/AB = 1/AB so 
AB = 1/ cosa. Similarly, we have AC = 1/ cos. 


The area of triangle ABC is given by AD - BC = }(tana + tan f). But the area of triangle ABC is also given by 


1 1 1 1 
ZAB -AC Sin AKC = >° = = 
2 an 2 cosa cosf ne 


Therefore, i(tana ttanf)- i. mp T T sin(a + B), which means 


sina F sin f 
cosa  cosf 


sin(a + B) = cosa cos (tana + tan f) = cosa cosf ( ) = sina cos f + sin B cosa. 


4.49 By the formula we found in the text for the cosine of half an angle of a triangle, we have 


A B G aud — Is(s — iss 3(s— — þ)(s — 4 4/52 - s(s — a)(s — b)(s — c) 
ane f coss cos = = -— a) <9 4) a) oy) Reve Ses (s ID )(s 9. E 


The expression in the numerator looks like an expression in Heron's formula, which tells us that [ABC] = 
vs(s — a)(s — b)(s — c). We also showed in the text that abc = 4R[ABC]. Making these substitutions above gives 


C 4y- s(s-a)(s-b)(s-c) 4s[ABC] s 


A B 
dcos e OP = = gh RÉP ART ABON ae 


4.50 Let Y and Z be the feet of Ue altitudes from B and C, as shown. From right A 
triangle BHX, we have tan ZHBX = mx ,So HX = BX tan ZHBX. We now seek information 
about ZHBX and BX. From right triangle BYC, we have ZHBX = ZYBC = 90° — ae SO 


tan ZHBX = tan(90° — ZC) = cotC. From right triangle AXB, we have cosB = Ex so Z d 
BX = AB cos B. Finally, we have 
C AB 
HX = BX tan HBX = BXcotC = ABcos B- ~~ = — cosBcosC 22RcosBcosC, p 
sinC sinC X G 


where the Extended Law of Sines gives us the final step. 
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4.51 Let x = AC and 0 = ZDCF. Then from right triangle ACF, we have cos 0 = 
CF/AC = 1/x. 


Since BD = CD, we have ZDBC = ZDCB = 0. Then ZBDC = 180? — ZDBC — 
ZDCB = 180° — 20, so ZADB = 180° — ZBDC = 20. Then from right triangle BAD, 
we have cos 20 = AD/BD = AD = AC- CD = x- 1. 


By the double angle formula for cosine, we have cos 20 = 2 cos? 0 — 1. There- 


fore, 
2 2 
rL d > NES v - = x-|32| 
4.52 Extend AD and BC to intersect at E. Since ZEAB = ZEBA = 60°, triangle ABE is E 


equilateral. Lets be the side length of equilateral triangle ABE. Then CE = BE-BC = s-8 


and DE =AE—AD=s— 10. BU 


By the Law of Cosines on triangle CDE, 
(s — 8} + (s - 10 — 2(s - 8)(s — 10) cos 60? = 12? 
= s? — 16s +64 + s? — 20s + 100 — s? + 18s — 80 = 144 
= 3 0 


By the quadratic formula, 


2 o 
,.18t NS +4 A = SEM = SESE 29s VIM. 


Since 9 — V141 < 0, we haves =| 9 + V141 |. 


4.53 By the Pythagorean Theorem, the slant height of the cone is 1/6002 + (200 v7)? = J (2002)(32 + (N72) = 
200 V9 + 7 = 800. The circumference of the base is 27 - 600 = 12007, so when the curved surface of the cone is 


unrolled, it becomes a sector with radius 800 and degree measure 32% . 360° = 270°. 


Let O be the center of the sector (which corresponds to the vertex of the cone), and 
let A and B be the points where the ant starts and ends. Then the shortest path from 
A to B on the cone corresponds to a straight line in the sector. Since A and B are on 
opposite sides of the cone, we have ZAOB = 270°/2 = 135°. Therefore, by the Law of A 


Cosines, J 800 


AB? = OA? + OB? — 20A - OB cos 135° = 125? + (375 V2)? + 2-125 - 375 V2 <2 
= 1257(1? + (3 V2} +. 2-1-3) = 5°(25) = 55, 
soAB = V5i= [625] 
4.54 By the angle difference formula for cosine, we have 
cos(A — B) = cos A cos B + sin A sin B, 
so cos A cos B = cos(A — B) — sin A sin B. Substituting into the given equation, we get 
cos(A — B) — sin Asin B + sin AsinBsinC = 1, 


so cos(A - B) = 1 + sin A sin B - sin A sin B sin C = 1 + sin Asin B(1 — sin C). 
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Since A, B, and C are the angles of a triangle, we have 0 < sin A x 1,0 < sinB < 1, and 0 < sinC < 1, so 
1 + sin Asin B(1 — sin C) > 1. 
Furthermore, cos(A — B) < 1. Therefore, the equation above holds if and only if both sides are equal to 1, which 


means sin A sin B(1 — sin C) = 0. Since sin A and sin B are positive, we have sin C = 1, which means C = E 


4.55 Since 20 is an angle of a triangle, we have 0 < 20 < n, so 0 < 0 < 5, Which tells B 
us that both sin 0 and cos 0 are positive. Let O be the center of square ABCD, and let M 
be the midpoint of AB, so AM = AB/2 = 1/2. 


Then by symmetry, ZPMB and ZPOM are right angles. Also, PM bisects ZAPB, so 
ZAPM = 0. Then AM = PM tan 0, so 


| AM | 1 
" tanO  2tanO" 


Now, OM = 1/2, so by the Pythagorean Theorem on triangle POM, we have 


il 1 cos?@ 1 cos0-sin?0 
OP? = PM? - OM? = =a hoc CS ee a es 
4tan?O 4 4sin?@ 4 4 sin? 0 


z * gira ecd 
By the double angle formula for cosine, we have cos 20 = cos? 0 — sin? 0. Hence, we have OP? = mec uut = 


cos 20 - cos20 _ wvcos20 
pug 20 OP = A) LO = weno 


Finally, by the formula for the volume of a pyramid, the volume of pyramid PABCD is 


1 wcos20 | veos20 
ao oaa seen 
3 3 2sin8 6sinO 


4.56 Let O be the center of the circle. The measure of ZBOC equals the measure 
of BC in radians. Since the length of BC is r, and the circumference of the circle B 


is 27r, the arc is + of the circle, which means its measure in radians is simply 1. 

Therefore, we have ZBOC = 1 in radians. (Indeed, we can see this from the very —-—— d 

definition of a radian.) Then ZBAC = BC/2 = ZBOC/2 = I. Since AB = AC, we A 

have ZABC = ZACB = (n - 22/2 -—5— i. Then by the Law of Sines, duoc 
AB  sinzACB  sin(;—1) cosi 


BC  sinzBAC . sin 4 sinl 


By the double angle formula for sine, we have sin I = 2sin I cos L, so 


1 


AB _ COS 4 c eei ern 
BC 2sinicosi 2sinl 2x al 


4.57 Let the sides of the triangle be n — 1, n, and n + 1. Let the smallest angle be 0, so the largest angle is 20. 
Therefore, the angle opposite n — 1 is 0, and the angle opposite n + 1 is 20, so by the Law of Sines, 


n-1 n+1 n+1 


sin  sin20 2sin@cos@’ 
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n+l 
2(n-1)° 


Solving for cos 0 gives cos 0 = 
By the Law of Cosines, we have 


Deep a a cad eZ NR n+4n — nt+4 
ü 2n(n 4 1) = 2n(n + 1) ~ 2n(n-1) 2(n41) 


Setting this equal to our earlier expression for cos 0 gives 


n+1 n+4 
aaa => 41% =(n-1)n+4) > 242n41=n74+3n-4 > 255, 
ey aD (n+1)° =(n-1)(n +4) n n n n n 


so the cosine of the smallest angle is cos 0 — 4 = =Z. 


4.58 Let x = CD. By the Angle Bisector Theorem, we have 


CD BD AB-CD 6x 
7 cia > aac ieee Fea 


Let d = AD. By the Law of Cosines on triangle ACD, we have 
3? +d?-2-3-dcos60° =x => 94d - Gd. o oot Z Sese 
and by the Law of Cosines on triangle ABD, 
6 -d^-2.6-dcos6U — Qxy => 36-d -124- ; -— c oe a A 

Substituting the first equation into the second equation, we get 

d^—6d1436-24(d-3449) = @-6d+36=40-12d+36 = 30-6d=0 => 3d(d-2)=0. 
Since d must be positive, we have d = [2] 

As an extra challenge, solve the problem without using the Law of Cosines or the Angle Bisector Theorem. 
4.59 We wish to show that AB » 2BC. We can write this as az D So, 


our goal is to find an expression for 4B in terms of 0, and then show that 
this expression is less than 2. 


We see that ZPBA = 180? — ZPBC = 180? — 20, so ZAPB = 180° — 
ZPAB — ZPBA = 180° —G - (180° —20) = 0. Similarly, ZPCB = 180° — 30, 
so ZBPC = 180? — ZPBC — ZPCB = 180° — 20 — (180? — 30) = 0. Since B (a 
ZAPB = ZPAB = 0, we have AB = PB. 

By the Law of Sines on triangle PBC, we have 

PB _ sin¿PCB _ sin(180° - 30)  sin30 
BC sinZBPC |. sind — sind’ 

AB _ PB  sin30 / 

?BC BC sind’ 


By the triple angle formula for sine, we have sin 30 = 3sin 0 — 4 sin? 0, so 


AB 3sin@-4sin’ 0 ». 
po e e -— NEUE 0. 
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Since 30 is an angle of a right triangle (other than the right angle), we have 30 < 90°, so 0 < 30°. And since the 
sine function is increasing and positive on the interval [0, 2], we have 0 < sin 0 < sin30° = L, Therefore, 


AB 2 
— =3-—4sin?@>3-4. (5) =? 


BC 

so AB > 2BC. 
4.60 Let m = BD and n = CD, as shown in the diagram at right (the diagram is not to A 
scale). Then m+ = a, and by the Angle Bisector Theorem, we have m/c = n/b, so bm = cn. 
Substituting n = a — m, we get bm = c(a — m). Solving for m, we find b C 

it = 

o bte 
so , e D B 
m n 
n= am = ab a 
E — "d 


Let t = AD. By Stewart's Theorem, we have a( + mn) = mb? + ne. Substituting for m and n, the left side 


becomes r 
2 * 2 bc 
a(t^ - mn) =a (: + E) , 


and the right side becomes 
;, ab’ct+abe? — abc(b+c) _ 


2 GES quiet ANG E) 
mb* + nc = Te Fas abc, 
sod uu $ 3 = abc, which means £? + ES = bc. Isolating £, we find 
ERES abe be(b+ cl -abc _ be((b +c)’ - a’) 
~~ (bp — (4 o —— Q4» '* 
V bc((b + c)» — a2) 
Spo fe = h 
j b+c 
4.61 Solution 1. Let 0 = ZBAM, so ZBDM = 30. From right triangle BAM, we have A 
tang = #M = &M and from right triangle BDM, we have tan 30 = M = aap = BM. 
Therefore, we have tanse = zm = 11. We also have 0 
tan20+tanO _ Pian? + tan 
tan30 = tan(20 + 0) = l-ian20tanO ^ | Eg 
" 1-tan*8 
Multiplying the numerator and denominator of this last expression by 1 — tan? 0 gives 20 
Ber ———— 
g = 2tanO + tanf(l — tan? 0) _ Stan — tan’ 0 B M @ 
TAAT ] -3tan?0 ^J 1-3tan?0 


g : tan30 _ : 
Therefore, our earlier equation £57. = 11 gives us 


Solving for tan 6, and noting that tan 0 > 0 since @ is acute, we have tan Ü = 1. This gives us BM = 4, and the 
Pythagorean Theorem applied to AAMB gives AB = Ene so the perimeter of triangle ABC is AB + AC + BC = 


2AB +2BM 2| 112 11 V5. 
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Solution 2. Let 0 = ZBAM. Then ZBAC = 27BAM = 290, BDC = 3ZBAC = 60, and ZBDM = ZBDC/2 = 30. 
Then ZBDA = 180° — ZBDM = 180? — 30, so ZABD = 180° — ZBAD — ZBDA = 180° - 6 — (180° — 30) = 28. 


Let x = BD. By the Law of Sines on triangle ABD, 


BOI AD ee eee 
sinZBAD sin ZABD sinô  sin20 2sin@cos@  cos@sin@’ 


so cos @ = 7 2 


Then from right triangle ABM, we have AM = AB cos 0, so AB = AM — U — ix 


cos 0 


By the Pythagorean Theorem on right triangle ABM, we have 
121(x? — 25) 
25 l 
By the Pythagorean Theorem on right triangle DBM, we have BM? = BD? — DM? = x? — 1. Hence, 


15 _ 545 
que a 


2 
BM? = AB? — AM? = (=) Sill = 


121(x2 — 25) 
25 


=#-1 121025) — 25 1) > zs 


Then AB = 1E = Eum , and BM = vx2-1 = 12-1 ,/*% = H, so the perimeter of triangle ABC is 


AB + AC + BC = 2AB + 2BM = TEE 


4.62 Solution 1: Geometry. We must create a diagram with an 18? angle, 
but where in geometry might we encounter such angles? We note that 
18° = 75 radians. The factor of 5 in the denominator suggests investigating 
a regular pentagon, which we have drawn at right. We'd like to form a right 
triangle that we can use to find sin 18". We can build such a right triangle 
by drawing altitude DG from D to AB, which bisects ZEDC. We have 
ZEDG = 54°, since each interior angle of a regular pentagon has measure 
108*. Then, drawing AD forms isosceles triangle AED in which we have 
ZADE = ZEAD = (180° - ZE)/2 = 36°, so LADG = 18°. We now havea right 
triangle, AADG, with one angle equal to 18°. So, if we let AD = 1, then we 
seek the length of AG, since sin 18° = 4C. 


We let AG = x. We build another right triangle with one angle equal D 
to 18° by drawing altitude BH from B to AD. We have ABHA ~ ADGA by 


C 
AA, since these two right triangles share an acute angle. We have AB = 2AG = 2x. We can introduce yet another 


18° angle in a right triangle by drawing BE. Letting F be the intersection of BE and AD, we see that BFDC is a 
parallelogram. Furthermore, since BC = CD, this parallelogram is a rhombus, and we have BF = FD = CD = 


AB = 2x. Since BF = AB, altitude AH of isosceles triangle ABF bisects AF, so AH = 4# = 42-D — 12x =e 


Returning to similar triangles ABH and ADG, we have 45 = 4H, so % = der Cross-multiplying gives 


D = i — x. Multiplying by 2 and rearranging gives dp m Oy = zn The quadratic formula then gives 


x= Eu E w, Since x must be positive, we have sin 18° = x = 2L ! 


Solution 2: Algebra Let x = cos 36° and y = cos 72° = sin 18°. Then by the double angle formula for cosine, we 
have cos 72? = 2 cos? 36? — 1, so 
y -2x^- 1. 
Again by the double angle formula for cosine, we have cos 36° = 1-2 sin? 18° = 1 — 2cos? 72°, so 


x=1-2y°. 
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Adding these equations, we get x+ y = 2(x? — 4?) = 2(x + y)(x - y). Both x and y are positive, so x + y is positive. 
Hence, We may divide both sides of x + y = 2(x + y)(x — y) by x + y to get 2(x — y) = 1. Solving for x, we find 
x = y + 5. Substituting into the equation x = 1 — 247, we get y + I = 1 -2y?, which simplifies as 4y? + 2y — 1 = 0. 


By the quadratic formula, we have y — chess Since rn < 0, we conclude sin 18? = -g 
4.63 First, to evaluate the given expression, we express all the trigonometric functions in terms of sine and cosine: 


cos y 
cot y siny E sina sin f cos y 


cota+cotB cosa ie cosp — sin y(sina cos B + cosa sin f) 
sina sinf 


By angle sum formula for sine, we have sina cosf + cosasinB = sin(a + B) Furthermore, a + B = n — y, so 
sin(a + B) = sin(zt — y) = sin y. Therefore, 


sin a sin B cos y _ Sinasinfcosy 
sin y(sina cos f + cosasinf) - siy ` 
: Qu BUA Tp sing _ a sinf _ b 
By the Law of Sines, we have urinis an and ae Hence, 


sinasinBcosy sina sinf 
sin? y siny siny 


ab 
osy = E COS y. 


: : ab — ab , tbc? _ a+b- — 1989-8 _ 
Finally, by the Law of Cosines, go COS) pup ee | 


4.64 We have tan 4 = ©, tan? = +,, and tan$ = 4,s0 
mus. M^ uu ane an mE MS ca i [o ge citta aa Cr terc 0) 
2 2 2 D P 2 s-a s-b s-a s-c s-b s-c (s — a)(s — b)(s — c) 
| P[38s-(atbec) _ 1^ (3s — 2s) E Cs 
 (-56-b(e-o)  (s—a)(s—bs—c) (G-a6-BG-o) 
135? _ [ABCP 


Te cEYEEN GE - EET 


4.65 We start with a cross-section of the Earth that includes Vancouver 
and the Earth's axis. In the diagram, Vancouver is point V and O is the 
center of the Earth. The Sun's rays come in from point S, putting half 
the Earth in night and half the Earth in daytime. DO is the dividing line 
between night and day, so it is perpendicular to the Sun’s rays. tà is Sun’s rays 
the axis of the Earth, point E is on the equator of the Earth, and VY is ao 
Vancouver's line of latitude (which means that V and Y are the same 
distance from the equator, so VY is perpendicular to the Earth's axis). 


Thelength of daytime in Vancouver is maximized when we maximize 
the portion of VY that is in the "Day" section of the diagram. The axis of 
the Earth always makes a roughly 66.5? angle with the plane in which it 
orbits the Sun (we're simplifying here—the Earth ^wobbles" a bit about this axis). However, as the Earth revolves 
about the sun, the angle between the Sun's rays and the upper half of the Earth's axis varies. 
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To get some intuition for why, consider the diagram above. The Sun is at the center of the diagram, and two 
positions of the Earth are shown. On the left is the Earth when Vancouver is in winter, and the days are short. 
On the right is Vancouver in summertime, when the days are long. The Earth’s axis always points in the same 
direction (roughly at the “North Star”) as it rotates around the Sun, so the axes in the two Earth positions shown 
are parallel. 


The smallest that ZCOS can be is when the upper half of the Earth’s axis points towards the Sun, and the 
largest it can be is when this upper half of the axis points away from the Sun. Since the axis makes an angle of 
66.5° with the plane in which the Earth orbits, this means that ZCOS ranges from 66.5? to 180° — 66.5° = 113.5°. As 
our diagram suggests, the smaller COS is, the more of Vancouver's latitude is included in daytime. Therefore, 
summer solstice, the longest day of the year in Vancouver, occurs when ZCOS = 66.5". 


Now we're ready to do some geometry. When the Earth rotates about its axis, Vancouver A 
will move along its line of latitude one full turn about the axis. We wish to know for what 
portion of this trip Vancouver will be in sunlight. To measure this, we consider a second 
cross-section of the Earth, this time along Vancouver’s latitude. This cross-section is at 4 
right. Points C and D are the same as in our initial diagram: C is where the axis of the 
Earth intersects the plane of Vancouver’s latitude, and D is where the line that divides 
night and day in our first diagram intersects the line along Vancouver’s latitude in that 
diagram. (Picture looking at the Earth from directly above the North Pole—C is on the axis B 
and therefore at the center of your view, and D is the midpoint of the segment that divides night and day.) Points 
A and B are the boundary points between night and day. 


To determine how long Vancouver is in sunlight, we must determine what portion of the circumference of this 
cross-section is in sunlight. To do this, we must find ZACB. We start by drawing altitude CD to AB, both because 
this forms right triangles and because we can learn more about CD from our first cross-section. Right triangles 
ACD and BCD are congruent, so our problem now is to determine ZACD, which we let be a. We can find a by 
first finding two side lengths of AACD, and then using trigonometry. 


To find these side lengths, we return to our initial cross-section. CD 
is the same in this cross-section as in the latitude cross-section. CA in 
the latitude cross-section connects a point on Vancouver’s latitude to the 
nearest point on the Earth’s axis. Therefore, it has the same length as CV 
in the cross-section at right. Now, our problem is to determine CD and 
CV. Our diagram has many right triangles, and we know a lot of angles, 
so we reach for our trigonometric tools. 


sd 
Sun's rays 


Because COS = 66.5?, we have ZCOD = 90° — 66.5? = 23.5°. Since 
the latitude of Vancouver is 49° N, we have ZVOE = 49°, which means 
that ZCOV = 90° — ZVOE = 41°. Letting R be the radius of the Earth, 
we have VO = R. We now focus on the right triangles that contain our 
target lengths, CD and CV. Right triangle COV gives us sin ZCOV = $5, so CV = VOsin /COV = Rsin 41°. In 


80 


Challenge Problems 


order to use ACOD to build an expression for CD, we need an expression for CO or OD. Fortunately, we can use 
ACOV to tackle CO. We have cos ZCOV = $8, so CO = VOcos ZCOV = Rcos41*. Finally, in ACOD, we have 
tan COD = £8, so CD = COtan COD = R cos 41° tan 23.5". 


We're now ready to return to the latitude cross-section. Since CA in this cross-section A 
is the same as CV in the axis cross-section, we have CA = Rsin41°. We also found that 
CD = R cos 41? tan 23.5°, so we can write an expression for a: A 
[ | 
T ee R cos 41° tan 23.5° ~ 0.500 ES 
CA Rsin 41° EXON 


(Yes, now you can see why we chose Vancouver for this example!) Since a is acute, cos a % 0.5 
tells us that a ~ 60°. Therefore, ZACB x 120°, which means that i of the circumference of 


the circle is in the "night" section. This leaves the other 4 of the circle in daytime, and gives Vancouver 3 (24) = 
hours of sunlight on the summer solstice. 


B 


4.66 By the Pythagorean Theorem, we have AB = 25. SinceMis A 
the midpoint of hypotenuse AB, M is the circumcenter of triangle 
ACB,so CM = AB = 2, Since AADB is isosceles with AD = DB and M 


point M is the midpoint of AB, we have ZBMD = 90°. Applying the DOO S 
Pythagorean Theorem to ADMB gives E — deb B 
e eae Wr m 
9 
DM = VBD? - BM? = 132- (2) = E 


Let 0 = ZCMD, so ZCMB = ZCMD + ZDMB = 0 + 90°. Then by the Law of Cosines on triangle BMC, 


BVM2+CM2-BC2  98.4.92-576  -X — 527 


T ONES peo a i 
2BM - CM D EE C gue 


cos(0 + 90°) = 


Since cos(@ + 90°) = —sin 0, we find sin 0 = 27. Therefore, the area of triangle CMD is 


lcM.DMsimo- 2-22. DN, 527 _| 527-Vi1 | 
: 2 2 2 625 40 


4.67 Let the circle be tangent to BC and DA at R and S, respectively, and let 
O and r be the center and radius of the circle, respectively. Let a = ZPOA, 
B = ZPOB, y = ZQOC, and 5 = ZQOD. Because OP = OS = r, ZAPO = 
ZASO = 90°, and right triangles APO and ASO share hypotenuse AO, we have 
AAPO = AASO by HL Congruence for right triangles. Therefore, we have 
ZSOA = ZPOA = a. Similarly, ZROB = ZPOB = f, ZROC = ZQOC = y, and 
SOD = ZQOD = ô. Summing the angles around O, we get 2a +28 + 2y +26 = 
2n,soat+B+y+6=. 


From right triangles POA and POB, we have tana = ? and tanB = 7. D 
Then by the angle sum identity for tangent, we have 


tana+tanB _ 19/r+26/r ^ — 45r 
1-tanatanf 1-19/r-26/r 2-494 


tan(a + B) = 
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Similarly, from right triangles QOC and QOD, we have tan y = € and tanf = #, so 


re £6) = tany+tand  37/r+23/r _ 60r 
any tO TT tanytand  1—37/r-23/r 2-851" 


Since (a + B) + (y + 6) = m, we have tan(a + f) + tan(y + ô) = 0. Therefore, 
4x | Gr Ut o 
r -494 7-851 r? -494 r?-851 


so? =|647|, 


4.68 By the double angle formula for cosine, we have 


2B+1 2C +1 
mU AME 5 and cos*C = EAE. 2 j 


=0 = 3(r-851)+4(7-494)=0 = 707-4529, 


cos? B 


so 


Then by the product-to-sum formula for cosine, 


cos 2B + cos 2C 
2 
But B + C = 180° - A, which means cos(B + C) = cos(180? — A) 2 — cos A. Therefore, 


cos(B + C) cos(B — C) + 1 = -- cos A cos(B — C) + 1. 


+ 1 = cos(B + C)cos(B — C) + 1. 


Hence, 
cos? A + cos? B + cos? C = cos? A — cos A cos(B — C) + 1 
= 1 — cos A[cos(B — C) - cos A] 
= 1 - cos A[cos(B — C) - cos(180° -- B — C)] 
= 1 - cos A[cos(B — C) + cos(B + C)]. 


Finally, by the sum-to-product formula for cosine, cos(B — C) + cos(B + C) = 2cos B cosC, so 
1 — cos A[cos(B — C) + cos(B + C)] = 1 — 2 cos A cos B cos C. 
Hence, cos? A + cos? B + cos? C = 1 — 2 cos A cos B cos C, or cos? A + cos? B + cog? C + 2cos A cos B cosC = 1. 


4.69 


(a) Leta = AB, b = BC, c = CD, and d = DA. By the Law of Cosines on triangles BAD and b 
BCD, we have BD? = a° + d? — 2ad cos A and BD? = b? + c? — 2bc cos C, respectively. Since 
quadrilateral ABCD is inscribed in a circle, we have C = 180°—A,socos C = cos(180* — 4) = f 
— cos A, which means BD? = b? +c? +2bc cos A. Setting our two expressions for BD? equal 


a = 


az — b2 — c + d2 


: D 
gives as 
a + d^-2adcosA =b? +e +2bccosA => a -I-e +d = 2(ad + bc)cosA C 


us 2(ad + bc) 
Then 
2_ p2_ ¢2 4 q27* 2 p2 2 Anma 
fe Ae MES Laetus cec a ew or 0) 
d o ae | 2(ad bc) g [2(ad + bc) 2 
SIEHE (ede os OEC seen eene en 
- [2(ad + bc) (a) 
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The first factor in the numerator is equal to 
2(ad + bc) + (a? - D? —c? + d*) = (a? + 2ad + d?) - (b? - 2bc + 2) = (ae d. - (b- c = (at dt+b-c\at+d—b+o). 


Since 2s =a+b+c+d,wehavea+d+b-—c=(a+b+c+d)—-2c =2s—2c = 2(s—c),andat+d-b+c= 
(a+b+c+d)—2b = 2s — 2b = 2(s — b), so 


(a+d+b—c)a+d—b+c)=A(s— b)(s-c). 
Similarly, the second factor in the numerator of (4) is equal to 
2(ad + bc) - (a? — b? — à + d?) = (b? + 2be + 2) - (a? — 2ad + d?) = (b +c)? — (a - dy. 
=(b+c+a-d)(b+c-a+d) 
= [(a + b + c + d) — 2d][(a + b + c + d) - 2a] = (2s - 2d)(2s — 2a) = 4(s — d)(s — a), 


F 16(s — a)(s — Disses. d) _ 4(s — a)(s — b)(s — c)(s — d) 
[2(ad + bc)}2 ü (ad + bc)? 


Since 0? < A < 180°, sin A is positive, so 


sin? A = 


2N(s — a)(s — b)(s — c)(s — d) 


AS 
p ad + bc 


Quadrilateral ABCD is composed of the two triangles BAD and BCD. The area of triangle BAD is 


7 


1 
[BAD] = 74B -ADsin ZBAD = Jad sin A. 


The area of triangle BCD is 
1 


2 
But sin C = sin(180° — A) = sin A, so [BCD] = tbc sin A. Therefore, 


[ABCD] = [BAD] + [BCD] = sad sinA + jc sinA = sad + bc)sin A = \/(s —a)(s — b)(s — c)(s — d). 


(b) By the Law of Cosines on triangles BAD and BCD, we have BD? = a’ + d? - 2ad cos A and BD? = P? + c? — 
2bc cos C, respectively, so 


1 
[BCD] = =BC- DC sin ZBCD = noe sin C. 


a’ + d? — 2ad cos A = b? + c? — 2bc cos C. 
Then d? — b? — c? + d? = 2ad cos A — 2bc cos C. Squaring both sides, we get 


(a? —  — 2 +d’) = 407d? cos? A + Ab? C cos? C — 8abed cos A cos C. (+) 
Quadrilateral ABCD is composed of the two triangles BAD and BCD, so 
1 1 
[ABCD] = [BAD] + [BCD] = 5d sin A + 2 Uc sin C, 


or 4[ABCD] = 2ad sin A + 2bc sin C. Squaring both sides, we get 
16[ABCDE = 4a°d? sin? A + AD? C? sin? C + 8abcd sin A sin C. (++) 


Adding equations (+) and (++), we get 
16[ABCDP + (2 - b? - à + dY = 4a? d? (cos? A + sin? A) + 4b’ (cos? C + sin? C) — 8abcd(cos A cos C — sin A sin C) 
= Ag! d? + Ab? ? — 8abcd(cos A cos C — sin A sin C). 
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By the angle sum formula for cosine, we have cos A cos C — sin A sin C = cos(A + C), and by the double angle 


formula for cosine, we have cos(A + C) = 2 cos? (45) — 1, so 


Bae te 
4a^d? + Ab? c? — 8abcd(cos A cos C — sin Asin C) = 407d? + AD? c? — 8abcd E cos? (425) = 1 


AC 
= 4a^ d? + 8abcd + AP) 2 — 16abcd cos? (425) 


= [2(ad + bc)P. — 16abcd cos? (525) 


Hence, 
d eft 
16[ABCDY + (a° - 6 - cà «dy = [2(ad bo? — 16abed cos? ( ; : 
which implies that 
2 ey n2 20 0897:2 suf d-EC 
16[ABCDJ = [2(ad + be)? — (a? — b? - & +d)? — 16abed cos? | —— ) . 


We have already calculated in part (a) that 
[2(ad + bo)? — (a? -  — c? + d°}? = 16(s - a)(s — b)(s — c)(s — d), 
so 


16[ABCDD = 16(s — a)(s — b)(s — c)(s — d) — 16abcd cos? (425) 


Then [ABCD[ = (s — a)(s — b)(s — c)(s — d) — abcd cos? (445), SO 


[ABCD] = 4/ (s - a)(s — b)(s — c)(s — d) — abcd cos? (425) : 


Note: This is called Bretschneider's formula, after someone who must have really liked algebra. 


4.70 Let@ = ZDBA. Then ZCAB = ZDBC = 20. Hence, ZAOB = A B 
180° — ZOAB — ZOBA = 180° — 20 - 0 = 180° — 30, so ZBOC = 20 0 
180? — ZAOB - 38. 


Then by the Law of Sines on triangle BOC, we have oS = ) qom 
sin26 ac 


Sin 30/ and by the Law of Sines on triangle ABC, we have $C ^ D : 


sin38 
sin20* 


But quadrilateral ABCD is a parallelogram, so O is the midpoint of AC, which means AC = 20C. Therefore, 


sin30 AC  2O0C _ 2sin20 
sin20 BC BC sin30' 


so 2 sin? 20 = sin? 30. 


By the double angle formula for sine, we have sin 20 = 2sin 0 cos 0, and by the triple angle formula for sine, 
we have sin 30 = 3sin 0 — Asin? 0 = sin 0(8 — 4 sin? 0). Therefore, 


8sin? 0 cos? 0 = sin? 0(3 — 4 sin? 6)’. 
Since sin O is not equal to 0, we may divide both sides by sin? 6, to get 


8cos? 0 = (8 — 4sin? 6)’. 
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By the double angle formula for cosine, we have cos? 0 = (1 + cos 26)/2 and sin? 0 = (1 — cos 20)/2, so 
4 + 4cos 20 = (1+ 2cos20y.. 


Expanding the right-hand side and simplifying, the equation above becomes 4 cos? 20 = 3, so cos? 20 = $. 


Since 20 and 30 are angles of triangle BOC, we have 50 < 180°, so 0 < 36°. Then 20 < 72°, so 20 is acute, 


which means cos 26 is positive, so cos 20 = xm Hence, 20 = 30°, so 0 = 15°. 


Finally, 
n ZACB els sie _ 105° _|7 
AOR a [9 
4.71 Without loss of generality, assume that ZB > ZC. (The case ZB < ZC is tackled A 


similarly.) The differences of angles in the formula make us look for an angle with 
measure B — C. We construct one as follows: Let D be the foot of the altitude from A 
to side BC, and let E be the reflection of B through D. This creates another angle with 
measure B, since AE = AB implies that ZAEB = ZB. Now, since ZAEB is an exterior angle 
of AAEC, we have ZAEB = ZC + ZEAC. Therefore, ZEAC = ZAEB — 7C = ZB - LC. 


Turning to side lengths, from right triangle ABD, we have BD = AB cos ABD =ccosB, B D E C 
and from right triangle ACD, we have CD = AC cos ZACD = bcos C. Then DE = BD = 
ccos B, so CE = CD — DE = bcos C - c cos B. Then by the Law of Cosines, 


a? +b- 2 e+e—- gaay-o)o @+e-b 2-22 p-c 
c o =" = Ux a ERI oT NE 


Since AE = AB = c and AC = b, applying the Law of Cosines to triangle ACE gives 


AC + AE2 -CE2 b+- (EŻ) ggg — (2 — 272 
UU cy SR eC + ABs CE 07 a 


2AC- AE E 2bc 2a? bc 
Cp) de — bt + 2b’c? — ct 
q 2a*be 
Hence, 
3 Ae a(a2b? + ac? + 2b? -b—ct) (ab tac? + e — ct) ath? +.a*c? + 22? pc — a2h* — ac 
EU 2a? bc B 2abc 2abc i 
Similarly, 
DIL T Dp QAI T E 
3 _ UP ees UE ED ee 
b? cos(C — A) = —— <_< 9 8 
QUERI Doe dre ndm 
3 7 Eu NC LOU ice UA 
cœ cos(A — B) = ES —— Án 
Adding all three equations, we get 
ea? bc? 


a? cos(B — C) + D? cos(C — A) +c? cos(A — B) = = 3abc. 


2abc 
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Parameterization and Trigonometric Coordinate Systems 


Exercises for Section 5.1 


5.1.1 We eliminate ¢ from the two equations. Multiplying the equation for x by 8 and the equation for y by 3 
gives 8x = 24t + 56, 3y = 24t — 15. Subtracting the second equation from the first gives 8x — 3y = 71. Solving for y 


gives y = $x - a, The slope of the graph of this equation is H 


5.1.2 We have x? + y? = 9 cos? 2t + 9 sin? 2t = 9(cos? 2t + sin? 2t) = 9. Therefore, all points on the graph are on the 
circle centered at the origin with radius 3. As t varies from 0 to 7t, every point on this circle is produced, so the 


graph of the parametric equations is | the circle centered at the origin with radius 3 | 


5.13 From the given equations, we have x +3 = 5 cos 0 and y- 2 = 5 sin 0. Squaring both and adding them gives 


(x +3)? + (y - 2Y = (5cos 0} + (5 sin 0} = 25 cos? 0 + 25sin? 0 = 25. 


Thus, the graph is| a circle with center (—3, 2) and radius 5 |. We can see that the graph of the parametric equations 


is the entire circle as follows. First, we note that the graph of x = 5cos 0, y = 5sin 0 is a dilation of the unit circle 
about the origin, so the graph of x = 5cos 6, y = 5sin @ is a circle centered at the origin with radius 5. Each point 
on the graph of x = —3 + 5cos 0, y = 2 + 5sin 0 is 3 to the left and 2 above the corresponding point on the graph 
x = 5cos 0, y = 5sin 0. So, the graph of x = —3  5cosO0, y = 2 + 5sin@ is the result of translating the graph of 
x = 5cos 0, y = 5sin 0 by 3 to the left and 2 up. Therefore, the graph is a full circle. 


5.1.4 Solving x = 4cos2! for cos2t gives cos2t = ý. Substituting this into 


y = 1 + cos? 2t gives y = 1 + E. So, all points on the graph of the parametric 
equations are on the graph of y = 1 + £, However, the parametric equations 


do not produce the entire parabola described by y = 1 + z. Since cos 2f varies 
from —1 to 1, the value of x = 4cos2t varies from —4 to 4. Therefore, graphing 


the parametric equations only produces the portion of the graph of y = 1+ E 
with —4 < x < 4, as shown at right. 


2 
5.15 Dividing both sides by 144 gives z + 4% = 1. The graph of this equation is an ellipse. To parameterize it, 
we notice that the two terms on the left are perfect squares whose sum is 1. Therefore, we can take E = cos? 0 and 


2 . . . 
r= sin? 9. One solution for x and y is | x = 6 cos 0, y = 4sin 0 |. Graphing these parametric equations as 0 ranges 


from 0 to 27 traces out the full ellipse. 


These are not the only parametric equations whose graph is this ellipse. We could also have taken x = 
—6 cos 0, y = 4sin 0, or x = —6 cos 20, y = —4sin 20, etc. We can find infinitely many other possibilities. We can let 
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SSS rr rc A US ET 


x be 6 or —6 times either sine or cosine of some angle, and let y be 4 or —4 times the cosine or sine (we choose the 
trig function we didn’t use for x) of the same angle we used to express x. 


5.1.6 We can parameterize the unit circle with x = cost, y = sint, so we can parameterize a circle with radius 3 
centered at the origin with x = 3cost, y = 3sint. The circle with radius 3 centered at (4,5) is a translation right 
4 units and up 5 units of the circle with radius 3 centered at the origin. Therefore, if (x, y) is a point on the circle 
centered at (4,5), then there is some point (x’, y’) on the circle centered at the origin such that x = 4 4 x', y 2 5 y'. 
We can parameterize the circle centered at the origin with x’ = 3cost, y’ = 3sint, so the circle centered at (4,5) 
with radius 3 can be parameterized with x = 4+ 3cost, y=5+3sint. 


While the graph of the parameterization x = 4 + 3cost, y = 5 + 3sint does produce the same circle that the 
particle traces, it does not accurately describe the location of the particle. At t = 0, the equations x = 4+ 3cost, 
y = 5 + 3sint give (x, y) = (7,5), but the particle is at (1,5), which is diametrically opposite (7,5). We can account 
for this by introducing a phase shift of n, using the parameterization x = 4 + 3cos(f + n), y = 5 + 3sin(f + n). 


Applying the trig identities cos(t + t) = — cost and sin(t + t) = — sint makes this parameterization x = 4 — 3 cost, 
YS Ssint. 


We're not quite finished yet. We check if the the particle is moving in the right direction by noting that ift = 7, 
then x = 4 — 3cost, y = 5 — 3 sin t gives (x, y) = (4,2), which is indeed counterclockwise from (1,5). However, we 
have to take into account the speed of the particle. Since it travels around the whole circle in 87 seconds, we need 
the period of each of the trig functions to be 87 rather than 27. We accomplish this by replacing t with t/4, and 


t t 
we have the parameterization | x = 4 — 3 cos y= 5 —3sin at 


5.1.7 We can't easily eliminate the parameter, but we can at least eliminate the denominators of the fractions. 
Since x clearly cannot be 0, we can divide our equation for y by our equation for x, which gives 7 = t. Aha! Now, 
we can substitute for the parameter! Substituting into the equation for x gives 


PN 4 4 A4» 
1482 lee x2 + y? 


Since x is nonzero, we can divide both sides by x, and multiply both sides by x? + y*, to get x? + y? = 4x. The graph 
of this equation is a circle. We rearrange the equation and complete the square to find that (x — 2? + y? = 4. The 
graph of this equation is a circle with center (2,0) and radius 2. 


We can't yet conclude that the graph of the parametric equations is this circle. We have 
only shown that every point on the graph of the parametric equations is on this circle. 
Looking at the equation x = 427, we see that the largest x can be is 4, which occurs when 
t = 0. For any other t, we have 1 +  » 1, so x < 4. We also see that x must be positive, and 
can take on any value in the interval (0, 4]. Specifically, we see that we must omit the origin 
from the graph, so the graph of the parametric equations is not the entire circle centered at 
(2, 0) with radius 2. 


We're still not quite finished—for each value of x such that 0 « x < 4, there are two points on the circle. Do our 
parametric equations produce both? Yes! The one above the x-axis is produced when t > 0 and the one below the 
x-axis is produced when t < 0. Therefore, the graph of the parametric equations is the circle centered at (2, 0) with 
radius 2, except the origin, as shown at right above. 
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Exercises for Section 5.2 


5.2.1 


(a) We have x = —5 and y = 0, sor = 4/x^ y? = y (-5} + 0 = V25 = 5. We seek an angle 0 such that 
5cos @ = —5and 5sin 0 = 0, which means cos 0 = —1 and sin 0 = 0. We can take 0 = 180°. Hence, | (5, 180°) 
are polar coordinates of the point. 

(b) We have x = 6 V2 and y=6,sor= f+ y= V (6 V2)? +62 = 4108 = 6 N3. We seek an angle @ such that 
6 N3cos 0 = 6 V2 and 6 V3 sin @ = 6, which means cos 0 = "B and sin 0 = I Since the point (6 V2, 6) lies 


in the first quadrant, we can take 0 = arccos Và = 35.3*. Hence, | (6 V3, 35.3°) | are polar coordinates of the 


point. 


(c) We have x = —4 and y = —4 V3, so r = ,/x2 + ? = y (—4} + (-4 V3)? = V64 = 8. We seek an angle 0 such 


that 8cos@ = —4 and 8sin 0 = —4 V3, which means cos 0 = -i and sin 0 = -n We can take 0 = 240°. 


Hence, | (8, 240°) | are polar coordinates of the point. 


(a) Wehaver = 7 and 0 = 210°, so x = 7 cos 210° =7- (-38) = — and y = 7 sin 210° = 7-(-3) = -£. Hence, 


the rectangular coordinates are (-28, -i) : 
(D We haver = 9 and 0 = —180°, so x = 9cos(—180°) = 9 - (-1) = —9, and y = 9sin(-180?) = 9-0 = 0. Hence, 


the rectangular coordinates are | (—9, 0) | 


(c) We haver = -8 and 0 = m, sox = —8cos % = smee = —4 V2, and y = -8sin ?* = ag. <2 = —4 V2. Hence, 


the rectangular coordinates are | (—4 S cu v2) |. 


5.2.3 Multiplying both sides by 2cos0 — 5sin 0, we get 2rcos@ — 5rsin@ = 4. We don't have worry about 
introducing extraneous solutions here, since clearly this resulting equation has no solutions for which we have 
2r cos 0 — 5rsin 0 = 0. Since x = r cos @ and y = rsin 6, this equation becomes 2x — 5y = 4. Thus, the graph is a 


[line | (This line has x-intercept (2,0) and y-intercept (0, -$)) 


5.2.4 We can express r = 6sin 0 in the form given for a circle in the text, 
r° — 2rro cos(0 — a) + r =f, 


with a little clever manipulation. We multiply both sides of r = 6sin 0 by rand move everything to the left side to 
get 1? — 6r sin 0 = 0. Then, we note that sin 0 = cos(90? — 0) = cos(-(90* — 0)) = cos(0 — 90°), so we can write the 
equation 1? — 6r sin 0 = 0 as r* — 6rcos(0 — 90°) = 0. Almost there! Comparing this to our form given for a circle, 
we see that we can let 79 = 3 and a = 90°. Finally, we must also have t = 3 to make the constants cancel in the 
form 1? — 2rro cos(0 — a) + r5 = £^. So, we write our equation as: 


1? — 2(3)r cos(Q — 90°) + 3? = 3?. 


We thereby see that the graph of r = 6sin0 is a circle with radius 3 and center (3,90?) (which is indeed (0,3) in 
rectangular coordinates). 


5.2.5 


(a) Forsegments AO and BO to be perpendicular, the angles 0 and 137° must differ by an odd multiple of 90°. 
Therefore, the possible values of 0 are 137° + 90° = and 137° — 90? = [47° |. 
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(b) If AB L AO, then ZOAB = 90°. Then cos ZAOB = on = e = 


values of 0 are 137? — 60° = and 137? + 60° = oz 


Ł, so ZAOB = 60°. Therefore, the possible 


5.2.6 When we graph r = 2 + 30, r increases as 0 increases, so the graph gets farther and y 

farther from the origin as 0 increases. Because increasing @ when r > 0 means rotating 

around the origin, we obtain a as the graph. The graph of an equation of the form 

r= a+ bOis called an Archimedean spiral. oe 


5.27 First, we determine the polar coordinates of the point (3,3). We have x = 3 and y = 3, 
sor= \/x2 + y? = V32+32= V18 = 3 V2. We seek an angle @ such that 3 V2 cos 0 = 3 and 


3 N2 sin @ = 3, which means cos @ = = and sin 0 = iL We can take 0 = 45°. Hence, the 
polar coordinates are (3 V2, 45°). 


To find the other vertices, we note that if we draw a circle centered at the origin such that the circle passes 
through the six vertices of the hexagon, then the vertices are equally spaced about the circle. So, in polar 
coordinates, the radius is the same for each, and we find the angle of successive vertex by adding 360°/6 = 60° 
to the angle of the previous vertex. Then the angles corresponding to the other five vertices of the hexagon are 
45° + 60° = 105°, 105° + 60° = 165°, 165° + 60° = 225°, 225° + 60° = 285°, and 285° + 60° = 345°. The two second 
quadrant angles are 105° and 165°. 


Now we must compute the coordinates. We have: 


V6* v2 . 
m 
v6 — v2 
— mes 


cos 15° = cos(45? — 30°) = cos 45° cos 30° + sin 45? sin 30° = nd 


sin 15° = sin(45° — 30?) = sin 45? cos 30° — sin 30° cos 45° = 


Then 


— V6 + N2 
cos 105° = cos(15° + 90°) = — sin 15° = aan 


E 
sin 105° = sin(15° + 90°) = cos 15° = as 


4 2 
—-N6— N2 
cos 165° = cos(180° — 15°) = — cos 15° = us v2 
D 
sin 165° = sin(180° — 15°) = sin 15° = sient v2 


Therefore, the vertices of the hexagon that are in the second quadrant are 


(8 V2 cos 105°, 3 V2 sin 105°) = (av Esya BEN E (ap se 


and 


(8 V2.cos 165°, 3 V2 sin 165°) = (si eile E 2) - (23 XD | 
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Exercises for Section 5.3 


5.3.1 
(a) 


(b) 


In two dimensions, the point with rectangular coordinates (—2 V2,2 V2) has polar coordinates (4, sn) . There- 


fore, the cylindrical coordinates of the point with rectangular coordinates (-2 V2, 2 V2, 4) are (4, 2 4) : 


Turning to spherical coordinates, we have p = V/(-2 V2)? + (2 V2} 44224 V2. The 6-coordinate is 


the same in spherical coordinates as in cylindrical coordinates. To find the $-coordinate, we note that 
z = pcos Q, so 4 = 4 V2cos@. Therefore, we have cos $ = E which means $ = 7. The desired spherical 


à À 
coordinates then are (4 V2, 3, A 


In two dimensions, the point with rectangular coordinates (3, 0) has polar coordinates (3,0). Therefore, the 
point in space with rectangular coordinates (3,0, —3 V3) has cylindrical coordinates | (3,0, —3 V3) |. 


Turning to spherical coordinates, we have p = y (3)? + (0? + (-3 V3)? = 6. The 0-coordinate is the same 
in spherical and cylindrical coordinates, so 0 = 0. Finally, from z = p cos o, we have -3 V3 = 6cos Q, from 
SEE 

2 


which we have cos o = . This gives us $ = 7, and the desired spherical coordinates are (6, 0, 25) 


5.3.2 Since x? + y* = 77, we have p = 4/x2 + y2 + z2 = al 


5.3.3 We first tackle the case in which 5 < $ < n. Let P be the point with z 


spherical coordinates (p, 0, ) and rectangular coordinates (x, y, z). Let O be 
the origin and let B be the foot of the altitude from P to the xy-plane. We 
have ZPOB —()— ł, so 


Since P is below the xy-plane, the z-coordinate of P is -PB = pcos o. We 
also have 


Therefore, the x- and y-coordinates of B are x = psind@cos@ and y = 
psing@sin@. The x- and y-coordinates of P are the same as those of P, 
so the rectangular coordinates of P are (p sin $ cos 0, p sin œ sin 0, p cos q), as 
desired. 


PB = OP sin ZPOB = psin ($ — 7 = —pcosġ. 


OB = p cos ZPOB = pcos (¢- =) =psing. 


If o = oD then (p sin $ cos 0, p sin $ sin 6, p cos $) becomes (p cos 6, p sin 0,0), which are indeed the correct 
coordinates. (To see why, recall that if (r, 0) are the polar coordinates of a point in the Cartesian plane, then the 
rectangular coordinates of the point are (r cos 0, r sin O).) 


If @ = m, then P is on the z-axis, and the point is p below the origin. When ó = z, the rectangular coordinates 
(p sin $ cos 0, p sin $ sin 0, p cos $) are (0,0, —p), so our expressions relating rectangular to spherical coordinates 
work when 6 = 7. 


Finally, if @ = 0, then P is on the z-axis, and the point is p above the origin. When $ = 0, the rectangular 
coordinates (p sin $ cos 0, p sin @ sin 0, p cos $) are (0,0, p), so our expressions relating rectangular to spherical 
coordinates work when 6$ = 0. 
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5.3.4 Wehave 


y (x — 0)? + (y - 0)? + (z - 0 = \/(p cos 0 sin p)? + (p sin sin 9)? + (p cos o? 
= y p? cos? Osin? $ + g? sin? 0 sin? p + p? cos? p 
= J p(cos? 6 + sin? 0) sin? p + p? cos? ọ 


= y p?sin? $ + p2cos? = y p2(sin? g + cos? 9) = / p? = p. 


5.3.5 For each part, let O be the origin and P’ be the image of the described transformation. 


(a) If P is on the xy-plane, then P' is the same as P. Otherwise, the xy-plane is between P and P’. Since P' is 
the reflection of P through the xy-plane, the midpoint of PP’ is on the xy-plane, and PP’ is perpendicular 
to the xy-plane. Let A be intersection of PP’ and the xy-plane, so A is the foot of the perpendiculars from 
P and from P' to the xy-plane. The polar coordinates of A in the xy-plane give us the r and 0 coordinates 
of both P and P’ in cylindrical coordinates. Therefore, the r- and 0-coordinates of P’ are the same as those 
of P. However, because P and P' are on opposite sides of xy-plane, and are equidistant from the xy-plane, 


their z-coordinates are opposites. Therefore, the cylindrical coordinates of P' are |(r,6,-2)| Note that these 
also hold when P is on the xy-plane, since then we have z = -z = 0. 


(b) Rotation about the z-axis doesn't change the distance from the point to the xy-plane, nor does it change the 
distance between the origin and the foot of the altitude from the point to the xy-plane. Therefore, the r- 
and z-coordinates of P’ are the same as those of P. The only change is in the 6-coordinate. The foot of the 
altitude from P’ to the xy-plane is a rotation of x around the origin of the foot of the altitude from P to the 


xy-plane. Therefore, the cylindrical coordinates of P’ are | (r, O + 7, $) |. 


(c) The reflection of P through the origin is the same as rotating P by x about the z-axis, and then reflecting the 
result through the xy-plane. Therefore, P' is the result of performing both of the transformations described 


in parts (a) and (b), which means its cylindrical coordinates are (r8 € x, -2)| 


We also could have reasoned as follows. Let A and A’ be the feet of the altitudes from P and P’, 
respectively, to the xy-plane. Then, triangles PAO and P'A'O are congruent. Since PA = PA’, but P and P' 
are on opposite sides of the xy-plane, the z-coordinates of P and P' are opposites. Because AO = A'O, the 
r-coordinates of P and P’ are the same. Because the rays from O to A and A’ are in opposite directions, the 
0-coordinates of P and P’ differ by n. 


5.3.6 The graph of @ = 0 and the graph of $ = rt are both the z-axis, and the graph of ó = 5 is the xy-plane. 
This is why lines and planes are sometimes considered "degenerate" cones. 


5.3.7 We tackle parts (a) and (b) together. The r-coordinate is the distance from the point to the Earth's axis, and 
the z-coordinate is the distance from the point to the plane containing the equator. So, traveling with constant 
latitude holds both the r-coordinate and the z-coordinate constant. Since the 0-coordinate is the same in cylindrical 
coordinates as in spherical coordinates, traveling with constant longitude holds the 0-coordinate constant (while 
varying r and z). So, matters are a little better in cylindrical coordinates than in rectangular coordinates—we 
can describe east-west travel as varying just one coordinate. But they aren't as convenient as with with spherical 
coordinates, since north-south travel still requires varying two coordinates. (In summary, the answer to every 
question in this problem is “yes.”) 
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5.3.8 
(a) 


(b) 


5.3.9 
(a) 


(b) 
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The graph of p = 4 is a sphere centered at the origin with radius 4. The 


graph of 0 = ?" in spherical coordinates is the same as the graph of 


0 = # in cylindrical coordinates. In the text, we explained why the 


graph of 0 = c in cylindrical coordinates, where c is a constant, is a plane 
TL 


through the origin. Therefore, the points such that p = 4 and 0 = ^ are 
the intersection of a sphere centered at the origin and a plane that passes 


through the origin. This intersection is a with radius 4 centered 
at the origin such that the circle is in the plane described by 0 = ©. 


Another way to see this is to note that the desired graph consists of 
all points of the form (4, an, $). When ó = 0, we have the point on the 
z-axis, 4 units above the origin. As we increase $ from 0 to 7, we trace 
out a quarter circle centered at the origin from (0,0,4) (in rectangular 
coordinates) to a point in the xy-plane that is 4 units from the origin. 
Continuing to increase ¢ from 5 to 7, we trace out another quarter circle 
from the point in the xy-plane to (0,0, —4). As we increase @ from 7t to 
27t, we trace out the remainder of the circle. 


When 8 = $2, we have x = pcos@sing = 0, y = psin@sing = psing, and z = pcos. Therefore, 
the entire graph is in the yz-plane. Letting p = 6sin@ in our equations for y and z gives y = 6sin? o 
and z = 6cosó sin. The double angle identities for sine and cosine give us sin2@ = 2cos sin $ and 
cos 2 = 1 — 2 sin? $, so we can write y and z as y = 3 — 3cos26, z = 3 sin 2d. We can now eliminate $ with 
cos? 26 + sin? 2 = 1. We have 


cos? 20 + sin? 20 = EE + Br 


so cos? 2h + sin? 20 = 1 gives us (3 — y)? + 2? = 9. The graph of this equation is a circle in the yz-plane with 
center (0,3, 0) and radius 3. 


Another way to approach this part is to note that when 0 = 5, we have x = 0, y = psin $, and z = pcos $, 
so p? = y? t Z. Multiplying p = 6sin $ by o gives p? = 6psin $, so y* + z? = 6y. Completing the square 
leads to (y — 3)? + Z = 9. The graph of this equation is a circle in the yz-plane with center (0,3, 0) and radius 
8x 


We can use the conversion from spherical to rectangular coordinates to generate our parameterization. The 
graph of the equation is a sphere with radius 2 and center (—3, —5, 1). A sphere with radius 2 centered at the 
origin has parameterization x = p cosO sin = 2cosO0sin o, y = psinOsin o = 2sin sino, z = pcosd = 
2 cos @. If we add —3 to the x-coordinate, —5 to the y-coordinate, and 1 to the z-coordinate of every point on 
this sphere, we get the sphere with radius 2 and center (—3, —5, 1). Therefore, the desired parameterization 
is 


x = —3 + 2cos 0 sin $, y = —5 + 2sin@sing,z 21 2cosó |. 


We must restrict our choices of 0 and $ such that z > 0. Since z doesn't depend on 0, we don't restrict 0. 
However, z > 0 gives us 1 + 2cos o = 0, from which we have cos @ > -l. Since cos 2 = -i, the inequality 
cos $ > —1 tells us that we must restrict @ to 0 € $ < ?*. Therefore, the desired parameterization is 


x = -3 + 2 cos 0 sin ġ, y = —5 + 2 sin O sin ġ,z = 1 +2cosġ,0 < ọ < E . 


Review Problems 


Review Problems 


5.25 Solving x = 3a—1 fora givesa = (x+1)/3. Substituting into y = 2a?—a 
gives 


-2/2 NE ae x+1 2x7+x-1 
7 3 9 E aem 


s E 
The graph of this equation is a parabola, as shown at right. Since x can take 


on any value, the full parabola is produced by graphing the parametric 
equations. 


5.26 Completing the square in x and y gives (x + 2 + (y - 1? = 16. 

The graph of this equation is a circle centered at (—2,1) with radius 4. The unit circle can be parameterized by 
x = cos 0, y = sin 0, so the circle with radius 4 centered at the origin can be parameterized by x = 4cos0, y = 4sin 0. 
Translating this circle 2 units left and 1 unit up produces the circle that is the graph of (x + 2)? + (y - 1? = 16, so a 


parameterization of this circle is| x = -2+4cos0,y = 1 + 4sin 0 |. 


Another way we could have found this parameterization is by noting that cos? 0 + sin? 0 = 1, so we have 
(4 cos 0)? + (4sin 0)? = 16. Therefore, letting x +2 = 4cos 0 and y — 1 = 4sin0 gives (x * 2) + (y - 1} = 16. Solving 
these equations for x and y gives the parameterization x = —2 + 4cos 0, y = 1 + Asin 0. 


5.27 Applying the sine double angle identity, we have x = 1 sin 2t. Therefore, we have 


on 1 1 1 
22-7 297 == (1 = 2 = = == 
x - sin 2t ris cos* 2t) zi 2E 


Solving for y gives y = 2 — 82. The graph of this equation is a parabola. However, 


from x = I sin2t, we see that x is restricted to the interval I-L i ,and that all values of 
x in this interval are attained. Therefore, the graph of these parametric equations is the 


portion of the parabola within this interval, as shown at right. 


5.28 The right side of x = 115 cannot equal zero, so x is nonzero and we can divide 
y= whey iip to eliminate the denominators. This gives us ? = t. Substituting 


this into the given equation for x gives x — TORF = Since we know that x is 


x 
g-y 
nonzero, we can divide both ends by x, and then multiply by x? — y? to give x? — y? = x. 


2 
Rearranging and completing the square gives (x = 1) — y? = i. The graph of this 


equation is a hyperbola. 


We know that all points in the graph of the parametric equations are on this hyperbola, 
but we still must check if every point on the hyperbola is in the graph of the parametric 
equations. First, we note that we must omit the origin from the graph of the parametric 
equations, since x cannot be 0 in x — is. Are there any other points we must omit? 


We cannot have 0 < x < 1, since 1 — £ cannot be greater than 1. However, there are no points on the graph of 

2 i 2 . : 
(x- 1) -y! = iwith0 < x < 1, since y? = (x- 1) -1 <0for0 «x <1. Solving x = zł fort gives t =+ 4/1- L. 
For x < 0 or x > 1, we have 1 — 1 > 0, so for all values of x except 0 < x < 1, we can find a value of t such that 
x = zz. Except when t = 0 (so x = 1), there are two such values of t, one negative and one positive. Since y = = 


the positive value of t produces the corresponding point on the hyperbola above the x-axis, and the negative value 
of t produces the point below the x-axis. The graph is shown at right above; it consists of the entire hyperbola 


except the origin. 
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5:29 


(a) Wehavex- -7 and y = —7,sor = 4/32 +42 = «/(-7)?  (-7. = N98 =7 N2. We seek an angle 0 such that 
7 N2 cos 0 = -7 and 7 N2sin 0 = —7, which means cos 0 = =i and sin 0 = -— We can take 0 = 7 205.50. 


Hence, the polar coordinates are | (7 V2, 5.50) |, where the angle is in radians. 


(b) Wehave x = 6 V3 and y = -6N2, so r = J/3x2 y? = y (6 V3)? + (C6 V2)? = V180 = 6 V5. We seek an angle 
@ such that 6 V5 cos 0 = 6 V3 and 6 V5 sin 0 = —6 V2, which means cos 0 = /2 and sin = - /2. Since the 


point (6 V3, —6 V2) lies in the fourth quadrant, we can take @ = arcsin (- 2) x —0.68, which is equivalent 


to —0.68 + 27 = 5.6 radians. Hence, the polar coordinates are | (6 "V5, 5.60) | where the angle is in radians. 


(The answer (6 V5, —0.68) is also acceptable.) 


(c) We have x = -5 and y = 8, sor e x)? = (bye S 89. We seek an angle @ such that 
V89 cos 0 = —5 and Y89sin 0 = 8, which means cos 0 = — and sin 0 = a . Since the point (—5, 8) lies 


in the second quadrant, we can take @ = arccos (-338) x 213 radians. Hence, the polar coordinates are 
( V89,2.13) |, where the angle is in radians. 
5.30 
(a) We haver = 5 and 0 = 0°, sox = 5cos0° = 5. 1 = 5, and y = 5sin0° = 5-0 = 0. Hence, the rectangular 
coordinates are [6,0 | 
(b) We have r = —4and 0 = 210°, so x = —4cos210° = -4- (-8) = 2 V3, and y = —4sin 210° = -4- (-1) =2. 
Hence, the rectangular coordinates are e V3, 2) | 


(c) We haver = 8 and 0 = —%, so x = 8cos (--2] IE 3 2442, and y = 8sin (- z) =8-(-¥) = SB. 


Hence, the rectangular coordinates are | (4 V2 V2, =4 V2) |. 


5.31 From the relations 7? = x? + ?, x = r cos 0, and y = rsin 0, the given equation becomes x? + y? = 3x — 5y - 2. 
Moving all the variable terms to one side, we get x? — 3x + y? + 5y = —2. Completing the square in x and y, we get 


e) 


3) and radius 4/ 2 


2 
(x = 3) ds (v d s) = = 8. Hence, the graph is a | circle with center (3, ak 
5.32 


(a) In the text, we showed that the point that results from rotating (x, y) counterclockwise by the angle 0 about 
the origin is the point (x cos 0 — y sin 0, y cos 0 +x sin 0). A 60° clockwise rotation is a 300° counterclockwise 
rotation, so the point that results when the (4,5) is rotated 60° clockwise about the origin is 


(4 cos 300° — 5 sin 300°, 5 cos 300* + 4sin 300°) = (2 S, > 2v3 5) 
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(b) 


(c) 


5.33 
(a) 


(b) 


5.34 
(a) 


(b) 


5.35 


Let P be the point that results when (4,5) is rotated 60° clockwise about (2,5). We know 
how to handle rotations about the origin. Since point (4,5) is 2 units to the right of (2,5), 
we consider the 60° clockwise rotation of point (2,0) about the origin (because (2, 0) is 
2 units to the right of the origin). Let the result of this rotation be P’. Since (2,0) has 
the same relationship to the origin that (4,5) has to (2,5), point P’ will have the same 
relationship to the origin that P has to (2,5). 


Applying the same formula we used in the previous part, we find that point P’ is 


(2 cos 300° — 0 sin 300°, 0 cos 300? + 2 sin 300°) = (1, — V3). 


Since P' is 1 to the right of and V3 below the origin, point P is 1 to the right of and X3 below (2, 5), which 


means its coordinates are | (3,5 — V3) | 


We apply the same approach as in the previous parts. Let P be the desired point. Since (4,5) is 6 units to the 
right of and 2 units below (—2,7), we let point P’ be the result of the 60° clockwise rotation of (6, —2) about 
the origin. Therefore, point P' has coordinates 


(6 cos 300° — (—2) sin 300°, (-2) cos 300° + 6 sin 300°) = (3 — V3, —1 — 3 V3). 


So, point P is (-2 + (3 - 3,7 + (-1 - 3 V3) =| (1 — V3, 6 - 3 V3) | 


It is not always possible. For example, take rı = rg = 1, € = 0, and 05 = 180°. Then (rı, 01) = (1,0) 
and (75, 02) = (1, 180°) are the polar coordinates of the points with rectangular coordinates (1, 0) and (—1, 0), 
respectively. Their midpointis the origin, which has magnitude 0. But any point of the form (^ a ,0) = (1,0) 
always has magnitude 1. 


It is not always possible. For example, take r; = 2, n = 1, 0; = 0, and 02 = 180°. Then (rı, 01) = (2,0) 
and (r2, 02) = (1,180?) are the polar coordinates of the points with rectangular coordinates (2, 0) and (—1, 0), 
respectively. Their midpoint is the point G, 0) , which lies on the x-axis but not the y-axis. But any point of 


the form (r, 21292) = (r,90°) lies on the y-axis. 


Let (r cos 0, rsin 0) be a point in the graph of f(r,0) = 0. Since f(-r,0) = f(r,0), we have f(-r, 0) = 0, 
so the point (-r cos 0, —rsin 0) also lies on the graph. The point (—rcos 0, —r sin 0) is a 180° rotation of 
(r cos 0,rsin 0) about the origin is also in the graph. Therefore, the graph has 180° rotational symmetry 
about the origin. (In other words, for any point P in the graph, the 180° rotation of P about the origin is also 
in the graph.) 

Let (r cos 0, rsin 0) be a point on the graph of f(r,0) = 0. Since f(r,0) = f(r, 0), we have f(r, —0) = 0, so 
the point (r cos(—0), rsin(-0)) = (r cos 0, -r sin @) also lies on the graph. The point (r cos 0, -r sin 0) is the 


reflection of the point (r cos 0, r sin O) over the x-axis. Hence, the graph mustbe symmetric about the x-axis | 


We haver = 4/2 +142 = 242. From x = rcos@ and y = rsinO, we have cos 0 = iB and sin 0 = E SO 


Q= m, Therefore, cylindrical coordinates of the point are (2 v2, m, 2 v2) , 


We have p = 4/x? + y? +7? = 4, and the 0-coordinate in spherical coordinates is the same as the 0- 
v2 


coordinate in cylindrical coordinates. Finally, from z = pcos@, we have cos = > = 5480 9 = 4. 
Therefore, spherical coordinates of the point are (4, a 1) ; 


BS 
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(D Wehaver=,/x2+y?= 2 NB. From x = r cos @ and y = rsin 0, we have cos 0 = 1 and sin 0 = 3, so 0 = 
Therefore, cylindrical coordinates of the point are (2 v8, d v3) , 


We have p = 4/32 + y? +z? = 2 V6, and the 0-coordinate in spherical coordinates is the same as the 


O-coordinate in cylindrical coordinates. Finally, from z = pcos $, we have cos $ = ; = a sog = 2 


Therefore, spherical coordinates of the point are (2 V6 ve, 7 va an) | 


5.36 
(a) We have x = rcos 0 = 6 cos = =6(- 1) = -3 and y = rsin 0 = 6sin = = 6 (8) = 3 V3, so the rectangular 


coordinates are | (-3,3 V3, —1)\. 


(b) We have 
3 2 2 
x = pcos sing = 12cos 7 sin = 12 X) x = 6; 


2 
; { ^ 
y = psinOsinQ = 12sin 7 sin 77 me 2) e3 =, 


3 
z = pcos = PEE E (-3 


so the rectangular coordinates are | (6,6, —6 v2) i 


5.37 The portion of the graph of y? + z? = 9 that lies in the plane x = c is a circle in the plane with radius 3 
centered at the (c, 0,0). This is true for any value of c. So, every cross-section perpendicular to the x-axis is a circle 
with radius 3 and with center on the x-axis. Therefore, the graph is a 


cylinder with radius 3 and the x-axis as its axis | 


5.38 We have r = 6 — z. So, for any particular value of z, the value of r is fixed, and 
0 ranges from 0 to 27. Therefore, each cross-section of the graph perpendicular to the 
z-axis is a circle centered at the point on the cross-section with x = y = 0, except when 
z = 6, for which the cross-section is the point (0,0, 6). The radius of the cross-section 
is directly proportional to the distance between the cross-section and the plane z = 6, 
so the graph is a pair of cones as shown at right. The cones have vertex (0,0,6), and 
the z-axis is the axis of the cones. 


5:99 


(a) The value of r in cylindrical coordinates is the distance from the point to the z-axis (if r > 0). Therefore, any 
point on the graph of r = 5 is 5 units from the z-axis, so the graph is a 


cylinder with radius 5 and with the z-axis as its axis |. 
(b) The equation p = 3 describes all points that are 3 units from the origin. Therefore, the graph is a 


sphere centered at the origin with radius 3 |. 


(c) In polar coordinates, the graph of 0 = —$ is a line through the origin that makes an angle.of 2 with the 
x-axis such that the line passes through ite second and fourth quadrants. Since we can use any velum for the 
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z-coordinate in the graph of 0 = — in three dimensions, the graph of 0 = —% consists of the aforementioned 
line in the plane z = 0, as well as every point "above" or “below” (i.e., with any z-coordinate) the line in 


space. In other words, the graph is a that contains the z-axis and is perpendicular to the xy-plane. 


(d) Let O be the origin and P bea point that has p = 77 in spherical coordinates. The $-coordinate gives us the 


Tn : A er 
angle that OP makes with the positive portion of the z-axis. Therefore, any point on the ray OP has @ = 4 
when expressed in spherical coordinates. Moreover, we can rotate any point on this ray about the z-axis 
by any angle to produce another point with the same $-coordinate. In other words, we can form a portion 
of the graph by rotating the whole ray around the z-axis, thereby sweeping out a cone. Since we can allow 
p to be negative, the graph consists of with the z-axis as the axis and the origin as the vertex. 
One cone is below the xy-plane (for p > 0) and the other is above the xy-plane (for p « 0). 


5.40 Since 1? = x? + y’, we can write the equation as x? + y? +z? = 2z. Rearranging and completing the square in 
z gives x? + y + (z — 1}? = 1. Therefore, the graph consists of all points that are 1 unit from (0, 0, 1), which means 


the graph is the | sphere with center (0,0, 1) and radius 1 |. 


5.41 First, we note that the origin is in the graph, since @ = 5 gives p = 0. Multiplying both sides of p = 6cos by 
p gives p? = 6p cos ¢, so we have x? y? +27 = 6z. Rearranging and completing the square gives x? - y^ - (z-3)? = 9, 
so the graph is a sphere with radius 3 centered at (0, 0, 3). 


5.42 We present two solutions. 


Solution 1: Reason geometrically. Let P be a point on the graph, A be the foot of the altitude from P to the z-axis, 
and O be the origin. Suppose we have 0 < p < Z. Then, we have sing = £4 = us so PA = psin o. The equation 
p= = a gives psin $ = 3, so PA = 3. This means that P is 3 units from the z-axis. Conversely, any point with 
0 < 6 < 5 that is 3 units from the z-axis satisfies p sin = 3, so is on the graph. 


If ġ = 5, then sin @ = 1, and the graph is the circle in the xy-plane with radius 3 centered at the origin. 


If 5 << m, then ZPOA = n — 9. However, we still have sin @ = sin(z — p) = sin ¿POA = Ire = s as before. 
So, all the points that are 3 units from the z-axis and that have 5 < à < rt are also the graph. 


Since sin ó = 0 for o = 0 and for $ = 7, no points with $-coordinate 0 or zt are on the graph. Combining 
all these observations, we see that the graph consists of all points that are 3 units from the z-axis. Therefore, the 
graph is a cylinder with radius 3 and the z-axis as its axis. 


Solution 2: Algebra. That the graph is a cylinder suggests a connection to cylindrical coordinates. From 
p= Eos we have psin $ = 3. Therefore, we have x = pcosOsin $ = 3cos0 and y = psin@sing = 3sin 0. Aha! 


Considering the equations x = 3cos 0, y = 3sin 0 in cylindrical coordinates gives r = 4/3? + y? = 3. We have no 
restriction on z, so the graph is the same as the graph of r = 3 in cylindrical coordinates, and again we see that the 
graph is a cylinder with radius 3 and the z-axis as its axis. 


CHAPTER 5. PARAMETERIZATION AND TRIGONOMETRIC COORDINATE SYSTEMS 


5.43 
(a) 


(b) 


As indicated in the diagram, adding 7t to the 0-coordinate rotates 
the point by 7t about the z-axis. The 0-coordinate does not affect 
the distance from the point to the origin (p), or the distance from 
the point to the z-axis (r in cylindrical coordinates), or the dis- 
tance from the point to the xy-plane (z in rectangular coordinates). 
Therefore, the transformation is a rotation of the point by v about 
the z-axis. 


Since sin(z — $) = sin $, the x- and y-coordinates of the point 
are unaffected. Since cos(mz — $) = —cos Q, the z-coordinate of 
the point with spherical coordinates (p, 6, $) is the opposite of the 
z-coordinate of the point with spherical coordinates (p, 0, rt — Q). 
Therefore, the transformation is a reflection through the xy-plane. 


Challenge Problems 


5.44 
(a) 


(b) 
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The graph of r = sin 20 is shown below. To see how this is the shape formed, consider first the values 
0 € 0 < 5. As 0 increases from 0 to 7, the value of r goes from 0 to 1 and then back to 0, and we form the 
petal in dus first quadrant. Then, as ó goes from 5 to 7, the value of r goes from 0 to —1 and back 0. This 
forms the petal in the fourth quadrant, not the End because r is negative. As 0 goes from zt to =, r goes 


from 0 to 1 and back to 0, forming the third quadrant petal. As 0 goes from ** to 27, r again goes from 0 to 
—1 and back to 0, forming the second quadrant petal, because r is negative. 


y y 


MCN 


Figure 5.1: Diagram for Part (a) Figure 5.2: Diagram for Part (b) 


The graph of r = sin30 is shown above. Here, the x quadrant petal corresponds to 0 x 0 < 3. The 
downward pointing petal corresponds to $ < 0 < %, since when 0 is in this range, the vale of 30 is 
between zt and 27, which means r = sin 30 is e ee "The second quadrant petal is formed for ?7* < 0 < 7. 


When x < 0 < %, the value of 30 is between 3r and 47, which means r is negative. ns the 


points produced by these values of 0 are in the first quadrant, not He third. Moreover, each of the points 
has already been produced when 0 x 0 < 5. For example, when 6 = 4, we have sin 30 = -1, and the point 
with ps. coordinates (- L 7) is the same as the point with v erit (du z), which is produced 
when 0 = Ẹ 


ane when £7 <0< z , we reproduce the downward pointing petal, and when 22 < 0 <27, we 
reproduce the second mum se. 


Challenge Problems 


(c) The graph ofr = sin 40 is shown below. 
y 


Figure 5.3: Diagram for Part (c) Figure 5.4: Diagram for Part (d) 
(d) The graph ofr = sin 50 is shown at right above. 


(e) The graph of an equation of the form r = sink0 is sometimes called a “rose.” We claim that if k is even, 
then we obtain a graph with 2k “petals,” and if k is odd, then the graph has k petals. To see why, we start 
by looking at the graph of y = sin 2x for x € [0,27], which is shown below. 


y 


The crest (a portion of the graph above the x-axis) on the interval [0, 7] corresponds to the petal in the 
first quadrant in the graph of r = sin 20. The trough (a portion of the graph below the x-axis) on the interval 
[5,7] corresponds to the petal in the fourth quadrant. (Even though an angle between 5 and 7 usually 
indicates a point in the second quadrant, the petal lies in the fourth quadrant because r = sin 20 is negative 
on this interval.) More generally, each crest and trough in the graph of y = sin 2x (on the interval [0, 277]) 
corresponds to a different petal. There are four crests and troughs in the graph of y = sin 2x on the interval 
[0,27], hence there are four petals in the graph of r = sin 20. 


In general, for even k, the high points of the crests occur at x = %, x — ae and the low points of 


the troughs occur at x = x z, oor acm which lead to the points (1, 3), (1, 37), cda ll ern), (-1, 3), 
(=l, E) -s07 (1, (ht) in polar coordinates. These 2k points form the “tips” of the petals. To show that 
we obtain 2k petals, we must show that each petal tip is different. 


Two petal tips can coincide if and only if they are of the form (1, ġ) and (-1,@ + 7). So, we must show 
that the r-coordinates are not opposites when the 0-coordinates differ by 7. If (1,@) is on the graph, then 
1 = sink. When 0 = $ + 7, we have 


sin[k($ + 1t)] = sin(ko + kn). 


But k is even, which makes kz an even multiple of n. Hence, sin(ko + kn) = sink = 1. This tells us that 
the point (1,@ + 7) is also on the graph. So, for each petal in the graph of r = sin kO, there is a petal on the 
opposite side of the origin. In particular, each petal tip is different, so the graph has 2k petals. 


Now we look at the graph of y = sin 3x. 


CENA 
WV Ve 
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CHAPTER 5. PARAMETERIZATION AND TRIGONOMETRIC COORDINATE SYSTEMS 


This graph exhibits 3 crests and 3 troughs, so we may expect 6 petals in the graph of r = sin AG 
However, the crest at x = 7 coincides a in trough at x = 4 in polar coordinates, because $ + 7t = m, 
sin(3- 2) = sin 4 = 1, and sin(3 - 77) = sin Æ = —1. Hence, the 3 crests and 3 trough correspond to 3 petals 
in the erin of r = sin 30. 


For general odd k, we expect that each petal corresponding to a crest overlaps with another petal 
corresponding to a trough. To show that this is the case, let (1, ġ) be a point on the graph, so that 1 = sin kọ. 
When 6 = $+ n, we have sin[k(@ + 7)] = sin(k$ + kr). Since k is odd, kr is an odd multiple of 7, so 
sin(kO + kr) = —sink@ = -1. But the point (—1, $ + 7) is the same point as (1,9). Hence, each petal 
corresponding to a crest overlaps with another petal corresponding to a trough, so the graph of r = sink@ 
has k petals. 


5.45 


(a) The graph of the parametric equations x = cos 0, y = sin @ is the unit circle centered at the origin. Dilating 
this circle by a factor of r, the graph of the parametric equations x = rcos 0, y = rsin@ is the circle with 
radius r centered at the origin. Translating this circle horizontally by h (adding h to the x-coordinate) and 
vertically by y (adding k to the y-coordinate) gives us the circle with radius r and center (h, k). Therefore, 
parametric equations for this circle are x = h + r cos 0, y = k + rsin 8. 


(b) The equations we use to convert spherical coordinates to rectangular coordinates give us parametric equa- 
tions for a sphere centered at the origin with radius p. These are x = pcos@sing, y = psinOsin $, 
z = pcos. Adding a to the x-coordinate, b to the y-coordinate, and c to the z-coordinate of each point on 
this sphere is equivalent to translating the sphere centered at the origin to the desired sphere. Therefore, 
parametric equations for the sphere are x = a+ pcosOsin $, y = b + psin O sino, z = c + p cos, where 0 
and o are the parameters and p is a constant. 


(c) Since x can be anything, we can let x = t be one of the parametric equations. For any t, the point (t, y, z) 
must be on the circle centered at (t, P 0) with radius r such that the circle is in the plane x = t. Therefore, we 
must have (y — 0) + (z- 0 = 7°, so y*+z* = 7°. This means we can let y = r cos 0 and z = r sin 0. Parametric 
equations for the cylinder then are x = t, y = r cos 0, z = r sin 0, where t and 6 are the parameters. 


5.46 Completing the square in x and y gives (x -2)^ -- (y—1} = 4. The graph of this equation is a circle with center 
(2, 1) and radius 2. We can parameterize a circle with radius 2 as x = 2cos t, y = 2sint, so we can parameterize the 
circle with radius 2 and center (2,1) as x = 2 + 2cost, y = 1 + 2sint. However, graphing these equations produces 
the whole circle; we only want the portion above the x-axis. We must only include those values of t for which 


y > 0. From 1 + 2sint > 0, we have sint > —}. Since sint < -i for t € Iz, Un] we can exclude the portion of 


the circle below the x-axis and include the rest of the circle by limiting t to those values in the intervals lo, zn) and 
(22, 2n| . We can write this as a single interval by noting that for t € (-2, 0| , we produce the same values for x 


and y as we do fort € (um, 27] . Therefore, we can parameterize the portion of the graph of 3 -4x + y*-2y+1=0 


that is above the x-axis with x = 2 + 2 cost, y = 1 + 2sint, t € (-2, 7). 


= y * ERST er . . 
5.47 Let 0' = 2arctan ET TA Because the range of arctangent is ( 25 z), we know that 5. is the unique angle 


in the interval (-4, z) that has tangent - "m Therefore, 0’ is the unique angle in the interval (—7t, 7) such that 


e 
tan > = 
Be SEE 


the polar coordinates of the point (x, y). 


. Our goal is to show ist this angle is indeed the 0 such that (r, 0), with r > 0 and m < 0 < n, are 


We know that r = 4/x? + y?,x 2 rcos0, and y = r sin 6, so 


y || rsin sin8 


x+ /x2+y2  reosd+r | 1+cos0' 
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By the half-angle formula for tangent, we have ami = fal 2, so tan g = 


Eo ES wg We showed above that only 
one angle 0’ in the interval (—7, x) satisfies tan Č = : so 0 must be this angle. Therefore 0 = 0' = 
2 x+ fx2+y?” 
u 


2 arctan 


xt ey 
5.48 The distance between (1,2,3) and (2 — t,4 + t,3 + 21) is 


V(1-Q-0P + (2 -— (4 + t)? + (3- (3-20? = y (t - 1)? + (22 - t + (2t = V6P 2t 4 5. 


Completing the square gives 


2 2 2 
a akda a PE "o E 


. 2 ri . . . . LJ] H 
Since 6 (t + 1) is nonnegative for all real t, the minimum distance is 2 | Which occurs when t = -1. 


5.49 


(a) Let C be the center of the circle, and let 0 be the angle that OX makes with the positive x-axis. Since XT is 
TX 
OT 


parallel to the x-axis, we have ZTXO = 0 as well. Therefore, we have 
TX = cot 0, so the x-coordinate of A is cot 0. 


The y-coordinate of A matches that of point P. We have 
ZPOT = $ — 0, and from isosceles triangle COP, we have 
ACPO a a, 60 LOCE = m 4POC-ZOPC — 290. We 
can find the y-coordinate of P by drawing an altitude from P to 
the y-axis. Or, we can consider the parameterization of P as it 


travels around the circle. 


= cot@. Since OT = 1, we have 


When - 0, point Pis at the origin, and when 0 = +, point P 
is at T. For any value of 8 between 0 and 7, we have OCP = 20. 
One parameterization of a circle with a 5 centered at li is 


(i COS f, : t 5 sin p. Here, we want the parameterization in 

terms of 0, the angle between XO and the x-axis. We have seen that ZOCP = 20, so we let 20 be the 
angle in the parameterization. We also require P to be at (0,0) when 0 = 0, so our parameterization is 
(1 cos (20 - z) ,icisin (20 - £)). Applying the identity sin (x - z) = —cosx, the y-coordinate of P 
then is 1 — 1 cos 20. The y-coordinate of A matches the y-coordinate of P, so parametric equations for A are 


x = cot0,y = à — 1cos20 | As we'll see in the next part, we can also write this as x = cot 0, y = sin? 0. 


(b) p have one trig cm that links cot @ to Ee p cosine, namely, cot? 0 + 1 = csc? 0. We can introduce a 
sin? 0 to oul pari tenzanon x = cot 0, y = 1 — 4 cos 20 by using the double o identity for cosine. We 


have y = 1-1cos20 = 3-3(1- —2 sin? 0) = sin? :g. Subsituings = = cotÜ and y = sin? @ into cot? 0+1 = csc? 0 


gives x? + s = 7 so the witch curve is the graph of mE 


<< — — "-—-——————— " ——Teeee 1; 
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5.50 Parameterizing the red surface prior to the drilling is = we just borrow 
from spherical coordinates to produce the parameterization x = 2sin$cosO0, y = 
2sinġsin0, z = 2cosġ. The hole complicates matters. If the hole were along the 
z-axis, as shown at right, we could simply modify the parameterization we found for 
the whole sphere. To see why, let P be a point on the “top” of the drilled sphere, let 
A be the foot of the altitude from P to the z-axis, and let O be the origin. We have 
AP = 1 because the radius of the hole is 1, and right triangle OAP gives us OA = V3. 
Drilling the hole along the z-axis therefore has the effect of removing all points with 
z-coordinate above V3 or less than —V3. We then must have -V3 < 2cos@ < V3, 
V3 


so 60s < ES , which means Z < $ < *#. This gives us the parameterization 
x = 2sin ġ cos 0, y = eine z= m vines d ao Ss 3m 


Turning to the surface formed when we drill along the x-axis, we see that we can't 
simply limit $ or O alone in our initial parameterization for an un-drilled sphere. 
However, we can reassign the parameterizations that we used for x, y, and z when 
the hole was along the z-axis to produce a parameterization for the surface formed 
when the hole is along the x-axis. We simply swap the parameterizations for x and z, 
and we have 


5 
x = 2cos $, y = 2sin ọsin 0,z = 2sin $ cos 0, where T = 


5.51 


(a) The red point travels in a circle around the center of £, but the center of B 
moves! So, we first find parametric equations for the center of B. Let A be 
the center of A, point B be the center of 8, and R be the red point. Point B is 
always 2 units from A, so it traces out a circle of radius 2 as $ rolls around 
A. We know how to parameterize a circle. Since the circle has radius 2, 
we might think the parameterization is (2 cost, 2 sin t). However, point B 
starts at (0,2), so we can be more precise by using the parameterization 
(2 cos (t F z) ,2sin (t + 1)). Applying trig identities, we can write this 
parameterization as (—2 sin t, 2 cos t). 


Next, we must figure out where R is relative to B. Let X be the point 
on A at which A and $ are originally tangent. We draw vertical line BC 
as shown through B, and we have ZCBA = ZXAB = t because BC || AX. Let T be the point of tangency after 
B has rotated about A by angle t, as shown. Since $$ rolls along A, the lengths of arcs RT and TX must be 
the same. The radii of the circles are the same, which means that ZRBT = ZTAX = t, as well. Therefore, 
we have ZCBR = 2t. So, as point B rotates counterclockwise by an angle t about point A, point R rotates 
counterclockwise by 2t about point B. Since R is moving in a unit circle about the center of B, and starts 


directly below the center of 8, we can parameterize its position relative to B as cos (2t = z) to the right of B 
and sin (2t = z) above B. The “—5” accounts for the fact that R begins directly below B. Combining this 
with the parameterization of B, T location of R is given by (-2 sin £ + cos (2t - z) ,2 cost + sin (2t — z) ). 


Applying trig identities simplifies these coordinates to | (—2 sin t + sin 2t, 2 cost — cos 2¢) |. 


(b) We saw in part (a) that point R is — cos 2t above point B. At t = 0, point R is —1 above point B (or, ^1 below 
point B"). As Bis rolled around A, the value of t ranges from 0 to 27, so the value of 2t ranges from 0 to 47. 
We have — cos 2t = —1 whenever cos 2t = 1, which is whenever 2t is an integer multiple of 27. Therefore, 


as t ranges from 0 to 47, point R is directly below point B at t = 0, t = 27, and t = 47, so it makes | 2 | full 
revolutions about the center of 8. We also could have seen this by using the fact noted above that as B 
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moves an angle of t about A, point R moves 2t about B. So, as B goes around A once, point R goes around 
B twice. 


(c) Thesituation is only slightly different than in the first two parts, so we give 
all the point labels the same meaning they had in part (a). We again find a 
parameterization for B first. Point B moves in a circle of radius n + 1 about 
point A and starts at (0, n + 1), so, by an argument similar to that in part (a), 
we can parameterize point B with (—(n + 1) sint, (n + 1) cos t). 


The main difference comes in our calculation of ZRBT. Arcs RT and XT 
still have the same length, because $ is being rolled along the circumference 
of 7l. However, now the radii of the circles are different, so the angular 
measures of the arcs are different. The length of an arc equals the radius 
of the circle times the central angle that cuts off the arc. So, because arcs 
RT and XT have the same length, we have (BT)(/RBT) = (AT)(ZXAT). This 
gives us ZRBT = nt, so ZRBC = (n + 1)t. Now, following the argument of part (a), the parameterization of R 


is | (—(n + 1) sint + sin(n + 1)t, (n + 1)cost — cos(n + 1)t) |, and point R makes revolutions about B as 
8 makes one full revolution about A. 
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Basics of Complex Numbers 


Exercises for Section 6.1 


6.1.1 
6.1.2 
(a) 


(b) 
(c) 


(d) 


6.1.3 
(a) 


(b) 


6.1.4 
(a) 


(b) 
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Isolating z? gives z? = —3, and “taking the square root of both sides” gives z = + V-3 = + V3 y-1 = | +iv3| 


a—b = (844i) - (12-51) =3-12+ 41+ 5i=|-9 + 91}. 
We have ab = (3 + 4i)(12 — 5i) = 3(12 — 5i) + 4i(12 — 5i) = 36 — 15i + 48i - 207 = | 56 + 33i |. 


Factoring first makes this calculation easier: 


a +3a+2=(a+1)(a+2) = (4 + A4i)(5 + 4i) = 20 + 16i + 20i 16 =| 4 + 36i l. 


a, ü 3+4i E 3-41 — 344i 2 3-4i 1245: 
bp b 12+5i 12-5i 12+5i 12-5i 12-5i 12+5i 
_ (3+4i)(12—5i) | (8 -4i)(12 + 5i) _ 56+33i 56-330. 112 


“eee e aa 9 160 169 |169| 


Is it a coincidence that the result is real? 


2i«7-2i- -2i+ (7 +21 =(7], 
1 1 1 3451 345% US 


1 
D FEES DES e022) | 3-5) 13251 345i 8—5)0 *5) 3| 34: 2949] 


Since Z = —1, we have ï = (2)? = (-1)* = 1 and # = (2? = (-1)? = —1. Therefore, 
+i —-—141 
O qm eet 
Since (—i)* = —1, we have (—i)* = [(-i P = (-1Y = 1, and (-36 = [(—i P = (- 1? = —1. Therefore, 


—41)6 —7)4 = 
o a 1) E cm 


i+ 1 —i +1 


Section 6.1 


(c) First, we compute (i- 1)? = i? — 21+ 1 = -1-2i+ 1 = —2i. Then (i- 1 = [i — 12 = (2i = 42 = —4, and 
(i- DÉ = [1 - #2 = (—2i? = -8# = 8i. Therefore, 


| OQ G-DÉ-G-1* 8i-4 (8i-4(-i)) — 
jou ie ee ao E 


1 


6.1.5 Note that i! = 1/i = i/i? = i/(-1) = —i. Therefore, G=" =s = 5 — -yil 
1 


(a) Multiplying both sides of the equation by z — 3, we get z + 3i = 2z — 6. Subtracting z from both sides, and 


adding 6 to both sides, we find that z = | 6 + 3i] 
(b) Multiplying both sides of the equation by z, we get a = (4+ 5i)z. Then dividing both sides by 4+5i, we 
get 
,2.1*2 _ (1424-5) _ 443i | 4 | 1; 
~ 34445) 3(4-«5)(4-5) 34245) |123 41 | 


(c) Multiplying both sides of the equation by 1 + i, we get 3(1 + iz + z = (10 — 4i)(1 + i), which simplifies to 
(4 + 3i)z = 14 + 6i. Dividing both sides by 4 + 3i, we get 


,.14*6i _ (14+ 64-31) _ 74-181 [74 18. 


=== el | 


4-3i  (443)4-3) 4243 |25 25 


6.1.7 Letw =a + bi, zı = cı dii, and z? = ca + dai. Then, by the definition of complex number addition, we have 
Z + Zo = (cı + c2) + (dı + d5)i. By the definition of complex number multiplication, we have 


w(Z + z2) = (a + bi)((c1 + c2) + (dı + d2)i) = (a)(e + c2) — b(di + dz) + (b(c1 + c2) + a(d4 + do))i. 
We then apply the distributive property for real numbers to find 


w(zi ar Z2) = AC1 + co — bd, - bd; als (bc, ate bc; + ad, + ad; Ji. 


Next, we compute wz, + wz». By the definition of complex number multiplication, we have 
WZ, + WZ = ((acı — bd) + (ad, + bc,)i) + ((acy — bdz) + (ad + bc2)i). 


Then, applying the definition of complex number addition, followed by the associative property for real numbers, 


we have 
WZ, + WZ = Ac, ac; — bd, — bd; + (bc, + bcz + ad, + adz)i. 


Therefore, we have w(z, + z2) = wz, + wz», so complex numbers are distributive. 


6.1.8 We have i” = (i1) = y”. Since i = i : i = i = —i, we have i" = (-1)". Just as the powers of i repeat 


every four terms, the powers of —i also repeat every four terms. So, we only have to check i"  (—7)" for n = 0, 1, 
2, and 3, to determine all possible values of i”  (-i)". We have 


P (-i-2, 
EESTI 
?+(-i? =-1-1=-2, 
P+ (=i? =-1+7=0. 


Hence, the possible values of S are —2,0, and 2 |. 
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6.2.1 In the diagram at right, we see each of the points 4 + 7i, —6 — 2i, and Im 
(3 + 1)(—2 + 5i) = -11 + 13i plotted in the complex plane, similar to the way — 44*. 13i 

the points (4,7), (—6, —2), and (—11, 13) would be plotted in the Cartesian 
coordinate plane. 


6.2.2 
(à The magnitude of 24- 7iis \/24? + (-7 = V625 =| 25], 


(b) The magnitude of 2 + 2 V3iis \/22 + (2 V3)? = V16 = |4]. 
(c) The magnitude of (1 + 27)(2 + i) = 5i is V5? = 5] 


6.23 As we see in the diagram at right, the complex numbers w, z, W, and Z Im 
form an isosceles trapezoid. The lengths of the bases are |w — w| = |10i| = 10 + 
and |z — Z| = |4i| = 4. The height is 12 — 3 = 9, so the area of the trapezoid is ae 


pe 1044 — | 63] Wr uid 
6.2.4 The distance between 4+7i and —3—171 is the magnitude of their difference: 


FAHHHHBHE 
NI 
Il 
m 
N 
| 
n 


4+ 7i-(-3-17)] = |7 + 24i) = V72 +242 = V625 - [25] 


6.2.5 Letz =a, + bji and z2 = m + boi. So, we have 


Z1 + Zo Ai +t bii + a + bzi 3 +A? bı qr bo , 
—— —— — À———— — BÓ 


2 2 2 2 


The midpoint of the segment connecting zı and zz on the complex plane corresponds to the midpoint of the segment 
connecting (a1, b1) and (a2, b2) on the Cartesian plane. This midpoint on the Cartesian plane is (2%, hin), which 
does indeed correspond to the point (zı  z2)/2 on the complex plane as shown by our calculation above. 


6.2.6 


E - es : -5 i " sii is /(4/5)? + (3/5)? = v25/5? -. 1] 


(a) The magnitude of 


(b) The magnitude of 
6+11i _ (6+11)(11-6i) 132+85i 132 85, 


Mog) sw moo Iommi” Gy 


s \/(132/157)2 + (85/157? = V24649/1572 = 1]. 


(c) From parts (a) and (b), the magnitude of (x + yi)/(y + xi) appears to be 1. We can prove this as follows. The 


magnitude of 
ay (OVO ne ae 0 PX emm 
y+xi (y*xi(y-x) + +P ey’ 
is 
M y2—x2\? | Ax? y2 as e o E 
xX +y x2 + y? B (x2 + y2)2 7 y (x2 + y2)2 
ea ee Ce =F] 
Gy  Vorryyp 


106 


Section 6.3 


6.2/7 Every square is also a parallelogram, and the diagonals of a parallelogram 
bisect each other. Plotting the points 1+ 2i,-2+i, and —1—2iin the complex plane, 
we see that the numbers 1+ 2i and —1—2i must lie at opposite corners of the square. 
Hence, the midpoint of the diagonal between these points is [(1 + 2i) + (-1—21)]/2 = 
0. 


Therefore, the midpoint of z and —2+/is also 0. In other words, [z+(—2+1)]/2 = 0, 
ER 


There are many other ways we might have approached this problem; we could 
have used slopes, distances, or even congruent triangles. 


Exercises for Section 6.3 


6.3.1 Instead of expanding the product, we can use the fact that the magnitude of the product is equal to the 
product of the magnitudes: 


(10 + 24i)(8 — 6) = [10 + 244] - |S — 6i] = V102 +24? - /8 + (-6? = V676- V100 = 26-10 =| 260, 


6.3.2 Letz = a+ bi, where a and bare real numbers. Then |z| = ja + bi] = Va? + b?, and |Z| = |a- bi] = 4/a2 + (-b = 
va? + b2. Hence, |z| = |z|. We also could have noted that [z| = 4/ 6 = N(zYz) = Iz]. 
6.3.3 Letz =a + bi for some real numbers a and b. Then Z = a — bi, and the given equation becomes 


3(ac-bi)-r4(a—bi)212—5i = 7a-bi-12- bi. 


Two complex numbers are equal if and only if their real parts are equal and their imaginary parts are equal, so 


212 ee 
we get 7a = 12 and b = 5. Therefore, z = a + bi = EM 


We also could have solved for z without writing out the real and imaginary parts as follows. Taking the 
conjugate both sides of the given equation 3z + 4z = 12 —5i, we get 3Z + 4z = 12 — 5i, so 3Z+ 4z = 12+ 51. This gives 
us the system of equations 


3z - 4z — 12 — bi, 
4z -3z = 12 c 5i. 


Multiplying the first equation by 3 and the second equation by 4, we get 
9z + 12z = 36 = 15i, 
16z + 12z = 48 + 20i. 
Subtracting the first equation from the second equation, we get 7z = 12 + 35i, so z = 2 4+ 5i. 
6.3.4 Letz = a + bi, for some real numbers a and b. 


(a) Ifz? 22i, then2i = (a+ bi. = a — b? + 2abi. Equating the real parts and equating the imaginary parts, we get 
the system of equations a* — b* = 0 and 2ab = 2. From the second equation, we have b = 1/a. Substituting 
this expression for b into the first equation, we get 
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(b) 


(c) 


6.3.5 
(a) 


(b) 
(c) 


(d) 


Since a is real, we have a = +1. The corresponding values of b = 1/a are +1. Therefore, the two square roots 
of 2i are|1 + iand -1- i| 

If z? = —5 + 12i, then —5 + 12i = (a + bi)? = a? — b? + 2abi. Equating the real parts and equating the imaginary 
parts, we get the system of equations a? — b? = —5 and 2ab = 12. From the second equation, we have b = 6/a. 
Substituting this expression for b into the first equation, we get 


d-— =-5 => a+50-36=0 = (a7+9)0?-4= 


Since a is real, we have a = +2. The corresponding values of b are 6/a = +3. Therefore, the two square roots 


of —5 + 12i are | 2 + 3i and —2 — 3i |. 


If z? = 24 — 10i, then 24 — 10i = (a + bi? = a? — b? + 2abi. Equating the real parts and equating the imaginary 
parts, we get the system of equations à? — b? = 24 and 2ab = —10. From the second equation, we have 
b = —5/a. Substituting this expression for b into the first equation, we get 


2 
a? 2 = 24 => gom wusew.o =» (alse ei) e 


Since a is real, we have a = +5. The corresponding values of b are b = —5/a = ¥1. (The * symbol indicates 
that b = —1 goes with a = 5 and b = 1 goes with a = —5.) Therefore, the two square roots of 24 — 107 are 


[5 - iand -5 + i| 


The magnitude of 
à. d | 9-0 Xe 2 
z 3-4i (8+4)B-4) 25 25 25 
is |1/z| = / (3/25)? (4/25? = «25/29? - 1/5] 
The magnitude of z is |z| = V3? +4? = V235 = 5, so 1/lz| - [1/5] 


First, we make the denominator of z/w real: 


z 3+4 _ (3+4)(5+12i) _ Ane T 127 


w 5-12i (5—12)6+ 121) 169 


We leave the numerator as a product, because it makes the magnitude easier to compute: 


x 4 12 Ail - I5 — 12i 
she (3 + 4i) -(5 — 12i)| = ls : 8 + 4i] [5 — 121] 
= . V32 +42. V= V25- V16 =" -5.13= B 


As computed in part (b), the magnitude of zis |z| = 5. The magnitude of wis [w| = 4/5? + (-12)2 = V169 = 13. 


Therefore, |z|/|w|] =| 5/13 |. 


It appears that |z/w| = |z|/|w|. This holds for all complex numbers z and w, where w + 0. This is because 


Dividing both sides by |w], we get E 


Z Z ) 
5| = |= -w| = ta 
Ww Ww 


Hi 
vi kol 
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6.3.6 Letz =a + bi, where a and bare real numbers. Then 


Z atbh (atbath) @-W)+2mbi &-P 2ab 
2 mem e a 2 r a 


(a) Ifz/Zis real, then the imaginary part 2ab/(a* + b?) must be 0. This is zero if and only if a = 0 or b = 0. Since 
z = 4 + biis real if and only if b = 0 and z is imaginary if and only if a = 0, we conclude that z/Z is real if and 


only if z is real or imaginary (and not equal to 0) |. 


(b) Ifz/zis imaginary, then the real part (a? — b?) /(a? + b?) must be 0. This is zero if and only if a? = b?, ora = +b. 
Therefore, z/z is imaginary if and only if z is of the form a + ai = a(1 + i) for some nonzero real number a. 


6.3.7 Letk be a real number such that x = ki is an imaginary solution to the given equation. Substituting x = ki 
into the left side gives 


(ki)* — 3(ki + 5(ki)* — 27(ki) - 36 = kt + 38i — 5K? — 27ki — 36 = (kt — 5K — 36) + (3 — 27h). 
If this expression equals 0, then the real part and the imaginary part equal 0, so we have the system of equations 


kt — 5k? — 36 2 0, 
3i? — 27k = 0. 


The first equation factors as (Kk? — 9)(K? + 4) = 0, so (k — 3)(k + 3)(K’ + 4) = 0. The second equation factors as 
3k(k — 3)(k + 3) = 0. The common roots are k = 3 and k = —3. Therefore, the imaginary solutions of the given 


equation are x — FE (What are the other two roots?) 


Exercises for Section 6.4 


6.4.1 Note that all the coefficients are positive, so if there are any real roots, then they must be negative. Checking 
negative integers that divide 18, we find g(—1) = 6 and g(—2) = —8, so there's a root between —1 and —2. If a/b isa 
root of g(x) (in lowest terms), then by the Rational Root Theorem, a must divide 18 and b must divide 2. Our only 
option between —1 and —2 is —3/2, so we try that. We find 2(—3/2) = 0, so 2x + 3 is a factor of 9(x) and —3/2 isa 
root of g. Dividing by 2x + 3, we find 222 + 5x? + 15x + 18 = (2x + 3)(x? + x + 6). Applying the quadratic formula 
to x? + x + 6 gives us the roots x = (—1 + i N23)/2, so the roots of g(x) are 


—1 + i V23 —1 — į V23 
EN Legem E AEE 


2 2 


6.4.2 First, we look for integer roots. If there are any integer roots, then they must be among the factors of 36. 
Checking these values, we find f(3) = f(—4) = 0, so (t — 3)(t + 4) is a factor of f (t). Dividing by (t — 3)(t + 4), we find 


21* — 238 + 27t — 36 = (t — 3)(t + NOAS + 3). 


14+iv5 
2 £ 


Therefore, the roots aret 213, —4, 


6.4.3 The coefficients of g are all real, so nonreal solutions are present in conjugate pairs. Since 2 + i and 3 + i are 


roots of g, then so are and [132i] That gives a total of 4 roots, which is the maximum possible, so there are 
no other roots of g. 
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6.4.4 Since the nonreal roots of a polynomial with real coefficients come in conjugate pairs, the number of nonreal 
roots of the polynomial is even. Since the polynomial is of degree 4, the total number of roots is 4, so the number 
of real roots must also be even. We are given that the polynomial has at least one real root, so the polynomial must 
have at least two real roots. 


6.4.5 Let the integer roots be r and s. We can then write the polynomial in the form 
(x -= r)(x sie +ax + b), 
for some real numbers a and b. This expands as 


x* +(a—r-—s)x? + (b — ar — as + rs)x? + (ars — br — bs)x + brs. 


We know that all the coefficients are integers. The coefficient of xX isa —r—s, and r and s are both integers, so 
a is an integer. Then the coefficient of x? is b — ar — as + rs, and ar, as, and rs are all integers, so b is also an integer. 


Each of the roots listed is nonreal, so each must be a root of the quadratic x? + ax + b, if it is to be a root at all. 


Furthermore, the other root must be the conjugate. For example, if one root is cR then the other root must be 


Lis . The sum of these roots is 1, and their product is 
1«-ivVll 1-ivV1l 1411 | 
2 2»  —EUES 


Hence, are the roots of x? — x +3 = 0. This shows Ex can be a root of the original polynomial, 


so it must be the answer. We check the other choices to be sure: 


2 


tui and ur 


Quadratic 


xxn Porre 
li | y2-x+4 
bed | x-x4j 
1+4 |x3-2x42 
Mus ext 


The only quadratic of the form x? + ax + b where a and b are integers is x? — x + 3, so the only possible root is 


TOT 
= 


6.4.6 Note that all the coefficients are positive, so if there are any real roots, then they must be negative. First, 
we look for integer roots (which must be negative factors of 5), and find that there are none. Since the quartic is 
monic, all rational roots must be integers, so there are no rational roots either. 


We know that the nonreal roots come in conjugate pairs. We also know that roots of quadratics with real 
coefficients come in conjugate pairs. So, we hope that we can factor the quartic as the product of quadratics. 
Maybe the quadratics will have integer coefficients that we can find. Let x* + 5x7 + 4x +5 = (x? +ax+b)(x? +cx +d), 
where a, b, c, and d are integers. Expanding the right side, we get 


et + 4x +5 = + (rate ae (arde gl +ac)x? + (ad + be)x + bd. 
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Equating the corresponding coefficients on both sides, we obtain the system of equations 


a+c=Q, 
b+d+ac=5, 
ad + bc = 4, 
bd = 5. 


Now, we have a number game much like factoring a quadratic. From the first equation, we have c = —a. The 
equation bd = 5 suggests that we try the values b = 1 and d = 5. Then from the second equation, we have a = +1 
and c = F1. Only a = 1, c = —1 (together with b = 1, d = 5) satisfies the third equation, so we discard a = -1,c = 1. 
Hence, we have the factorization 


a Dae 


Serve =a ive 1+ivVl9 


1-iv19 
and ———|. 


Therefore, the roots are x = 1 , 
2 2 2 2 


Review Problems 


6.29 

(a) 2w —3z = 2(2 +3i) -3(4—5i) = 44 6| - 124 15i =|-8 + 21i]. 

à 1-1 -5 Ec ee: re 
w 2+3i (2+3)(2-3) 2+3 13 |13 du 


(c) We begin by computing the denominator: @ + z = (2 — 3i) + (4 — 5i) = 6 - 8i. Then 


2 2 1 3+4i 3+4i 3 


zee O24 a e e a 


(d) First, we can factor the numerator and denominator: 


u?-2wzc-wz ww? +2wz+z) wwtz _w+z 


wzt+we  wz(w+z) wzw+z)  z 
Then 
w+z  (2+3i)+(4—5i) 6-21 (6-2i)(4+5i) 3442201. 34 22, 
zo 4 — 5i CUm (4-5)(4+5) o ww 
" ae " = 4 ES 2; 2: 2 2i: 
(e) = (aya) ag Se aaa = lil We could have also observed that 
x+ yi (x + yi)(x — yi) x? +y? x+y 


—y + xi = i(x + yi). 
(f) Taking a cue from part (e), we can observe that 1 - i = —i(1 + i). Therefore, 
E T NE M 
Copel eem 
(1 + i) (1 + i? 


6.30 Grouping the x? terms on one side and constants on the other gives 2x2 = —12. Dividing by 2 gives x? = —6. 


Taking the square root of both sides gives x = + V-6 = x V6N-1- sive] 
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6.31 We evaluate the expression one step at a time, starting from the bottom. We have 
1 eee ee: 
1+i 14i — 1e-i' 


but we don't bother rationalizing the denominator because we're going to take the reciprocal of this expression in 
the next step: 


1 1 Teen ne 
pa ay ge O - Ten 
1 1 1 1 1 1 
1+i 1+1 
Then 
1 ze le Tu E 7 D 
i i c ODE]; l+% l=% 5 5 $50 
+ m 
1 il 
1+i 


6.32 Multiplying both sides by 1 + z, we get z = (-1 + i)\(1 + z) = (—1 + i) + (-1 + i)z. Then (2 — i)z = —1 + i, so 


et zin) Pao || 3 I. 


=> a 


2-i | Q-ü)üQ4i) 5 | 5 


633 Letz =a + bi, where a and b are real numbers. Then Z = a — bi, which has the same 
real part as z, but opposite imaginary part. Hence, z is the reflection of z over the real 
axis. Similarly, -Z = —a + bi has the same imaginary part as z, but opposite real part. 
Hence, —Z is the reflection of z over the imaginary axis. Finally, -z = —a — bi has both 
opposite real part and opposite imaginary part as z, so —z is the reflection of z through 
the origin. We can then label —z, z, and —z as shown at the right. 


6.34 We present two solutions. 
Solution 1: The faster way. 


(a) We showed in the text that a complex number is real if and only if it equals its conjugate. We have 


wz + Wz = WZ + Wz = U -Z +U- Z= Uz +W = Ww +W, 


so wz + Wz is real. 


(b) Similarly, we showed that a complex number is imaginary if and only if it equals the negative of its 
conjugate. We have 


—(wz — Wz) = -WZ + Wz = -W -Z + W Z = -WZ + WZ = WZ — Wz, 
so WZ — Wz is imaginary. 


We could also have noted that the conjugate of wz is wz = W-Z = wz. Hence, wz + wz is the sum of wz and its 
conjugate, which we know to be real. (In particular, it is twice the real part of wz.) 


Similarly, wz—wz is the difference between wz and its conjugate, which we know to be imaginary. (In particular, 
it is 2i times the imaginary part of wz.) 


Solution 2: The slower way. Let w =a + bi and z = c + di, where a, b, c, and d are all real. 


112 


Review Problems 
a aaa aaa 


(a) In terms of a, b, c, and d, we have 
wz + wz = (a + bi)(c — di) + (a — bi)(c + di) 
= ac + bd + (—ad + bc)i + ac + bd + (ad — bc)i = 2ac + 2bd, 
which is real. 


(b) In terms of a, b, c, and d, we have 


WZ — Wz = (a + bi)(c — di) — (a — bi)(c + di) 
= ac + bd + (—ad + bc)i — (ac + bd) — (ad — bc)i = (—2ad + 2bc)i, 


which is imaginary. 


6.35 Letz —a- bi for some real numbers a and b. If 2? = 5 — 12i, then 5 — 12i = (a+ bif = a? — 1? + 2abi. Equating 
the real parts and equating the imaginary parts, we get the system of equations a? — b? = 5 and 2ab = —12. From 
the second equation, we have b = —6/a. Substituting this expression for b into the first equation, we get 


uo ur cm E at —5a2 3620 => (à — 9)(a? + 4) =0. 


Since 4 is real, we have a = +3. The corresponding values of b = —6/a are $2. (The * symbol indicates that b = —2 
goes with a = 3 and b = 2 goes with a = —3.) Therefore, the square roots of 5 — 12i are | 3 - 2i and —3 + 2i |. 


6.36 If7--iis5 units from 10 + ci, then from the distance formula, we have 


V7-10p-(1-c25 > 94(c-1%=25 > (c-1yz16 > c-1=+4 


6.37 The value of |z- (4—5i)| is the distance between z and 4 — 5i in the complex plane. The equation [z — (4 — 5i)| = 
2 V3 tells us that this distance is 2 V3. Therefore, the graph of |z — (4 — 51)| = 2 V3 is a circle centered at 4 — 5i with 


radius 2 V3, which has area (2 3)?1 = [127 | 


638 Letz = a + bi be the complex number corresponding to the point F, where a and b are real numbers. From 
the diagram, we can say two things about z. First, since F lies to the right of the imaginary axis and above the real 
axis, a > 0 and b > 0. Second, F lies outside the unit circle, so |z| > 1. We must deduce similar facts about 1/z. 


1 


First we express 7 as a complex number: 


1 1 a — bi a — bi a b 


z a-bi (atbia—bi) a+b dc m4h" 


Since a and b are positive, the real part of 1/z is positive, and the imaginary part is negative. Therefore, 1/z lies to 
the right of the imaginary axis, and below the real axis. This means 1/z must be A or C. 


= il < 1. Hence, 1/z lies inside the unit circle. Therefore, the reciprocal of F is [c] 
Z 


1 
Next, we see that p 


1 
| 
6.39 Letz =a + bi, where a and b are real numbers, so the equation becomes 


la+1+(b—-1)i| = |a — 2 + bi] 


(a+ 1?  (b- 1? = y (a — 2} + b? 


= 

= (a- 1» - (b-1y 2(a-2p + b? 
ia? 2a le = aa — 4a + 4+ 
=> 6a = 2b4+2 

=> b=3a-1. 
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Hence, all solutions are of the form z =| a + (3a - 1)i |, where a is any real number. 


Note that we could also have solved this problem by noting that |z + 1 — i| can be written as |z — (71 + i)|, so this 
expression represents the distance from z to —1 + i on the complex plane. The expression |z - 2| equals the distance 
from z to 2, so the solutions to the equation |z + 1 — i| = |z — 2| represent all z equidistant from —1 + i and 2 on the 
complex plane. Therefore, z must be on Hus perpendicular bisector of the segment connecting —1 ge 1 Se 2 on the 
complex plane. This segment has slope — 4, and its midpoint is 5 + 4. So, zis on the line through 4 + 4 with slope 
3. See if you can finish from here to get the same answer as above. 


6.40 Weare given that (a + bi)(c + di) = ac — bd + (ad + bc)i is real, so ad + bc = 0. Then 

(b + ai)(d + ci) = bd — ac + (bc + ad)i = bd — ac + (ad + bc)i = bd — ac, 
so the product of b + ai and d + ci is also real. 
6.41 


(a) Since (z - Z)/(2i) equals Im(z) for all z, we divide the given equation by 2i to get (z — Z)/(2i) = —4, which we 
can write as Im(z) = —4. The graph is a horizontal line 4 units below the real axis, shown to the left below. 


Im Im 


Img) = Ine T2: 


+ Re e Re 


(b) Leta = Re(z) and b = Im(z). Then the given equation becomes 


(4 - ia + bi) — (4 + i)(a — bi) = 16i 


= 4a-c-b-ai--4bi — 4a — b — ai + 4bi = 16i 
E —2ai + 8bi = 16i 
= —a+4b=8 
a 
> b= — +2. 
pus 


Thus, the graph is a line with slope 1/4 that intersects the imaginary axis at 2i, shown to the right above. 


(c) The left side can be rewritten as [7 + 1 - 2z| = |-(7 +1 - 2z)| = 2z-7- i, so |2z - 7 — i| = 4. Dividing both 
sides by 2, we get 
dae 
ee 
This equation tells us pn the distance from z to (7 + i)/2 on the complex plane is 2. Therefore, the graph is 
a circle centered at 4 + 1i with radius 2. 
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6.42 For a complex number z, |z — 5 + 2i| = |z — (5 — 2i)| is the distance Im 
between z and 5 — 21. Hence, the graph of |z — (5 - 2i)| € 4 is the set of all -: + = + fo af Aer 
complex numbers z that are within 4 units of 5 — 2i. This is the closed disk ipae me. le 
(which is both the circle and its interior) centered at 5 — 2i with radius 4, 
shown at right. J- : 

alz — (522i) «4 
6.43 To deal with such large exponents, we compute the first few powers "» — 
of i+ 1 to see if we can find a pattern: 


C+D es dee do 

CEN =F 2141 = 2) 

a a eG oU 
(+1)* = (i+ D°- (+1) = (2+ 2i)(i + 1) = —4. 


We note that (1 + i)* is a real number, which makes it easy to work with. Similarly, we find that (i — 1 = —4. 
Therefore, 


(i "um 12:99 x (i = 19209 = [G "e DU Ti [G = D = (—4)900 24 (m = wl 


We'll see an even faster way to solve this problem in the next chapter. 


6.44 Letz = a+ bi, for some real numbers a and b. We are given that |z| = 1, so |z| = |a + bi] = Va? + b? = 1, or 
a + b = 1. Then 


iz- AP - [z - 1? = (a — 2) bi? + (a - 1) + bi = (a — 1 + P (a1? + b7 
=? — 24 +1+b? +a +2a+1 +b? = OU 
= 29" +67)4+2=2+2=4. 


Alternatively, we could have used the fact that zz = Iz? for all complex numbers z: 


Iz—-1P? +\z+1P? =(-1)-@—-1) + (z4+1)-@+D =@-1E-1)+ 24+ )E+)) 


2zz—z-E41l42ZZ4z4Z1-222242-0pp 2-4. 


Finally, can you find a geometric interpretation of the result? 
6.45 
(a We have 


lw — z + |w + zP. = (w — z)\(© — Z) + (w + z)(w + z) 
= WW — WZ — ZW + ZZ + WW + WZ + ZW + ZZ 


= 2wip + 2zz = 2(wP + |zP). 


(b) Consider the parallelogram in the complex plane with vertices at 0, w, z, and w + z. The distance from 
w to z is |w — z|, so the expression |w — z[? + |w + z? is the sum of the squares of the diagonals. The sides 
of the parallelogram from the origin have lengths jwi and |z|, and opposite sides of any parallelogram are 
equal, so 2([wI? + Iz?) is the sum of the squares of the sides of the parallelogram. Therefore, the equation 
2(\wl + |z) = [to — zl? + lw + z}? expresses the fact that the sum of the squares of the sides of a parallelogram 
equals the sum of the squares of the diagonals. 


6.46 Since the coefficients of the polynomial are real, the complex conjugate of —3 + 5i, namely -3 — 5i, must also 
be a root. The sum of -3 + 5i and -3 — 5i is —6, and their product is (-3 + 5i)(-3 — 5i) = 9 + 25 = 34. Therefore, 


NN $$ 
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the quadratic whose roots are —3 + 5i and —3 — 5i is x? + 6x + 34. Since this quadratic must be a factor of the given 
quartic, we have 
x* + 9x3 + 48x? + 78x — 136 = (x? + 6x + 34)(ax? + bx + c) 


for some constants a, b, and c. By considering the x* term in the expansion of the right side, we find a = 1. By 
considering the constant term in the expansion on the right side, we have 34c = —136, from which we find c = —4. 
Finally, we consider the 3? term on both sides. We have 62x? + bx? on the right, which must equal the 9x? term on 
the left. We already have a = 1, so b = 3. We must check that the other coefficients match up. Checking reveals 
that we do indeed have 

(x? + 6x + 34) (x + 3x — 4) = x* 9x? + 48x? + 78x — 136. 


Therefore, the other two roots of the quartic are the roots of the quadratic x? + 3x — 4 = (x — 1)(x + 4). So, the roots 


of the quartic other than —3 + 5i are | -3 — 5i, 1, and -4 |. 


6.47 


(a) Wearegiven that the polynomial has five distinct roots, but a polynomial of degree 6 has six roots (counting 
repeated roots as different roots), so one of the roots must be repeated. 


(b) Since the coefficients of the polynomial are real, the nonreal roots must come in conjugate pairs. The nonreal 
roots 2 — i and 2 +i already form a conjugate pair, as do the nonreal roots 1 — ; and 1  ;. We also know that 


1is a root, so the sixth and final root must be real. Therefore, the double root is "m 


6.48 We have rji = —b + ai and r?i = b + ai. Since the polynomial has real coefficients, the complex conjugate of 
rji = —b + ai, namely —b — ai, must also be a root. Since a and b are nonzero, —b — ai cannot be equal to rai = b + ai. 
Similarly, the conjugate of r2i = b + ai, namely b — ai, must also be a root. We have shown that the polynomial must 
have at least four roots. Furthermore, the polynomial 


(x + b — ai)(x +b + ai)(x — b — ai)(x — b + ai) = [(x +b)? + à^][(x — bY? +a?) 


has real coefficients, and its roots are -b + ai, —b — ai, b + ai, and b — ai. Therefore, the minimum degree of the 


polynomial is [4], 
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6.49 The powers of i repeat every four terms: } = 1, ï} =i, =-1,8 =-1,4=1,% = i, É = —1, ř =-i,® =1, 
and so on. Hence, the given sum becomes 


i+ 2f +3P + 47° +--+ 64:4 
=1-2-314+4+4+51-6-71+8+91-10—111+12+4+---+ 61i — 62 — 631 + 64 
= (-2+4-6+8-104+12+----62+64)+(1-3+5-7+9-11+---+61-—63)i 
= [(-2 + 4) + (-6 + 8) + (-10 + 12) + --- + (-62 + 64)] + [(1 - 3) + (5-7) + (9 — 11) +--- + (61 — 63)]i 


=2-16-2-16i 2|32 - 32i| 


6.50 


(a) Taking the conjugate of the given equation, we get bz + az = c. We can view the equations 


az + bz =c, 


bz+a@z =F 
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as a system of equations in z and Z, and solve for z accordingly. Multiplying the first equation by a and the 
second equation by b, we get 

aaz + abz = ac, 

bbz + übz = bc. 
Subtracting the second equation from the first gives us 


(aa — bb)z = ac — bc. 


We have aa — bb = |a — |b?, and we are given that |a| # |b]. Hence, we may divide both sides by aa — bb, to 
get 
ac — bc 


aa — bb 


We multiplied by a and by b, and one of these might be 0. So, we have to check our solution and make sure 
E üc — bc — UE e 
it isn't extraneous. If z = ———, then Z = ————, so 
aa — bb aa — bb 
_  üüc—abc | abc— bbc — aac — bbc 
aa — bb aa — bb aa — bb 


(b) Letz = x + yi, where x and y are real numbers. Then the equation az + bz = c becomes 


(21 -*3i)(x + yi) + (1 + 3)(x — yi) =i 
LONE OLIM ae eB ae 2 IU 
e —2yl + 6xi =i. 


Solving for y, we find y = 3x - 1. Thus, the solutions are of the form x + (3x = 1) i for all real numbers x. 
This represents a line passing through the point corresponding to —1i with slope 3. 


6.51 Letz =a + bi, where a and b are real numbers. From the equation |z — 1| = |z + 3|, we obtain 


(a — 1) + bil = (a + 3) + bil 


> „/(a-1} +b = /a@+3P+h 
= (a-1? +b 2(a-3y «P? 
=> g-2g414bP 24 +6a+9 +b 
= 8a = -8 

=> m= =], 


Then from the equations |z — 1| = |z — i| and a = —1, we obtain 


|-2 + bi] = |-1 + (b - Dil 


= /(-22 +R = 1} + (b -1) 
= 44 p 214 (b-1y 

= 4- p 2140 —2b41 
= 2p = =2 

=> pr 


Therefore, z = a + bi = Ee 


117 


CHAPTER 6. BASICS OF COMPLEX NUMBERS 


We can interpret the problem geometrically as follows. The equations |z — 1| = |z + 3| = |z — i| state that the 
complex number z is equidistant from the numbers 1, —3, and i. Hence, z is the circumcenter of the triangle 
formed by the complex numbers 1, —3, and i in the complex plane. From |z - 1| = |z + 3|, we find that z is on the 
perpendicular bisector of the segment connecting 1 and —3 on the complex plane. This perpendicular bisector 
is Re(z) = —1, so the real part of z is —1. From |z — 1| = |z — i|, we find that z is on the perpendicular bisector of 
the segment connecting 1 and i on the complex plane. This line is simply Re(z) = Im(z). Combining this with 
Re(z) = -1, we have z = -1 - i, as before. 


6.52 The first inequality is satisfied when z is inside or on the circle centered at —4 + 4i with radius 4 V2, and the 


second inequality is satisfied when z is outside or on the circle centered at 4 + 4i with radius 4 V2. Hence, the region 
of interest is the set of points that lie inside or on the first circle but outside or on the second circle, as shown below. 


Let A be the point —4 + 4i, the center of the first circle, and let B be the 
point 4 + 4i, the center of the second circle. Then 
AB = |(4 + 4i) — (—4 + 41)| = |8| = 8. 
Let M be the midpoint of AB, so AM = BM = AB/2 = 4. 


Let the two circles intersect at P and Q. Since PQ is a common chord 
of the two circles, PQ is perpendicular to AB. Furthermore, M is also the 
midpoint of PQ. 


By the Pythagorean Theorem, AM? + QM? = AQ?, so 16 + QM? = (4 V2} = 32. Therefore, QM? = 16, so 
OM A han PO 20M S 8 


Now, to find the area of the shaded region, we can take the area of the first circle and subtract two times the 
area of the circular segment cut off by PQ. To find the area of the circular segment cut off by PQ, we can find the 
area of sector PAQ, and subtract the area of triangle PAQ. 


Since AM = QM and ZAMQ = 90°, we have ZQAM = 45°. Also, AM = PM and ZAMP = 90°, so ZPAM = 45°. 
Therefore, ZPAQ = 45° + 45° = 90°. Hence, the area of sector PAQ is one quarter the area of the circle, or 
Hn(4 vV2Y. = 87. The area of triangle PAQ is IAM po i : 4-8 = 16. Hence, the area of the circular segment cut 
off by PQ is 81 — 16. 


Finally, the area of the shaded region is (4 V2)? - 2(8t — 16) =| 167 + 32 |. 


6.53 To deal with the appearances of i in the coefficients, we let y = ix. Then the given cubic becomes 


iy? — 8? — 22iy + 21 = i(ix? — 8(ix)? — 22i(ix) + 21 = i(—ix?) - 8(—x2) — 22i(ix) + 21 = x? + 8x? + 22x + 21. 


We look for roots of this new polynomial. First, we look for integer roots. If there are any integer roots, then 
they must be negative (because all the coefficients are positive) and among the factors of 21 (due to the Rational 
Root Theorem). Checking these values, we find that the cubic becomes 0 for x = —3. So by the Factor Theorem, 
x + 3 is a factor of the cubic. Dividing by x + 3, we find 


x? + 8x7? -22x +21 = (x * 3)( 5x + 7). 


-5+i V3 
2 


=|-31 V3 - 5i and - 8 -5i 
y , 2 , 2 . 


6.54 Let w, x, y, and z be the vertices of a parallelogram in the complex plane, where w and y are opposite 
vertices, so x and z are also opposite vertices. In every parallelogram, the diagonals bisect each other; in other 


The roots of the quadratic are . Since y = ix, the solutions of the original cubic are 
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words, the midpoints of each diagonal coincide. Therefore, 


Qty x+z 
e i => wty=xtz. 


Thus, the sum of w and y is equal to the sum of x and z. 


Conversely, let the sum of two of w, x, y, and z be equal to the sum of the other two. Suppose w + y = x +Z. . 
Then (w  y)/2 = (x + z)/2. This means the midpoint of the line segment between w and y and the midpoint of the 
line segment between x and z coincide. In other words, in the quadrilateral formed by the complex numbers w, x, 
y, and z, the diagonals bisect each other. Hence, the quadrilateral formed by these four points is a parallelogram. 


Make sure you see why we need to include both parts of this proof. 


6.55 Letz= Tar To show that z is real, it suffices to show that z = Z (as described in the text), so we compute 
the conjugate of z. Since |u| = 1, we have ui = |u|? = 1, so ii = 1/u. Similarly, v = 1/v. Then 


5 


z=( 4uv ) = m mur a 
BYTE (Qe (Q9 (i.i 


rE 


E 


Multiplying the numerator and denominator by uv’, this becomes Z = Tu = z. Therefore, z = 4uv/(u + v)? is 
real. 


u+v oe : : = 
Now, let w = ——. To show that w is imaginary, it suffices to show that w = —w. We have 
=o 


Q 


= = u + u+D i144 l.i v v+u 
Uu zm E = = = * ES = 


u— v u-v u-v 


Therefore, w = (u + v)/(u — v) is imaginary. 


6.56 We have seen the expression x? + y? arise when computing the reciprocal of the complex number z = x + yi, 
where x and y are real numbers: l 

a oe uq x-y 

z x+y (x-y)x-y) xy 
Thus, it P be possible to express the given peius in terms of the complex number z = x + yi. We are given 
that x/(x* + y?) = 33x — 56y and 56x + 33y = —y/(X? + y^), so 


UE ie et 
x+yi xy xb. yt 


= (33x — 56y) + (56x + 33y)i. 


But (x + yi)(33 + 56i) = 33x + 56xi + 33yi — 56y = (33x — 56y) + (56x + 33y)i, so using our expression for —— from 


E 
above, we have 


E = (83x — 56y) + (56x + 33y)i = (x + yi) (38 + 56i). 

x 1 

Hence, A 1 " 33 — 56i 28009 Ser 55 — 561 
(*V) = 354561 - (93: 56)(83 56) — 425 65 


Therefore, [65(x + yi)? = (65x + 65yi) = 33 — 56i. 


Let a = 65x and b = 65y, so (a + bi)? = 33 — 56i. Expanding, we get a* — b? + 2abi = 33 — 56i. Equating real parts 
and equating imaginary parts, we obtain the system of equations 


a’ —b* = 33, 
2ab = —56 
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From the second equation, we have b = —28/a. Substituting into the first equation, we get a” — TA = 33. 


Rearranging, we get a* — 33a? — 784 = 0, which factors as (a? — 49)(a? + 16) = 0, so (a — 7)(a + 7)(a? + 16) = 0. Since a 
is real, we have a =7 ora = -7. 

If a = 7, then b = —28/7 = —4, x = a/65 = 7/65, and y = b/65 = —4/65, so |x| + |y| = 11/65. If a = —7, then 
b = —28/(-7) = 4, x = a/65 = —7/65, and y = b/65 = 4/65, so |x| + |y| = 11/65. In either case, |x| + |y| =| 11/65 |. 


6.57 We compute the first few terms of the sequence: 
msan i 
z,-2z25«4i-2-1-i 
mw -zbti-(-leiyci-1-2i-1-«i--i, 
z;-z4i-(-iri--1l-i, 
zę = z4 +i=(-1 +i} +i=1-2i-1+i=-i, 
and so on. 


We observe that the sequence repeats every two terms beginning with z3. We know that this pattern persists, 
because each term in the sequence depends only on the previous term. We conclude that ziii = z3 = —1 +1. 


Therefore, the distance between 2111 and the origin is |-1 + i| = J/(-1? + 1? = Fi 


6.58 We can produce w? + w3 + w3 by squaring the first given equation, which gives 
wi + w3 + w3 + 2(wywe + wWw3 + W1W3) = 0. 
Solving for wł + w + w3 gives TUN 
Wy + w35 + w3 = —2(w1W» + Ww + Ws). 


Now, we wish to show that wiw: + ws + wwz = 0. We let t = ww» + wws + wiw. We know we'll need to 
use the facts that |w;| = |w2| = |w3| = 1, which we can write as ww; = w»W; = wat = 17 = 1, to get rid of the 
magnitudes. To make use of these equations, we consider tt: 


Et = (Wy We + W»Ws  W4ws)(w4» + W2W3 + wiws) = (wi1» + Ws + W1W3)(W1W2 + W2W3 + 001003) 
= (W1W1)(W22) + Wy (WyW7)W3 + (w1W)w»ws 
+ (w72W72)W1W3 + (w2wW2)(w3wW3) + ww» (w313) 


+ (w1031)t203 + WW»(w33) + (ww1)(wsws). 
We have ww = ww = W303 = 1, so 
ft = 3 + wis + Ws + WIW + QW» + 203 + (115 
=3+ W3(w + t») F wi(wz + w3) + w(wı F w3). 


Since t + wz + w3 = 0, we can write the three expressions in parentheses as —w3, —w;, and —w7, respectively, and 
we have 
tt = 3 — Ww — WIW — WoW. =3—1-1-1=0. 


Therefore, we have |t| = 0, so t = 0, and we conclude that w? + w3 + w = 0. 
6.59 From the equation |a + bil = 8, we get Va? + b? = 8, so a? +b? = 64. 


We are also given that the image of each point in the complex plane is equidistant from that point and the 
origin. In other words, for all complex numbers z, we have |f (2) — z| = |f(z)|. Substituting f(z) = (a + bi)z, we get 
(a — 1 + bi)z| = |(a + bi)z|, which we can rewrite as |a — 1 + bil - |z| = |a + bi - |z]. 


120 


Challenge Problems 


Since this relation holds for all complex numbers z, the coefficients of |z| must be equal, so 


la-l+bijl=la+bil => V(@-1)?+hP=Ve+e => @-1%+P=7+07 > a= 


2 
Hence, b? = 64 — @ = 64 — (1) = EJ 


Can you find a geometric approach to this problem? 


l 
= 


6.60 


(a) Ifz#0, then f(f(2)) xc z = 2 E E. 


(b) The problem asks us to find what curve f(z) traces, so we let w — f(z) and try to find an equation for w 
that doesn't include z. Since w = f(z) = 1/z, we have Z = 1/w. Taking the conjugate of both sides, we get 

Z = 1/w, so z = 1/w. Substituting these expressions into the equation (1 + 2i)z — (1 — 21)Z = i, we get 
lra n deer 


w w 


=i => (14+2)w-—(1—- 20 = iww. 


Let w = a + bi, where a and b are real numbers. Then the equation above becomes 


GLP - SOY a = Ames AE 
(a= 2b) + (2a + B — (a — 20) + Cn + Bi = (2+ Pi 
(4a + 2b)i = (a? + b^yi 
Ae + b? 
pA = dy al 
a — 4a +4 +b? -2b+1=5 
(EE 


UUs 


Hence, it appears that w traces a circle centered at 2 + i with radius y5. However, we must be careful to 
note that w cannot be 0, since there is no complex number z for which 0 = 1/Z. So, w traces the entire circle 


centered at 2 + i with radius V5, except the origin. 


6.61 We have seen the expression a’ + D? arise when computing the reciprocal of the complex number z = a + bi, 
where a and b are real numbers: i 
1 1 mbi a—bi 


z a+bi (a-bi(a-b) Gb 


Thus, it may be possible to express the given equations in terms of the complex number z = a + bi. 


We see that the first equation contains the term a, which is the real part of a + bi. The second equation contains 
the term b, which is the imaginary part of a + bi. Furthermore, the first equation contains the term 257, which is 
the real part of 1/z, as seen above, and the second equation contains the term -zty which is the imaginary part 
of 1/z. 


Hence, by taking the expression in the first equation as the real part of a complex number, and the expression 
in the second equation as the imaginary part, we get 


; a 8b 8a-b\._ . a—bi 8&(b+ai 1 &8(b+ai) 
2+01= (0 775) ( E ae pe 7  qiB' (^) 
SIMI , ONU am TAE 
where z = a + bi. This leaves us with the task of expressing ap im terms of z. 
E ; 1 a-bi 8(b +ai)  8ia—bi)) 8i bes 1 8i 
Since i(a—bi) = b+ai and we gap. Wehave aus ee Thus, we can write (4) LA RE A 


121 


CHAPTER 6. BASICS OF COMPLEX NUMBERS 


Multiplying both sides by z, we get z? + 1 + 8i = 2z. Rearranging this equation gives z? — 2z + 1 = —8i, so 
(z — 1)? = -8i. Hence, we must find the numbers whose squares are —8i. 


Let w = c4 di, where c and d are real numbers and w? = —8i. Then, we have w? = (c +di)?, so c? —d? + 2cdi = —8i. 
Equating the real parts and equating the imaginary parts, we get the system of equations c? — d? = 0 and 2cd = -8. 
From the second equation, we have d = —4/c. Substituting this expression for d into the first equation, we get 


> _ 16 


= a a c-216 > c=+2. 


(We cannot have c = 2i or c = —2i because c is real.) The corresponding values of d = —4/c are *2. (The * symbol 
indicates that d = —2 goes with c = 2 and d = 2 goes with c = —2.) Therefore, the square roots of —8i are 2 — 2i and 
2: 


Hence, z - 1 = 2 — 2i or z — 1 = -2 + 2i, so z = 3 — 2i or z = —1- 2i. The corresponding values of (a, b) are (3, —2) 


and (—1,2). We check that both of these solutions work, so the solutions are (a, b) =| (3, —2) and (—1, 2) |. 
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Trigonometry and Complex Numbers 


Exercises for Section 7.1 


7.1.1 
(a) 


(b) 


(c) 


(d) 


7.1.2 
(a) 
(b) 
(c) 
(d) 


7.1.3 


The real part is 0 and the imaginary part is —32, so r = 4/0? + (—32) = 32. We seek an angle 0 such 
that 32cos 0 = 0 and 32sin = —32, which means cos 0 = 0 and sin = —1. We can take 0 = A SO 


—92:1 =| 32 (cos 37 22 c isin sn) | 


The real part is 2 and the imaginary part is -2, sor = 4/2? + (-2)2 = V8 = 2 V2. We seek an angle 0 such 
that 2 V2 cos 0 = 2 and 2 V2sin 0 = —2, which means cos 0 = 38 and sin 0 = T We can take 0 = m, so 
2-2i- 2 V2 (cos # +isin 22) | 


The real part is 2 V3 and the imaginary part is 6, sor = y (2 N39 + oe = V48 = 43. We seek an M 0 


. such that 4 V3 cos 0 = 2 V3 and 4 V3 sin 0 = 6, which means cos 0 = I and sin 0 = EE We can take 0 — 


so2 V3 + 6i = 4 V3 (cos € + isin 4) ' 


The real part is 1 and the imaginary part is 2 ,sor= y (1/4? + (- N3/4? = 1/4 = 1. We seek an angle 


0 such that i cos 0 = i and i sind = = ae means cos Ü = I and sin 0 = ‘om We can take 0 = m so 


- 8 = =|} (coo 3t + isin x) 


6 cis 150° = 6 cos 150° + 6isin 150° = 6 - (~) + 6i- 4 =|-3 V3 + 31} 


8 cis 3780° = 8 cis 180° = 8 cos 180° + 8isin 180° = 8 - (-1) + 81-0 =| -8]. 


D z = 2cos = + 2isin = = 2s (-1) eu. 3B =|-1 + V3i| 


. 9v2 9Vv2. 
9 cis 3X n = 9 cos 2E + 9isin 7 = ana 298] 


We showed in the text that cis x cis y = cis(x + y) for any x and y, so cis B cis(a — f) = cis[B + (a — B)] = cis æ, 


Ble 


which means “84 = cis(a — f). Hence, we have ? = fee prob — p). 


cis B 
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We also could have tackled this problem as follows: 


7.1.4 
(a) 


7.1.5 


w _ r(cosa+isina) _ r(cosat+isina) cosß-—isinf 


z  s(cosß+isinß) s(cosß+isinß) cosß —isinf 
E: , (cosa.cos poris Poste MEOS US UMSO 


“s cos? f — i? sin? B 
EN . cos(a — EE estas p. r 
s cos? f + sin? f "LAT P 


For the first factor, we can visualize a right triangle with legs 6 V3 and 18. Since one leg is V3 times 
the other, this triangle is a 30-60-90 triangle. Its hypotenuse is twice the shorter side, so the hypotenuse 


is 12 V3. Therefore, the magnitude of 6 V3 + 18i is 12 V3, and we have 6 V3 + 18i = 1248 (1 + + ¥i) = 
12 V3 (cos Z aa isin 2). 

Similarly, a right triangle with legs 2 V3 and 6 is a 30-60-90 triangle with hypotenuse 4 V3, and we have 
-2 V3 4G = 43 (-3 + i) = 4 V3 (cos 2t + isin 22), 

So, we have 


(6 V3 + 18)(-2 V8 + 6i) = (12 V3) (cos = + isin Z 7) & V3) (cos = + isin 7) 


7 2n 2n 
= 48-3 (cos = isin =) (cos = 3 T isin =) 


T 2n Ea 2 
= 144 (cos (2 +=) +isin (2+ =) 
=| —144 |. 


All these computations can be done in your head—find the magnitudes using 30-60-90 triangles, and the 
arguments using your understanding of cosine and sine. Then, multiply the magnitudes and add the 
arguments. 


As in part (a), we use our understanding of special right triangles to find the magnitudes, and our under- 
standing of cosine and sine to find the arguments. Considering 45-45-90 right triangles, we see that the 
magnitudes of the three factors are 4 V2, 3 V2, and 10 V2, respectively. Each has an argument of = for 
some odd k. Since the argument of 4 + 4i must be in the first quadrant, it is 7. The argument of —3 — 3i 
7t T 


is in the third quadrant, so it is ?7. The argument of —10 + 10i is in the second quadrant, so it is 2m 


Therefore, me magnitude of the product is (4 ¥2)(3 V2 (10 V2) = 240 V2, and the argument of the product 
is Z + 2 4 32 = 22, and the product is 


on .. On : 
240 V3 (cos ^7 +1sin =) =| 240 + 24071. 


Since cis 0 = cos 0 + isin 0 and cis(—@) = cos(—@) + isin(—@) = cos 0 — isin 0, we see that cis @ = cis(—0) 


if and only if sin@ = —sin@. But sin@ = —sin@ if and only if sin@ = 0. Finally, sm6 = 0 if and only if 0 is a 


multiple of 7t | 


See if you can also solve this problem geometrically. How are cis 0 and cis(—@) related to the point correspond- 
ing to 1 in the complex plane? 
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-——————— Á——— M—— SS eS SSS he USS 


-3 
5 d 
lécos 0- 20cos' 0 + Sees a = 16 (7) -20( 3 (5. 9 
2 2 2 
cgo ET, SES TON. dog SE TE 
32 8 aaa 7 DE = 2 


Thus, the identity holds for 0 = 30°. 
7.4.7 By de Moivre’s Theorem, cos 70 + isin 70 = (cos 0 + isin 0)’. By the Binomial Theorem, 
(cos 0 + isin 0)! = cos’ 0 + 7i cos$ 0 sin 0 — 21 cos? 0 sin? 0 — 35i cos^ 0 sin? 0 
+ 35 cos? O sinf 0 + 21i cos? O sin? 0 — 7 cos O sinf 0 — isin’ 0. 


We know that this equals cos 70 + isin 76, so equating the real part of this to the real part of the expansion above, 
we find 
cos 70 = cos’ 0 — 21cos? 0 sin? 0 + 35 cos? 0 sint 0 — 7 cos @ sinf 0. 


We want to express this only in terms of cos 6, not sin 0. Substituting sin? 0 = 1 — cos? 6, we get 


cos’ 0 — 21 cos? 0 sin? 0 + 35 cos? O sint 0 — 7 cos O sinf O 
= cos’ 0 — 21cos? 0(1 — cos? 0) + 35 cos? 0(1 — cos? 0)? — 7 cos @(1 — cos? 9? 
= cos’ 0 — 21cos? 0 + 21 cos’ 0 + 35 cos? O(1 — 2cos? 0 + cost 0) 
— 7 cos 0(1 — 3 cos? 0 + 3 cos* 0 — cos 0) 


— |64 cos 0 — 112 cos? 0 + 56cos? 0 — 7 cos 0 |. 


7.1.8 Since cos(90° — 0) = sin 0 and sin(90? — 0) = cos 0, we have 
sint + icost = cos(90? — t) + isin(90? — t) = cis(90° — t), 
so by de Moivre's Theorem, 
(sin t + icos t)" = cis" (90? — t) = cis[n(90° — £)] = cis(90°n — nt). 
Likewise, sin nt + i cos nt = cis(90° — nt). Thus, the given equation becomes cis(90°n — nt) = cis(90° — nt). 


This equation holds for all t if and only if two the arguments differ by a multiple of 360°. In other words, if 
and only if 90?n — 90° = 360°k for some integer k. Hence, n — 1 = 4k, so n = 4k + 1. The positive integers less than 


or equal to 1000 that are of this form are 1, 5, 9, . . . , 997, of which there are | 250 |. 


Exercises for Section 7.2 


7.2.1 


(a) The real part is 0 and the imaginary part is -32, so r = 4/0? + (-32} = 32. We seek an angle 0 such 
that 32cos@ = 0 and 32sin = —32, which means cos 0 = 0 and sin = —1. We can take 0 = sm, so 


-32i = |322] 
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(b) The real part is —8 and the imaginary part is 8 V3, so r = / (-8)? + (8 V3? = V256 = 16. We seek an angle 
0 such that 16 cos 0 = —8 and 16sin 0 = 8 V3, which means cos 0 = -i and sin 0 = 32 We can take 0 = = 


so -8 + 8 V3i = | 1627! | 


2 2 
(c) The real part is To and the imaginary part is L sor = (-2) = (38) = i = t. We seek an angle 
0 such that $ cos0 = -x and t sin 0 = x. which means cos 0 = == and sin 0 = 3B, We can take 0 = on 


SO == + X = EA 
(d) The real part is 2 V15 and the imaginary part is 2 V5, so r = y (2 V15)2 + (2 N59? = N80 = 4 V5. We seek an 
angle 0 such that 4 X5 cos 0 = 2 V15 and 4 N5sin 0 = 2 V5, which means cos 0 = = and sin 0 = Ł, We can 


take 0 = Z, so 2 V15 +2 Vb5i = "meu 
papa 


(aye © = cos4r Wisin4x = "n 


5ni/4 _ NN m 2E 
(b) e =€0s an a mae |: 
(c) emi = p-Sni/3+2ni — gni[3 — cos 2 +isin® = 1 a Se | 


(d) el77i/3 = el7ni/3-4ni = p5ri/3 = cos a nS = = i = E al 


7.2.3 We have e? = cos 0 + isin 0 and e ?? = cos(—@) + isin(-0) = cos 0 — i sin 0. Subtracting the second equation 


i : i E sus : i8. g-i 
from the first equation, we get e? — e"? = 2isin 0, so sing = ==. 


7.2.4 We have 


&' cosx+isinx _ (cosx + isinx)(cos y — isin y) 
eY cosy+isiny (cosy + isin y)(cosy — isin y) 
COS X COS y + sin xsin y + (sin x cos y — cos x sin y)i 


- = cos X COS y + sin xsin y + (sin x cos y — cos x sin y)i. 
cos? y + sin? y Y 4 y d 


We also have 5; = e-”) = cos(x — y) + isin(x — y). Equating the real part of this to the real part of our expression 
above for & gives cos(x — y) = cosxcos y + sinxsin y, and equating the imaginary parts gives sin(x — y) = 


sin X cos y — cos x sin y. 
7.2.5 


(a) By considering 45-45-90 right triangles and our knowledge of sine and cosine, we can see that 8+8i = 8 V2e"'/4 


and —3 + 3i = 3 ¥2e""/4, so their quotient is 8e™/#)-@7/4) = 8e=7i/2 = | —8; |, 


(b) A right triangle with legs 4 V3 and 12 has one leg that is V3 times the other, so it is a 30-60-90 triangle with 
hypotenuse twice the smaller leg, which means the hypotenuse is 2 - 4 V3 = 8 V3. Therefore, —12 — 4i V3 
has magnitude 8 V3. Its argument is the third quadrant angle whose sine equals —}, so its argument is m, 
Similarly, 3 + 3i V3 has magnitude 6 and argument $. So, we have 


-12-4iV3  8V39€7/5  4N3 grilo- _ 4N3 geile - 4V3 | V3 } 2N3. 
3 3 3 i 


343iv3 6eris 
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7.2.6 


(a) First we express 1—i in exponential form. The real partis 1 and the imaginary partis —1, sor = /12 + (-1) 
V2. We seek an angle 0 such that ¥2cos@ = 1 and y2sin@ = —1, which means cos 0 = 3 and sin 0 = — 
We can take 0 = 4,so1—i= V2e7"/4, Hence, (1— i)! = ( V2e77i/4)16 = 289287! = [256 |, 

(b) First we express —2 V3 + 6i in exponential form. The real part is —2 V3 and the imaginary part is 6, so 
= v (72 ¥3)2 +62 = N48 = 4N3. We seek an angle 0 such that 4N3cos 0 = —2 V3 and 4y3sin@ = 6, 


which means cos 0 = —1 and sin 0 = E We can take 0 = 22, so —2 V3 + 6i = 4 V3e"""/5. Hence, 


(-2 V3 + 6i? = (4 V3e2"4/9)8 = 48 . 34g16ni3 — 48 . 34 (-} x X =] -2654208 — 2654208i V3 |. 


7.2.7 We express —3 + V3i in exponential form. The real part is —3 and the imaginary part is V3, so r = 


v (-3)2 + (N39? = N12 = 2 V3. We seek an angle @ such that 2 V3cos 0 = —3 and 2 V3sin@ = V3, which means 
cos = a and sin 0 = 1. We can take 0 = 3E so —3 + V3i = 2 V3e°""/", Hence, 


nik 


(-3 + V3i)" E a = (o V3)" (cos m t isin US 


This is a real number if and only if sin 4 = 0. But sin ?** = 0 if and only if %2 is a multiple of 7, i.e. if 2" = kr 


for some integer k, which means k = 5n/6. Since k is an integer, n must be divisible by 6. 


Conversely, if n is a multiple of 6, say n = 6m, then 
(-3 + v3i)" = (2 ae yen = (2 Voom = (2 Vea! 


which is a real number. Therefore, (—3 + V3i)" is a real number if and only if| is a multiple of 6 


7.2.8 Since dividing one exponential expression by another is easy, we try to show that 


e + eB a — 
3o(a«py2 — COS 2 


Multiplying both sides of this by 2e*)/? will give the desired equation. (This expression cannot be 0 because 
e? + 0 for all angles 0.) 


We see that 
pergo 1 f Tem gh X a2 y uic glo Pe u-ilac I » ( " P) 
2gla*B2 ^ 2 V eilatp)/2 + gila+p)/2 2 = 2 -€085| 5], 


so e^ +e”? = 2 cos (= 2 P) gen 


Exercises for Section 7.3 


7.31 The solutions of x? = 1 are the eighth roots of unity, namely 


14ni/8 


P, ee oe le edrt/8 pum QUE and e 
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The primitive eighth roots of unity are the eighth roots of unity of the form e™™/8 for which gcd(k,8) = 
1. Since 8 = 2°, we have gcd(k,8) = 1 if and only if k is odd, so the primitive eighth roots of unity are 
giril8. p6ri/8 pl0ni/8 ang gMnilS | 

7.3.2 Writing —64 in exponential form, we get —64 = 64e, Therefore, the roots of the equation x = —64 = 26e" 
are 20716 2e37il6 2e57il6 2e7nil6 2¢9ril6 and oollni[6. 


The real part of a complex number is positive if and only if its argument is in the first or fourth quadrant (or 
if the argument is a multiple of 27). The only roots of xé = —64 that have such an argument are 2e/° and 2e!17/6, 


and their product is en a a [4] 


pasci dbrootsobunibyarec = deine ono gaie — gag ports T e Sy eis ee ade Ue 
We compute w + a? for each such root: 
ie. 
T 2E <2 1 . V3 1 ., NO 
ei Pr — cos + isin + cos T + isin t e 144.08 44: = vai 
i DUCERE? Am opa d Toa Mo l o w 
enit eH = cos 2 4 isin 2 + E 8-3-7. Bev, 
-1 + (-1? =0, 
; ; 4n .. 4 Bm o Me IMPER ES 
ATR dli = cos + isin + cos P + isin SE = -2 4 B 144 Beo 
I no 10x... 10 lee ES eas ; 
mL LO a ies lk NEC um 


Thus, the possible values of w + a? are| 2, 0, -1, ¥3i, and — V3i |. 


7.3.4 We tackle both parts at once. 


Solution 1: Consider each of the 12" roots of unity. The 12" roots of unity are the values of e?"*/1? for k = 
0,1,2,...,11. As explained in the text, if gcd(k, 12) = 1, then e?"*/!? is a primitive 12" root of unity. That covers 
k = 1,5,7,11, so there are 4 primitive 12" roots of unity. 


If k = 2, we have e?™/12 = ¢?ni/6, which is a primitive 6" root of unity, since (e?"/°)® = 1 but the argument 
of (e*"#/6)" is between 0 and 27 for 1 € n € 5. The same holds for k = 10, which we can see by noting that 
g2n10/12 — g2ni2/12 /e?ni2/12 — 1 feril6 So, (e2M#10/12)6 = 1, and no smaller positive integer power of e712 equals 
1. So, there are 2 primitive 6'^ roots of unity among the 12 roots of unity. 


Similarly, we find that when k = 3 or k = 9, then we have (e?"*/12)4 = 1, but no smaller positive power of 27/12 
equals 1, so there are 2 primitive 4 roots of unity among the 12" roots of unity. 


We also find that if k = 4 or k = 8, then (e?”*/12)3 = 1, but no smaller positive power of e?”*/12 equals 1, so there 
are 2 primitive 3° roots of unity among the 12™ roots of unity. 


Finally, if k = 6, we have (e?"*/12)2 = 1 but (e?™™/12)! + 1, and if k = 0, then (¢2*/12)! = 1, so there is 1 primitive 
first root of unity and 1 primitive square root of unity among the 12" roots of unity. 


Solution 2: Use a little number theory. Let w be a 12 root of unity. Since w? = 1, there is at least one positive 
integer n such that w” = 1. Let k be the smallest such positive integer. Then w* = 1 and w is a primitive k'^ root of 
unity. 

Let q and r denote the quotient and remainder when 12 is divided by k, respectively, so 12 = kq +r and 
Ozrzk-1. Then w? = œt = 1. But «o = (Wo). w = 1 -wa = œ", sow’ = 1. Butr < k - 1, so r cannot be 
positive. (By definition, k is the smallest positive integer such that w* = 1.) Therefore, r = 0, which means 12 = kq. 
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Hence, k must be a divisor of 12. 


Conversely, if w is a primitive k™ root of unity, where k is a divisor of 12, then clearly w is a 12" root of unity. 
Therefore, the possible values of k are | 1, 2, 3, 4, 6, and 12 |, 


The number of primitive k roots of unity is the number of positive integers less than or equal to k that have 
no positive factors in common with k besides 1. Thus, we only have to compute this for each quantity for each 


divisor of 12. Doing so, we find that among the 12' roots of unity, we have | 1 | primitive first root of unity, 
primitive square root of unity, | 2 | primitive cube roots of unity, | 2 | primitive fourth roots of unity, |2 | primitive 


sixth roots of unity, and |4 | primitive 12" roots of unity. (Note that these account for all1+1+2+2+2+4=12 
12" roots of unity.) 


7.3.5 Letw bea primitive (2m)™ root of unity, sow?" = 1 and w* #1 fork = 1,2,...,2m—1. Then (a?)" = a?" = 1, 
so a? is an m' root of unity. Furthermore, (w?) = w% + 1 fork = 1,2,...,m-— 1, because of our observation above. 
Therefore, a? is a primitive m^ root of unity. 


7.3.6 


(a) Let w = af. Then w” = (a6) = ap = (œ) (8) = 1, so w is a 15 root of unity. 

(b) Letw = af. Let k bean integer such that w* = 1. Then (af)* = a‘ pk = 1. Raising both sides to the power of 
3, we get a?*8** = 1. Since a is a cube root of unity, we have a** = 1, so * = 1. But f is a primitive fifth root 
of unity, so 3k must be divisible by 5. Since gcd(3,5) = 1, we know that k must be divisible by 5. 


Similarly, from the equation a*f* = 1, we get o^*85* = 1. Since £ is a fifth root of unity, it follows that 
a% = 1. But a is a primitive cube root of unity, so 5k must be divisible by 3. Since gcd(3,5) = 1, we know 
that k must be divisible by 3. 

We have established that k must be divisible by both 3 and 5. Since gcd(3,5) = 1, we know that k must 
be divisible by 3 - 5 = 15. Since this holds for any k such that w* = 1, we conclude that k must be a multiple 
of 15. Since w” = 1 and 15 is the smallest multiple of 15, we know that c is a primitive 15" root of unity. 


(We can show similarly that if a is a primitive n'^ root of unity, and f is a primitive m™ root of unity, and 


gcd(m, n) = 1, then af is a primitive (mn)" root of unity.) 
(c) We see that e?”/4 = ei? is a primitive fourth root of unity, and that e?”/° = ei? is a primitive sixth root of 
unity. So, letting a = e”/? and f = e™/3, we have 
ap = e? f IUE = eM/2+ni/3 = eril6. 
Since (a)!* = (g/6)2 = el! = 1, the product af is not a primitive 24" root of unity. 
7.3.7 We need a polynomial whose roots are the twelfth roots of unity. So, we start with the polynomial whose 
roots are all of the 12" roots of unity, namely x? — 1 = 0. Asa difference of squares, we have x!? - 1 = (x$ — 1)(x$ +1). 


We can factor xê — 1 as a difference of squares: xê — 1 = (3? — 1)(° + 1). As a difference of cubes, we have 
8-1 = (x —1)(x? +x + 1), and as a sum of cubes, we have 3? + 1 = (x + 1)(x? — x + 1). 


We can also factor xê + 1 as a sum of cubes, xê + 1 = (x? + 1)(x* — x? + 1). Thus, we have the factorization 


x?-12 (x- Do *- x Dx 1) — x4 1)(8 + DOO - x? 4 1). 


The only quartic factor that could possibly fit the problem is therefore EREEFI 


Proving that this quartic is irreducible is a good deal harder than finding it. Suppose that x* — x? +1 can be 
factored over the rational numbers. First, we identify the roots of this polynomial. To do so, we must identify the 
roots of the other polynomials in the factorization above. 


From our work above, we see that xt — x? + 1 is a factor of x + 1. Since x? — 1 = (x — 1)(x® + 1), the roots of 
xê + 1 = O are the 12^ roots of unity that are not 6" roots of unity. 
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The a roots of unity are e, 27/12, g4ni/I2,..... g2ri/1?. and the 6 roots of unity are e°, 27/6, gine ogag etme. 


Noreguia e812 eaa © qim 12 = gfnife aa so on. Thus, the 12" roots of unity that are not 6 roots of 
unity are e27/12, genit el0ni/12 gini ta. Em 21 e22ni/12_ 


6ni/12 3ni[2 — el97i/12. 


Furthermore, xé + 1 = (x? + 1)(x* — x? + 1). The roots of x2 + 1 = 0 are i = 6/2 =e and —i =e 


Therefore, the roots of xt — x? + 1 = 0 are e?7™/12, e!07i/12 ee? ar quoe 


If x* — x? + 1 factors, then it either factors (at least) as the product of a linear polynomial and a cubic polynomial, 
or as the product of two quadratic polynomials. But each root is nonreal, so there cannot be any linear factors 
with rational coefficients. Therefore, it must factor as the product of two quadratic polynomials. 


If a quadratic polynomial has real coefficients, and it has nonreal roots, then those roots must be conjugate 
pairs. Therefore, the roots of one of the quadratic factors must be &?/? ang e#™/12, But 


Go... 9 nM 
CL sO S cos = + isin y = Bi ub 

; 11x kre v i 
22ni/12 a jllmi/6 _ Sap, eS ee 
e [2 cos em +71sS1n 8 2 2" 


which makes the quadratic 


(- 33-3) (- B+) - (x-) - (4i) =2- d =x? — V8x- 1. 


2g 2 we 2 2 4 


Even if we multiplied this quadratic by a nonzero rational number, we couldn't make all the coefficients rational. 
Therefore, the polynomial x* — x? + 1 is irreducible over the rational numbers. 


Exercises for Section 7.4 


7.4.1 


(a) Since (z + 1)(z2 —z + 1) = z? + 1, the roots'of z? — z + 1 = 0 are the roots of z? = —1 other than —1. Since 


—] =e” is one root of z? = —1, the other roots are e7/*27i/3 =| e?™!/3 | and gni/3:22ni/3 = p7ni/3 — [eril | 


(b) Since (2 — DG +1) = z! — 1, the roots of Z? + 1 are the roots of z" — 1 that are not roots of z° — 1. The roots 
of 710 — 1 are e , enif10 giri T: el8ni/10. The roots of z — 1 are e, eril eril» e 6ni/5 ,and enis. 


Note that egg. = e, gril5 — 2 aa efmi/5 — t e87i/10 e 6ni/5 — = gio ES eomi/5 — = elei/10. Therefore, the roots of 


Poem are ete — Gar 6ni/10 — EH elni/10 — ‘Ek 14ri/10 — eril and e187i/10 = 


(c) The polynomial z° + 1 factors as (z + 1)(z* — z? +z? -z +1). The only root of z° + 1 that is real is —1, so the 


degree 4 polynomial whose roots are the nonreal roots of z^ + 1 is [4—2422-z41| 


(d) First, the polynomial x” +1 factors as (x+ 1)(x$ —x° +x4 —x? +x? —x+1), so the roots of x6 -x° +x4 -x° x2 - x 41 
are the roots of x” + 1 other than -1. 


From here, we can either find the roots of x” + 1 using the the same echnque as in part (a), 2 we can be 
a little T We'll show the clever approach here. Since Um. - Do + Uic = x^ — 1, the roots of x” + 1 are the 
roots of x!4 =i that are not also roots of x” — 1. The ine ofzl* — 1 are e, e2ni/14 giniflá ^ — Q26nifl4 The roots 
of z/ — 1 are e, erit? Anil? it eril. Note that e = =æ, gri" — gini gil? = eu — e ril? - getrill 
Therefore, the roots of z/ 4 1are gil = eri gerill4 — = gi, gloria = gu "e; e26ni/14 = eoi[7. 


7ni/7 


Finally, —1 = e"! = £777, so the roots of xê — 3? + xt - x? + x? - x +1 = 0 are 
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7.4.2 The roots of x? — 1 = 0 are the 13" roots of unity, namely 1, w, &?, ..., w. Also, the polynomial x? — 1 


jtm 
factors as x * — 1 = (x — D)(x + x!! +.. +x +1). Hence, the roots of x? +x"! +- +x £12 Qare w, w,...,w, 
which means 


(x= w(x- w) (x-0 P= xP txr EXP 
Taking x = 1, we find (1 - w)(1 - w)---(1-!?) =[13} 


7.4.3 Putting the expression over a common denominator, we get 


30 1  z9 210.280 4 270 2100 1 31 z29 + 28 + 260 + 780 4 7100 


1 
50 
+= tz” +- 
730 750 750 750 


1 
et 
Z 


From the formula for a geometric series, the numerator is equal to 


20 , „40 , „60 aul 
dec eee ee S 
z20—-] 

Since z” = 1, we have z!0 = 7277741 = (777.5 = z, 220 = 22746 = (772.26 = 76, and 29 = 27741 = (27) -z =z, so 


p ~ £z0G9-1)  zG5-1 Z-z l-z -G-1) 


Pe ee 4-780- - 7100 z -1 z-1 z-1 z-1  z-1 


We also could have made reductions in the powers of z before summing the geometric series. We have 
270 = (z’)?z° = z5. Treating the other powers of z similarly gives 


1 +270 + 28 + 7 4 289471 1 4284794274423 +27 
50 7 z l 


Because z is a seventh root of unity besides 1, we have zê 4 2 +74 +23 +z? +z +1 = 0, so zf +75 +z +2 +22 +1 = -z, 
which means the fraction above equals —z/z, which is —1. 


744 Letk-£- ? =" Tenk =e b -£=1,sokis a cube root of unity, i.e. k = 1," ore ED 


We can write b and c in terms of a by noting that c = ka and b = kc, sob = Ka. We then have (a+ b —c)/(a —b- c) = 
(a - Za — ka)/ (a - a - ka) = (1 +k? -k)/(1 - k? +h). This is easy to compute for one cube root of unity; for k = 1, this 
expression equals 1. We could pound it out for each of the other cube roots of unity, but instead we can make a 
clever simplification. If k is a cube root of unity besides 1, then we have 1+k +k? = 0,s01+k = -k* and 1+% = —k. 
Making these substitutions in the numerator and denominator of the fraction give 


1+h-k (1+¥)-k_ -k-k 1 


lesk C ae Fe y 


Since k is a cube root of unity, we have K = 1, so 1 = K. Therefore, the other two possible values are the squares 
and (e 


2 = etil AAE = UE = UE 


of the primitive cube roots of unity. But (e , Which means that our other 


two possible values are the cube roots of unity. 


are| 1, -À + = and -1 - 3 


a+b—c 
a—b+c 


Therefore, the possible values of 
We also could have simplified the solution even more with the observation that a = kb, b = kc, and c = ka, so 


a+b-c | atb-c a+b-c 1 E " 


a—-b+c kb—ket+ka Ka+b—-c k k 
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7.4.5 We compare the polynomials x? + x* + x? + x + 1 and xf + x? + x? + x + 1, because both polynomials are the 
sum of five powers of x, and both have several terms in common. In fact, their difference is (x + x* + 3Ó + x + 1) - 
(xt +x +x +x +1) =x’ — x, which factors as 


x? — x? 2x(-1)2x'(x-1)Q 428 €x 4x41) 


Therefore, 
Ge oe ete ee ey (os ees 
= (x4 +E +L +x el) ce Ge ee ee 


= (42° (x 4x41) ¢ C0 — 2 )x4 4+ 42° +241) 
=GP SO RINGS dere ee x 


d 18 _ 2 
7.4.6 Sincel+x+x?+---+x!7 = <1, we can write 


2 
P(x) —) eee p.lxX*-2x7*1 ay 


x-1 ^ (x-1p ^ x-2x41 
P NE O a7 B Oem ey) a 
x-2x-41 x-2x-41 


(o xc-xbeeÉxy-x- ( 


The numerator factors as x% — xl? — x!7 +1 = x? (x7 — 1) - (x7 — 1) = (x? - 1)(x — 1), so 


436 — x9 2 X17 +1 x9 —1 x7 4 
= —— A 2 
x?—2x-41 x-1 x-1 


The roots of (x? — 1)/(x — 1) = 0 are the 19 roots of unity other than 1, and the roots of (x7 — 1)/(x — 1) = 0 are 
the 17* roots of unity other than 1. Hence, the aj, in some order, are equal to 


NE LO CES 
12 02. 17 19° 197 19' 
The smallest five a; are a, = 1/19, a» = 1/17, a3 = 2/19, a4 = 2/17, and a3 = 3/19, so 


1 1 2 2 3 159 
Oi Gags a MO 17 19 323 | 


Review Problems 


7.33 In each part, we are asked to convert a rectangular form x + yi to a polar form r(cos 0 + isin 0). As described 
in the text, this is equivalent to converting the rectangular coordinates (x, y) to the polar coordinates (r, 0). 


(a) We haver = ,/(-9)2+02 = V81 = 9. We seek an angle 0 such that 9 cos @ = —9 and 9 sin = 0, which 
means cos 0 = —1 and sin 0 = 0. We can take 0 = st and express —9 in polar form as [9cis] 


(b) Wehaver = \/( V6 + (V2)? = V8 = 2 V2. We seek an angle 0 such that 2 V2cos 0 = V6 and 2 V2sin 0 = 


V2, which means cos@ = £ and sin@ = +. We can take 0 = 7 and express V6 + V2i in polar form as 


E 
2 V2 ds 7 l 


132 


Review Problems 


(c) Wehaver= V8? +8? = V128 = 8 V2. We seek an angle 6 such that 8 VZ cos 0 = 8 and 8 V2 sin 0 = 8, which 
means cos 0 = E and sin 0 = 3E . We can take 0 = 7 and express 8 + 8i in polar form as | 8 V2 cis - 


(d) We haver = vf -m eu = vise . We seek an angle 0 such that 22 aoe = =t ; and = sin 0 = -i, 


which means cos 0 = -— and sin 0 = i We can take 0 = ?* and express -1 — "m in polar form as 
X8 m | 
cis == 
: 4 


7.34 


(a) We have 4cis 120° = 4cos120? + 4isin 120° = 4- (-1) +4 


(b Wehave } 5 cis 315° = l cos 315? + lisin315* = 1.4 + H-( 
(c) We have 8cis Z = 8cos? + 8isin = = 


(d) We have 20cis 977 = 20 cis n = 20cos n + 20isin n = [-20]. 


7.35 We have cis 0 = e” and cis20 = e??, so the given equation becomes e? = £??, Dividing both sides by e? 
(which is never 0), we get e? = 1. Then cos 0 + isin 0 = 1, so cos 0 = 1 and sin 0 = 0. Hence, the solutions in 0 are 


integer multiples of 27 |. 


We also can tackle this problem by noting that cos 0 + isin 0 = cos 20 + isin 20 if and only if cos 0 = cos 20 and 
sin 0 = m 20. From the latter equation, we have sin 0 = 2sin 0 cos 0, from which we find that either sin 0 = 0 or 
cos 0 = 


If cos 0 = 3, then coole esce eh bem -i, so cos 0 = cos 20 is not satisfied. 


If sin 0 = 0, then 0 = kn for some integer k. If k is odd, then cos 0 = —1 and cos20 = 1, so we cannot have 
cos 0 = cos 20. If k is even, then cos 0 = cos 20 = 1. So, we have cis 0 = cis 20 for even multiples of 7, as before. 


7.36 By de Moivre's Theorem, we have 
(cos 0 + isin 0)” = cis” = cis 750. 
Since | cis 750| = 1, if cis 750 is a real number, then it must be equal to 1 or -1. 
But cis 750 is equal to 1 or -1 if and only if 750 is a multiple of 180°, i.e. 750 = 180°k for some integer k. Then 


| 180°k  12*k 
-7353 5 


Thus, for 0 to be an integer (in degrees), k must be a multiple of 5. Let k = 5t. Then 


12° - 5t 
gs Ssh 
5 
The angles 0 of this form in the range 0° < 0 < 90° are 0°, 12°, 24°, 36°, 48°, 60°, 72°, and 84^ |. 


7.37 
(a) Wehaver = 4/24? + (-24y = 24 v2. We seek an angle 0 such that 24 V2. cos 0 = 24 and 24 N2 sin 0 = —24, 


which means cos 0 = E and sin 0 = =A We can take 0 = m, so 24 — 24i = | 24 V2e7™’4 | 
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2 
(D We have r= y (48) +44 = (Bo ES We seek an angle @ such that 53$ cos @ = $9 and 848 sin@ = 4, 


which means cos 0 = 1 and sin 0 = E We can take 0 = £, so iH 3 = EA 
7.38 


(a) e? = cos % + isin # = EI 
(b) cO NMDME S -|-3 V3 - 3il. 
7.39 We see that e? = cos(—@) + isin(-0). But 


po 1 .. .  €os0-isnO ^ ^  cosO-isinÜ _ $ nO 
~ ef? ~ cos@+isin@ (cos@+isin@)(cos@—isin@) cos? 0 + sin? 0 


Equating the real parts and equating the imaginary parts, we find cos(—@) = cos 0 and sin(—@) = — sin 0. 


7.40 Letz = re? =rcos@+irsin@. Then Z = rei? = 7. ei? = re? so 
gp? gi 
= |e +e] = | cos 20 + isin 20 + cos(—24) + isin(-20)| 


mu om 
= |cos 20 + i sin 20 + cos 20 — isin 20| = 2| cos 20]. 


nls 


Thus, the given equation becomes 2| cos 20| = ¥3, which means cos 20 = ES or cos 20 = — 


If cos20 = iE then 20 = 2nn + 7 = (nee or 20 = 2nn + — Uz = = em for some integer n, so 0 = cL Or 
(12n+11)n 
m s 


If cos 2 -— then 20 = 211 + sg = Qietum or 20 = 27n + a = (durin for some integer n, so 0 = Id Or 
(12n+7)n 
ie: 


Therefore, the solutions are of the form | re“2"tV7/12, ypel(12n+5)ni/12 pp(lan+7)ni/12 and yell2n+l)ni/12 | where r is a 


nonnegative real number and n is an integer. If we relax the restriction that r be nonnegative, then all solutions 
are of the form re(2"*))7#/12 or pe(l2n+5)ni/12 since we have 


(12n+1)ri/12 (12n45)ni/12 


ge (27 miI2. — y ( ereinen) M Sind gg 12n11)nif12 _ y (cuz grina) zay 
7.41 
(a) First, we express -} aS li in exponential form. We have r = y( (£7 -1) 5. We seek an angle 
0 such that 1 5 cos 0 = = and i 5sin@ = -i which means cos 0 = > X sin 0 = -i . We can take 0 = uz, so 


B 1;_1 m oie 


4 a 2 
8 8 
(3-2) = o is = lin — xí 1 +i) p eo. 


2 28 Doo gc C se Sm 


We also could have tackled this part by taking 0 = —¢ in the exponential form of ae — Hi. Then, we have 


8 
e 5 = (Jems) = hec = one = ( 1 £) ZU NER 


—-- -5 + — —— +——i| 
4 4 2 28 28 Pe (mo gj S" 
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(b) First, we express —3 V¥3-3i and 14 V3iin exponential form. For —3 ¥3-3i, we haver = 4/(-3 v3 3 + (-3)* = 
V36 = 6. M seek an angle T such that 6cos 0 = —3 V3 and 6sin@ = —3, which means cos 0 = == and 
sin 0 = —5. We can take 0 = Z£, so —3 V3 — 3i = 6e7ri/6. 


For 1 + ¥3i, we have r = y 12 + (v3)? = 2. We seek an angle @ such that 2 cos 0 = 1 and 2sin@ = V3, 
which means cos 0 = i and sin 0 = E We can take 0 — 2 so 1 + ¥3i = 2e7/3, Therefore, 


E _ 28 7ni/68 8 ,287i/3 
7.42 
(a) By de Moivre's Theorem, we have cos 50 + isin 50 = (cos 0 + i sin OP, so 
cos 50 + isin 50 = cos? 0 + 5i cos* 0 sin 0 — 10 cos? O sin? 0 — 10i cos? O sin? 0 + Scent ae 0 +isin? 0. 


This time, we equate the imaginary parts, to find 
sin 50 = 5cos* 0 sin 0 — 10 cos? 0 sin? 0 + sir? 0. 
Substituting cos? 0 = 1 — sin? 0, we get 
5 cos! 0 sin 0 — 10 cos? O sin? 0 + sir? 0 = 5(1— sin? 0? sin 0 — 10(1 — sin? 0) sin? 0 + sin? 0 


= 5(1 — 2sin? 0 + sin 0) sin 0 — 10(1 — sir? 0) sin? 0 + sin? 0 
= 5sin 0 — 10sin? 0 + 5sin? 0 — 10 sin? 0 + 10 sin? 0 + sin? 0 


- |16sin? 0 — 20sin? 0  5sinO |. 


(b) Suppose that there is a aes: me such that f(sin 0) = sin 46 for all 9. Taking 0 = £, we get f(sin 2) = sin 47, 


or f( 48) = = . Taking 0 = =, we get f (sin zn) = = sin E, or f( 8) = 3E But f( 5 cannot be two different 
values, so no sum function 5 exists. 


7.43 Letw=e™ and z =e", so wz = e"! = —1 and |w] = |z| = 1. Also, 
i 1 Ju 1 
w +z = els 4 eh — & x) + (-3+ me i) = V3i, 


which is not real, so part (a) is not necessarily true. We claim that w + z is either real or pure imaginary. 


To show that (b) is true, we write w and z in exponential form. They have the same magnitude, so we can 
express them as w = re”? and z = re/?. Therefore, wz = r?e 0*9) = 7?(cos(0 + @) + isin(0 + ¢)). This is a real number 
if and only if sin(@ + $) = 0, which is true if and only if 0 + @ = kn for some integer k. If 0 + @ = kn for some 
integer k, then we have 


w +z = r(cos 0 + isin 0) + r(cos $ + ising) = r(cos 0 + cos(kr — 0)) + r(sin 0 + sin(kn — 0)). 
This means that 


Re( + z) = cos 0 + cos(kn — 0) = cos 0 + cos(krt) cos 0 + sin(k7) sin0 = cos 0 + cos(kr) cos 0, 
Im(w + z) = sin 0 + sin(kn — 0) = sin 0 + sin(krt) cos 0 — cos(k7) sin 0 = sin 0 — cos(k7) sin 0, 


where the last step in each line uses the fact that sinkzt = 0 for all integers k. Therefore, if k is odd, we have 
cos(kn) = —1, so the real part of w + z shown above is 0. If k is even, we have cos(kz) = 1, which means the 
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imaginary part of w + z shown above is 0. In either case, we see that | w + z is either real or pure imaginary |, as 


claimed. 


7.44 First, we express —4 V2 + 4 V2i in exponential form. We have r = y (-4 V2)? + (4 V2)? = 8. We seek an d 
0 such that 8cos 0 = —4 V2 and 8sin 0 = 4 V2, which means cos 0 = I and sin 0 = E We can take 0 = sa , SO 
=ál V2 2+4 V2i = = geinil4 — Perils, 


We can now write the equation as z? = 23e9"/4, Letting z = re?, we have Pe*? = 2363/4, so r = 2. Solving 


310 = 371/4 gives us z = as one solution. To find the other two solutions, we note that for any cube root of 
unity w, we have (2we™/4)? = Ba%e7/4 = 2337/4 because w = 1. Therefore, 2we™/* is a solution to the original 
equation for each cube root of unity w. We’ve already found the solution corresponding to w = 1. The ones 


s. . H H . ] H . 2 . 
corresponding to w = e 9/9 and aere Je" Suet?) ool | and Dene (pue go 


; 1+z — l+cos@+isind 3 3 : 
7.45 Solution 1. We have 45 = 4165555577. We rationalize the denominator, to get 


1+cos@+isin@ (1+cos@)+isin@ (1—cos0) 4 isinO 
1-cos0-isinO (1-cos0)-isinO (1—cos6)+isin@ 
_ (1 € cos (1 — cos 0) - sin’ 0 + i(sin 0 + cos O sin 0 + sin 0 — cos 0 sin 0) 
(1— cos 0 + sin? 0 
| .1-cos?0-sin'0-2isinO 2isin0 isin 0 
~ 1-2cos0+cos20+sin?0 2—2cos@ 1—cosd 


— 1-cos8 isin @ : 8 
From the half-angle formula for tangent, we have tan 2 = 1-6958 , go {808 = icot Ê. 
ig MS. " 5 j0/2 | 5—10/2 
Solution 2. We have ; = = ie. Dividing both the numerator and denominator by e'?^?, we get i Lre” tea = SOR pT. 
j Do ee m a EE giü/24e-i02 _ 2cos$ o 
Since cos 5 = z and sin 7 = 57, We have £x = ES =icot3 
7.46 


0 Bf Qe "e g- niin 


a) Solution 1. The n'^ roots of unity are e°, e , so their product is ef, where 
(a) y P 


Ari ] 2(n-1)»pd  2mi 2 -1 
Spat eg M ur D Mut T L = (nr 
n n n n n 2 
If n is even, then (n — 1)z is an odd multiple of 7, so e = elt It! = _1 and if n is odd, then (n — 1)z is an 


even multiple of 7, so e$ = e"-)™ = 1, So to summarize, the product of the n™ roots of unity is —1 if n is 
even, and 1 ifn is odd. 


Solution 2. In the text, we proved that if w is an n'^ root of unity, then so is L, Thus, the n roots of unity 
can be paired so that the product of the numbers in each pair is equal to 1. The only roots that cannot be so 
paired are 1 and —1, because they are their own reciprocals. 


If 1 is odd, then —1 does not appear among the n" roots of unity, so in this case, the product of the roots 
is 1. However, if n is even, then —1 does appear among the n*® roots of unity, so in this case, the product of 
the roots is -1. 


Solution 3. The n*^ roots of unity are the roots of the equation x" — 1 = 0. Letting r1, r2,...,1, be the roots, we 
can write the equation as (x — ri)(x — r2): +: (x ^ rn) = 0. In the expansion of the left d the only constant 
term decus when we take the —r; from jum factor, giving us the product (-1)" rir --  r,. Since the constant 
term in x” — 1i Bo —1, we have (-1)"n1r2°- = —1. Therefore, the product of the roots is (— 1)!-", Hence, the 
product of the n*' roots of unity is —1 us n is even, and 1 if n is odd. (This approach is essentially equivalent 
to letting x = 0 in the factorization x” — 1 = (x - r)(x 7 r2) +: (x — %).) : 


Review Problems 
SS SSS ss SS 


(b) We take a cue from Solution 2 of part (a). We know that the n' root of unity e7"/" is primitive if and only 
if gcd(k,n) = 1. But 
1 LUUD 


= vues 


qo2 rin = qekni/n 
and if gcd(k, n) = 1, then gcd(n — k,n) = 1, so zx; is also a primitive n'" root of unity. Thus, the primitive 
1^ roots of unity can be paired so that the product of the numbers in each pair is equal to 1, and again, the 
only exceptions are 1 and —1. 
We see that 1 is a primitive n™ root unity only for n = 1, and -1 is a primitive n" root of unity only for 
n — 2. Hence, the product of the primitive n'^ roots of unity is 1 for all n + 2, and —1 for n = 2. 


7.47 
(a) Letx be a root of x") + 1, so x2") +1 = 0. Let x2 = —x1. Then 


Oa =s (=a =] = =a == =a 4 1) = 


2n+1 


so x? is a root of x^"*! — 1. Hence, the roots of 3?"*! + 1 are the negatives of the roots of x*"*! — 1. 


(b) If x? = —x;, then geometrically, xz is the reflection of x; through the Im 

origin in the complex plane. (Alternatively, we can say that x2 is a 180° 

rotation of xı about the origin.) In addition, the roots of x?"*! — 1 form 

the vertices of a regular (2n + 1)-gon, as do the roots of x?"*1 + 1. Since 

(x?**1 — 1)(x?*1 + 1) = x*'*? — 1, the two sets of roots together form the 

vertices of a regular (4n + 2)-gon. Re 
As an example, we plot the roots for n = 2. The roots of x° — 1 are 

marked by a dot, and the roots of xX + lare marked by a diamond. 


748 Let w = re? in exponential form. Let zp = r!/^e(0*2&9i/^. for 1 « k <n. Then 


= [pee (0-2kr))i iQ ,2kni 


zi = re Sp o c. 


Hence, Z1, Z2, ..., Zn are the n roots of z” = w. These roots all have the same magnitude, and their arguments are 


Oxon , 25, ae nn, which form an arithmetic sequence with common difference 2. Therefore, the roots form 


the vertices of a regular n-gon. 
7.49 First, we express 1 + V3i in exponential form. We have r = / 1? + (V3)? = 2. We seek an angle 0 such that 
2cos 0 = 1 and 2sin @ = V3, which means cos 0 = 1 and sin 0 = 3m We can take 0 = 4, so 1 + V3i = 2/5, 

Then x19 + iyi9 = (2e775)? and xo + iyo. = (22/5)?! We could use these equations to find x19, 19, xo1, and yo 
individually. But instead, we'll show a slicker solution. We don't need to find each of these values; we are only 
asked for x19491 + x91 19. This expression will appear if we take the product of the equations x19 + iy19 = (2089) 
and X9; + ijg1 = Gee)" This product gives us 

(x19 + iyi9)(xo1 + iyor) = (2677/5110, 
Expanding the left side gives us 
(X19 + iy19)(Xo1 + iyo1) = x19Xo1 + iX191/01 + ixo1y19 + ? yigyor = (X19X01 — yi9yo1) + i(xi9yo1 + Xo119)- 


Thus, x19491 + Xo1)19 is the imaginary part of (OLED = ONY MCS = oM (-4 $ 3i) = —210 , 7109 43i, so the 


answer is k — 109 | 


7.50 Letz 2x4 yi. Then & = e+" = e -eY = e'(cos y + isin y), so & = e*(cos y — isin y). Also, e* = e=} = ee" = 
e*(cos(—y) + isin(—y)) = e*(cos y — isin y). Hence, e* = é. 
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7.51 


2a ear ee +2 Ce aaa 
2 F 4 4 


(a) cosh? x- sinh? x = ( za 


(b) We have sinh(x + y) = —— ,and 


e—-e* e+e P e cle* gl—gy 


sinh x cosh y + cosh x sinh y = 3 3 > 5 

EU qp pip gE EU EY EY gN 

z ———————————— 4 ———————————— 

4 4 

DEU = eg gT 

a ae OS 

Hence, sinh(x + y) = sinh x cosh y + coshx sinh y. 
x EXIT $ Q 
(c) In general, we have tanhx = $= = me sinh so tanh(x + y) = er. We have an identity for 


sinh(x + y); let's see if we can make one for cosh(x + y). We note that the identity for sinh(x + y) looks a 
lot like the identity for sin(x + y). Maybe the identity for cosh(x + y) will look a lot like the identity for 
cos(x + y). Let's write cosh(x + y), cosh x cosh y, and sinh x sinh y and see if we can relate them: 


+y 4 pty) 
cosh(x + y) = ll ils 


ae 
— oe ee ce 
cosh x cosh y = 703 
£g —g* gi —-gW gg era gon) 
sinh xsinh y — - E = = E 


Sure enough, when we add cosh x cosh y and sinh x sinh y, we get cosh(x + y). So, we have 


7 : ; sinh x sinh y 
sinh(x+ y) _ sinhxcoshy+coshxsinhy _ coshx * cony _ tanhx + tanh y 


cosh(x + y) coshxcoshy+sinhxsinhy 14 Simbxsinhy ^ 14+ tanhxtanh y` 


cosh x cosh y 


tanh(x + y) = 


(d) We have sinh x + sinh y = ="#2=*"' and 
x4 x- (x+y)/2 — p-(xty/2 gx-2 4 e-c(x- I2. — ex 4 gy — eY — ge7* 
2sinh — 7. cosh +" 2 0: 59x Tl ee w ^ à3a—- 
2 2 2 2 
Hence, sinh x + sinh y = 2sinh c cosh =" 


7.52 Let f(n) = x" + y^. First, we a x and y in exponential form. We see that x = —} + 4B; = = cos% + 


isin 2t = æi’, and y = —1 — Xj = cos + isin = AM, Then x3 = gni = 1 and = e" = 1. nm 
Ge ap umm. z +y"- yp =x" +y" = f(n). This tells us that f(n) = f(0) if n is divisible by 3, f(n) = f(1) 
if n is one more than a multiple of 3, and f(n) = f(2) if n is two more than a multiple of 3. Therefore, we only need 
to check f (0), f(1), and f(2). 


We see that f(0) = x? + y° = 2, and f(1) = x + y = —1. To compute f(2), note that x? = e*™/3 = y, Therefore, 


f(2) =x +4 = y+ =y +x = f(1) = -1. Hence, f(n) = -1if and only if| n is nota multiple of 3 | 


Challenge Problems 


7.53 The polynomial z? — 1 factors as z? — 1 = (Z° — 1)(2f + z? + 1). Hence, the roots of z° + z? + 1 are the ninth 
roots of unity that are not cube roots of unity. 
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l The ninth roots of unity are cis 0°, cis 40°, cis 80°, . . . , cis 320°. The cube roots of unity are cis 0°, cis 120°, and 
cis 240°. The only ninth root of unity that is not a cube root of unity, and whose argument is between 90° and 180°, 


is cis 160°, so the answer is 160° |. 


754 Since x -1z (x- 1)(x* +x +x? +x+41), andz z 1, z must satisfy the equation z* +z? +z? +z +1 = 0. Then 
zl? + 216 4 717 4 718 4 719 zc tztz 427° -vz =1-0=0. 
Similarly, each 5 consecutive terms in the sum add to 0, leaving only z?? = Gl 


7.55 We factor the first two terms and the second two terms to write the equation as z*(z> + 8) — 2i(z? + 8) = 0. 
pet We en factor more, to get (z* — 2i)(z? + 8) = 0. Therefore, the solutions to the equation are the solutions of 
zur and" = =e 


Since 2i = 26/2. the solutions to z* = 2i are the four numbers of the form 2/4 qye™/8 where w is a fourth root of 
unity. The fourth roots of unity are 1,£"//2, e, £152. So, the four solutions to z* = 2i are given by the four complex 


numbers V2e7#/8 Voginil. ogni 2137/8 | 


Since —8 = 8e™, the solutions to z? = —8 are the three numbers of the form 2we™/ 3, where w is a cube root of 
unity. The cube roots of unity are 1, e?™/3, e*1i/3. so the solutions to z? = —8 are | 22/5, 2e™ , 26°71 | 


7.56 The argument of the complex number z = 1 + 2i is 0. Then 
2 = (2) = mene 
zt = (2) =(—3 + 4i) =9 — 24i — 16 = —7 — 24i, 
z8 = (z‘)? = (-7 — 24i)* = 49 + 336i — 576 = —527 + 336i. 


Since the real part of z? is negative and the imaginary part is positive, 80 lies in the | second quadrant | 


7.57 Wecan rewrite the given equation as z?+274+27341=0. Since z? — 1 factors as 
sr Ile Ie essen 1 
the roots of z? + zé + z? + 1 = 0 are the 12" roots of unity that are not cube roots of unity. 


The 12'™ roots of unity are e, e?™®/12, - giis ee"? The cube roots of unity are e, e?™!/3 = e87i/12, and 
efti/3 = g16ni/12 Therefore, the roots of z? + zé + z? + 1 = 0 are 


QU gem p glane quU QE QE. guess and g?2ri/12 | 


7.58 Since (x-— 1)(x? + x + 1) = x? — 1, the roots of x? + x + 1 = 0 are the cube roots of unity other than 1. Let these 
roots be a and f. 


Let f(x) = x?" +1 + (x +1)". Then by the Factor Theorem, f,(x) is divisible by x^ + x + 1 = (x — a)(x - B) if and 
only if f,(a) = fu(B) = 0. We see that f(a) = a?" +1+ (a + 1)”. Since à? + a +1 = 0, we have a? = —a - 1, so 


(a + 1Y" = ((a + 12)" = (à? + 2a +1)" = (Ca- 142a 4 1)" = 0", 


SO 
fila) = à" +1+ (a 1) Za?" +1+a" =a" e a" 1. 


This is a familiar form; if we let y = a", we have y? + y + 1, which equals I if y #1. So, if a" #1, we have 


DT 
m 


fala) = 
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If a” = 1, we have f,(a) = a?" +a"+1=14+1+1=3,s0 a is not a root of f,(a) if a" = 1. Since a is a primitive 
cube root of unity, we have a” = 1 if and only if n is a multiple of 3. 


If n is not a multiple of 3, then a" + 1, and f,(a) = e However, because a is a cube root of unity, we 


have a?" = (a°)" = 1" = 1, so f,(a) = 0, which means a is a root of f,(a). Notice that nothing in this argument 
depends on which primitive cube root of unity a is, so we have shown that both roots of x? + x + 1 are roots of 


x7" +1 + (x +1)” if and only if| n is not a multiple of 3 |. 


7.59 Let w=2z,soz = w/2. Then 


3227 + 1625 + 82? + 4z* + 2z + 1 = (22) + zy! + (zy? + (2z + 2z - 1 =w +w +w +w xw 1. 


Since wô — 1 = (w — 1)(w? + w^ + w? +w? +w + 1), the roots of u? + wt + w? + w? +w +1 are the sixth roots of unity 
1,2ni/6 1,4ni/6 1,6ni/6 1 ,8ni/6 
me ur NIMM oe 


other than 1. Hence, the solutions in z are i 


, and że 


7.60 A complex number z is real if and only if z = Z. Since x is a root of unity, we have |x| = 1, so x = 1/x. 
Similarly, y = 1/y. Then 


—— k k k 
Gr yE-Geyr- (+2) - (=) = SP =e wh 


where x* = 1 and y* = 1 because x and y are k™ roots of unity. Since (x + y) = (x + y)*, we know that (x + y)* is 
real. (See if you can find a geometric approach to solve the problem!) 


7.61 To evaluate the given sum, we pair the terms. Let 1 < k < 1996. Then 


a a HU a ee ea 
e ~ 14 wk — (a) 997K) — 1 wk + 1997 + 01997 2 ak + Gyl997-k 07 
Hence, 
1 1 
+ = iL 
1l+o 1 + 41996 
ac 
Jem 2 “ens n 
w 
T ee oe 
1 1 E 
roe ES í 
and 
——— € 
eo E ILI» 
Therefore, 
1 1 1 1 [1997 
+ ee c es | 
l+w 1+? 1 + 91997 998 piss 


n 


7.62 Note that |z;44| = = E = 1 for all 1 2 0. We are given that |zo] = 1, so |z,| = 1 for all n > 0. Then 


EN a E oza ~ a. Hence, 


iz, 
Z 


nil = Sse os Za 
Zn 1/Zn 
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for all n > 0. 
Then 
Zy um 
"uc n = NEY by 
f= = i(—iz0) 12, 
zy (ie iz 
and so forth. In general, we see that z, = —iz? for all n > 2. Hence, the equation z2995 = 1 becomes 


. 92005 
iz, =] 


22005 


orz? = i. This equation has 27 roots, so there are | 225 | possible values for zo. 


7.63 The recursive definitions we are given for 4,4; and b,41 have the form of the angle sum and angle difference 
identities for sine and cosine. We consider taking advantage of this by letting a and f be a sine or cosine, but then 
we note that a and f can be greater than 1 or less than —1. But thinking of sines and cosines leads us to complex 
numbers, which also produce expressions of these forms. 


We let z = a + Bi, and let z, = a, + b,i. Then 
ZZpn = (a + pi) (as SP byt) = Aan + ab,i t pani T pb, = Og me pb; + (Ban + ab,)i = An+1 + bai = Zn41- 
Also, zı = a + Bi = z, so Zn = z" for all positive integers n. 


If 41997 = a1 and by997 = by, then z197 = z1. Since Zy = z” for all integers n, we must have z? = z. Rearranging 


gives z9? — z = 0, which factors as z(z1? — 1) = 0. Hence, there are 1997 possible values of z = a + fi, namely 0 
and the 1996" roots of unity, which means there are | 1997 | possible pairs (a, f). 


7.64 By de Moivre's Theorem, we have cos n0 + isinn@ = (cos 0 + isin 6)". But by the Binomial Theorem, 
(cos 0 + isin 0)" = cos" 0 + (T) cos"! sin 0 — b cos? Ø sin? 0 — (3) icos'? sin? 9 +--+. 
Equating the real parts and equating the imaginary parts, we get 
cos nO = cos" 0 — (2) cos’ * Q sin? 0 4----, 
sinnô = (0) cos"! @ sin 0 — (2) cos"? sin? O+. 


Now, we can tackle tan n0: 


1 


sinn@ _ (3) cos Osin (co sin’ Qe 
cosnÓ - cos” 0 — (3) cos"? 0 sin? 0 +--- i 


tann = 


Dividing the numerator and denominator by cos” 0, we find 


() cos 9 sin 9 - (8) cosina (iB - (iR ess (ano - (tana 
cos" 0 — (7) cos"™-2 0 sin? 0 +--+ 1— (1) 88 +... E cama Ga 


7.65 From the given equation, we get z? — (2 cos 3°)z + 1 = 0. Then by the quadratic formula, we have 


2cos3? + V4cos23°-4  2cos3" x V —4(1 — cos?3?)  2cos3? + 2i Vsin? 3° 
p. qii coo oa 


= = 8 3° +i sin3”. 
2 2 2 
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By de Moivre’s Theorem, 
o Nd 042000 o ay o o DUE. o 1 y43 o 
(cos 3* + isin 3?)^ = cos 6000? + isin 6000^ = cos 240° + isin 240° = E T EN 


so 2200 + ois = —4 - 2 —i+ ES = —1. The least integer that is greater than —1 is |0]. 


(a) Neither x" — 1 nor any of the 9; (x) has repeated roots, and all of these polynomials are monic. Also, no 
complex number w can be the root of two different 5, (x), since, by definition, w is a root of @,,(x) if and 
only if d; is the smallest positive integer such that w = 1. Therefore, if we show that each root of x" — 1 is a 
root of exactly one of the 0, (x), and that each root of each ®,,(x) is a root of x" — 1, then we can conclude 
that x" — 1 equals the product of the 6; (x). 


First, let w be a root of 0, (x), so wi = 1. Since dj is a divisor of n, we have k = i for some integer k. 
n/d; k : : 
Therefore, we have œw” = (wi) = (wi ) = 1 = 1, so v is a root of x" — 1. This tells us that every root of 
each G, (x) is a root of x" — 1. 


Next, we let w be a root of x" — 1, so w” = 1. The set of positive integers k such that a* = 1 is non-empty. 
Let d be the smallest such positive integer. Then w is a primitive d'^ root of unity, so œf = 1. 

Let q and r be the quotient and remainder when n is divided by d, respectively, so n = qd +r and 
0<r<d-1. Then œw” = wt = 1. But wi = (aco Sa" so wie 1. Butr < d — 1, so r cannot be 
positive. (By definition, d is the smallest positive integer such that wf = 1.) Therefore, r = 0, which means 
n = qd. Hence, d must be a divisor of n. This tells us that every root of x" — 1 is a root of of some 0, (x). 


We conclude that x" — 1 can be factored as Dy, (x)6,, (x) Bz, (x) - - - By, (x), where d1, d», ds, ..., dy are all of 
the positive divisors of n. 


(b) Taking n = 1 in the identity in part (a), we get (x) = [x-1] 
Taking n = 2, we get D1 (x)®2(x) = x? — 1, so 


$»(x)- Iu S(-Dx-1. [x«i] 


x-1 


Taking n = 3, we get ®;(x)®3(x) = x? — 1, so 


ayo) = Et = ED tet) pres i] 


m t 
Taking n = 4, we get Dı (x)o»(x)do4(x) = x* — 1, so 


= Íl 


X 
Pa) 7 obs) 


But ®ı (x)(x) = x? - 1, so 
x*-1 v2 c NG al 


Taking n = 5, we get D1(x)®s5(x) = 3? — 1, so 


»»-1 (x-1 (x+ +x +x+1) 
o » = SETFEFT 
s(x) D "E X+ +x +x+1 
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Taking n = 6, we get D;(x)®2(x)O3(x)@e(x) = x$ — 1, so 


necu 


$00 = quem 


But ©, (x)@3(x) = x? — 1, $5(x) = x + 1, and the numerator factors as 


3 -1-2Q?-T0DG +) = OP = D+ 1)0 - x +0), 


Q(QO-Dx-1)(-x-1) _ 
D eem ene s eee 


Taking n = 7, we get ®1(x)®7(x) = x? — 1, so 


7] 1x6 A n gÈ a yA 1 
gor o O eae | 


x-1 


so 


Taking n = 8, we get Pı (x) (x), (x)og(x) = x8 — 1, so 


x$-1 
8) = BGG) PAG)’ 
But ©(x)®2(x)P4(x) = x* — 1, so 


NU Pee € E 
= a secre TRE =|x* +1]. 
Taking n = 9, we get ®1(x)®3(x)®o(x) = x? — 1, so 


ie = i 
DO 7 d Gs). 
But ©;(x)®3(x) = x? — 1, so 


-1 (Ó-1Q9542-41) 


9 
X 6 3 
= ————— —————————— = 1l. 
(x) JE TE [6+1] +x + 


Taking n = 10, we get ®1(x)®2(x)®s(x)Pio(x) = x? — 1, so 


x8 | 


Po) = Tea) 


But $,(x)D5(x) = x° — 1, ®2(x) = x + 1, and the numerator factors as 


x8 -1 = 65-1941) = (0? - 1) 4 (4 - x2 exi - x +1) 


Saas 2y P 
ou = ahaa wee Ae) [ac gra eei] 


(c) Taking n = p, we get Dı (x), (x) = x” — 1, so 


SO 
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(d) Leto =e"/", and let w* be a primitive n" root of unity. Then, we have gcd(n, k) = 1, so ged(n,n — k) = 1 as 
well, which means wœ” is a primitive root of unity. Since n > 2, we know that we do not have k = 2, so w* 
and œw” are distinct. Therefore, the roots of ®,(x) come in pairs (and none is repeated), so the degree of 
®,,(x) is even. 

(e) Since the degree of 5, (x) is even, the leading coefficient of P„(—x) is 1. Also, neither $5, (x) nor ®,(—x) has 
any repeated roots. Therefore, to show that ®2,(x) = ®,,(—x), it suffices to show that the roots of ®2, (x) and 
5, (—x) are the same. So, we will show that every root of ,(—x) is a root of $5, (x), and vice versa. 


Every root of ®,,(—x) is the negative of a root of ®,(x). The roots of 9, (x) are the primitive n™ roots of 


unity, so each is of the form &?"*/", where k is an integer such that gcd(k,n) = 1. We must therefore show 
that -e2"*/" is a primitive (2n)È root of unity. Since —1 = e", we have —e2"ki/n = gnigznki/n — gQkenyni/n We 
then have i 

(=en) iem (conim "m gemi — 1, 


so e@knni/n is a (2n)® root of unity. But is it a primitive (21) root of unity? To see that it is, we note that 
elktn)ni/n — ed(2k+n)ni/(2n) — (e2ni/(2n))2kn So, we must show that gcd(2k + n, 2n) = 1. Since n is odd, we know 
that 2k + n is odd. Since gcd(Kk, n) = 1, there are no divisors of n (besides 1) that are also divisors of 2k + n. 
So, we have gcd(2k + n, 21) = 1, which means that (e2//0)2**" is indeed a primitive (2n)® root of unity. 


Going the other direction, we must show that every root of ®2,(x) is also a root of $,(—x). To do so, 
we must show that the negative of any primitive (2n)* root of unity is a primitive n™ root of unity. Let 
w = £g */09 be a primitive (2n)™ root of unity, so gcd(k, 2n) = 1. Specifically, k is odd. We then have 


-—qz- —gnki/Qn) 2 eig? il Qn) = e(2k+2n)ni/(2n) = e(ktn)ni/n 


This gives us (-—w)" = (e**ni/ms = elk") Since k and n are odd, the sum k + n is even, which means 
(-w)" = efi = 1, so —w is an n® root of unity. To show that it is a primitive n™ root of unity, we note 
that eF*)ni/n = (e2niin\(k+n)/2 so we must show that gcd (Em, n) = 1. (Remember, k + n is even, so &* is an 
integer.) Since gcd(k, 2n) = 1, we know that gcd(k,n) = 1 as well. Therefore, we have gcd(k + n,n) = 1, so 
gcd (Em, n) = 1, as desired. 

We have therefore shown that every root ®,,(—x) is a root of ®2,(x), and vice versa, which means ®>,,(x) 
and ®,,(—x) are the same. 


7.67 The expressions on the left sides of the desired equations resemble applications of the Binomial Theorem, 
which states that 


n [P np n \ n-1,1 MN eD A oe n p= WR on 
eer - (o) «(De y «(s y + TARE + (sty 


We can substitute any numbers for x and y. We use the desired equations to guide us. We'd like the (7) term to 
have a coefficient of —1, but the powers of x and y for this term in the Binomial Theorem are both even. So, we 
use complex numbers! We let x = 1 and y = 7 We then have 


er) OOO Qe- Qe 
- (9) Ge @)- G+) +) 
Boum E i+ (1) «(Di 
n n n n n n 
» (0) - - i p A b K) 7 (5) ü (5) ~ j 
Thus, the sums in the problem represent the real and imaginary parts of (1 + i)". 


In exponential notation, we have 1 + i = venil ESO 


(ei = Capp d NND REDI PE (cos = +isin =) = 2"/2 cos = + i2"? sin = 
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Equating the real parts and equating the imaginary parts gives us 


ee ess 
DR ee 


7.68 LetS = w +2w° + 3u? +--+ 9u?. We can produce another series with many of the same powers of w by 
multiplying both sides of this equation by w. (We might be inspired to do this by the standard proof of the formula 
for sum of a geometric series.) We find wS = wu? + 2u? + 3w* + --- + 9w!?. Subtracting this from the equation for S 
gives us a series we know how to handle: 


(1— w)S 2 wt w^ +w? +--+ w — 9w! = w(1- ww +... w) 9w. 


Since w? = (cos 40° + isin 40°)? = cos 360° + isin 360° = 1, we know that w is a ninth root of unity besides 1. 
Therefore, 1 +w +w? +--+ w? = 0 and w! = w° : w = w, which means we have S(1— w) = —9w from the equation 
above. Therefore, S 2 —9w/(1 — w), and 


a= | dw-1| ^ pw - 1| 


S 9w | w 9 ' 


IS = (7.1) 


since [w| = 1. Writing w as cos 40? + isin 40°, we have 


|w — 1| = y (cos 40° — 1)? + (sin 40°)? = y (cos? 40° + sin? 40°) + 1 - 2 cos 40° = V2 — 2 cos 40°. 


However, we have to answer in the form asin b. To do so, we recognize that V2 — 2cos 40? looks a lot like the 
half-angle formula for sine: 


T eS 1- cos8 
S ib EQ IO 


Letting 6 = 40°, we have sin20° = E V1- cos 40°, so V2-—2cos40° = 2sin20°, which means that |S} = 


2 
3 sin20"} 


After solving Problem 7.75, come back to this one and see if you can find a faster way to finish starting from 
line (7.1). 


7.69 We prove the result by induction on n. The result clearly holds for n = 0 and n = 1, so assume it holds for 
n = kand n = k+ 1, for some nonnegative integer k, which means T;(cos 0) = cos k0 and T;41(cos 0) = cos((k + 1)0). 
Then 


Tk+2(cos 0) = 2 cos 0 : Tk+1 (cos 0) — Tg(cos 0) 
= 2 cos 0 cos((k + 1)0) — cos k0. 
We want to show that this is equal to cos((k + 2)0). 


By the sum-to-product formula for cosine, 


cos((k + 2)@) + cos k0 = 2 cos((k + 1)@) cos 6, 


so 2 cos((k + 1)0) cos 0 — cos k0 = cos((k + 2)0). Therefore, Ty,2(cos 0) = cos((k + 2)0). 


Hence, the result holds for n = k + 1 and n = k + 2, and by induction, it holds for all nonnegative integer n. 


145 


CHAPTER 7. TRIGONOMETRY AND COMPLEX NUMBERS 


7.70 Consider the polynomial with e^, e, and e” as roots: 
(z—e)(z — ePyz — e”) = 0 


We think of this polynomial for a couple reasons. First, it’s a cubic, which we might be able to use to make terms of 
the form e*. Second, we know that when we expand the product, the coefficient of the z? term will be 0 because 
the sum of the roots is 0. Specifically, expanding the product gives 


Zo + eÊ ee) ee! ee) ane ez eee = 0 


Now, we just need to figure out what the coefficient of the z term equals. We can get something close by multiplying 
e + eP + e = 0 by eee”, which gives us ee~# + ee“ + e~Be-Y = 0. If only we could turn those negative 
exponents positive... But we can! We take the conjugate of both sides of this equation. On the right, we have 0, 
and on the left, we have 


e7~ite—i8 4 g-iag-iy + e-iBe-iy = e-iae-iB 4 e-iae-iy + e-iBe-ty 
= Feb + Mel” + Bel”, 
So, we have e'e? + d*e + eife» = 0. (We could have gotten here a little faster with a little more insight. Taking 


the conjugate of the equation e + e? + & = 0, we get e~ +e +e” = 0. Multiplying both sides by e’“e#e'”, we 
get eeB + elev + gBgly = 0.) 
We now know that the coefficients of z? and z are 0, so our polynomial is z? — eefe" = 0. Taking z = e^, we 


find &?* = eRe’, Similarly, taking z = e? and z = e”, we find e” = eebe” and e?» = e!*eBe'’. Tt follows that 
SHE — pili — Sty 
Cie Bh Se 


7.71 We have the identity cos@ = "| Let a = e, b = e¥/?, and c = e, Then cosx = SHE = £e 
Similarly, 


p? + 1/b e +1/e a?b?c? + 1/(a?b?c?) 

cosy = —,— cosz = —5,—, cos(x + y + z) = re 
x+y) _ ab+1/(ab) x+z\ _ac+1/(ac) y +z bos Ij (be) 
cos (== ) ZEE cos I ) ie Sa cos = ) Ris M 


Therefore, 
a? + qme " b + 1/b? n Co We " a*b*c* + 1/(a2b? c?) 
2 2 2 2 
1 1 1 1 ) 


m 22 2 2 
-5 (eee edema Ta IERI 


cosx + cosy + cos z + cos(x + y + z) = 


and 
y x VEI ab 1/(ab) ac + 1/(ac) _be + 1/(bo) 
4cos ( ) cos ( ) cos ( 2 je aia a 
1 1 1 1 
= 5 (a+ aa) Qe ce) ei) 
EE 2 EI 1 ) 
= 5 (aie t0 eb .ge "oo 3 tg): 
Hence, 
_ +y xz s. 
cos x + cos y + cosz + cos(x + y + z) = 4cos ( ) cos ( ) cos (= i 
We also have the identity sin 0 = a, so 
a= ge b? — 1/b? , E= fet , abc — 1/(a2b*c?) 
sinx = E sin y = =z Sinz = E sin(x + y + Z) = — a. 
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sin (=) = D sin (=) = ea Him (273) y bc UO 


Therefore, 


2_1/q? 2 qum 2 9 202.2 212,2 
sinx + siny + sinz — sin(x + y + z) =" la b 1/b n: 1/c _ ve iate) 


21 2i 2i 21 
5 1 21122 2 2 2 2 1 1 1 1 
= 5, (=t. ta +b t0- 5-5 ataa) 


and 


21 21 2i 


1 1 1 1 
= 58 (a- =) (ac =) (0-5) 


COUP 2 2 2 2 1 1 1 1 ) 
ai (e$ a^ —b*-c cy Umm dp 
Al Dn Ana a l 1 1 1 

= 5 (~tc +a°+b fC = o z] 


3 sin (£32) =4 ab —1/(ab) ac —1/(ac) BES Lee) 


+ 
4 sin (= sin (= t 


Hence, sin x + sin y + sinz — sin(x + y + z) = 4sin (=) sin (=) sin (772). 


7.72 If @ = 77, then cos 70 = cos27 = 1. In an Exercise in Section 7.1, we proved the identity 
64 cos? 0 — 112 cos? 0 + 56cos? 0 — 7 cos 0 = cos70, 


so for 0 — =, we get 
2n 2n 27 2n 
7 5 3 
cor eis ioc - 2 sil. 
64 cos 7 112 cos 7 + 56 cos 7 7 cos 7 1 


Thus, x = cos Z is a root of the equation 64x” — 1122 + 56x? — 7x — 1 = 0. But 0 = # and 0 = € also satisfy 


cos 70 = 1, so x = cos * and x = cos & are also roots of the equation 64x” — 11232 + 5622 — 7x — 1 = 0. We have a 


polynomial of degree 7, and we know three of the roots, so we need to think about what the other four roots are. 


We go back to the equation 
cos78 = 1. 


In addition to 0 = 2, a and e we see that the other solutions in the interval [0, 27) are 0, e mm and Em, 


and that there are no other values of 0 in the interval [0, 27) that satisfy the equation. We can quickly see that 
x = cos0 = 1 is a root of 64x” — 11255 + 56x° — 7x — 1 = 0. So, we know that cos0, cos 4, cos **, and cos & are roots 


of 64x” — 11232 + 56x? — 7x — 1 = 0, but what are the other three roots? 


We found the polynomial 64x” — 112x? + 56x? — 7x — 1 = 0 by starting with the equation cos70 = 1, which has 


7 solutions for 0 € [0,27), namely, 0, 2%, 42, $1 82, 10* and 122. We've seen that the cosines of the first four are 
esee MITT pa ge ye y 7 

roots of 64x” — 1123? + 56x? — 7x — 1 = 0. Noting that cos en = cos er cos m = cos =) and cos Ez = cos : we 

conjecture that the polynomial has three double roots corresponding to these equal cosines. 


Let's see if that guess is correct. We know that one of the factors of the polynomial is x — 1, so we take out a 
factor of x — 1 to get 


64x7 — 112x? + 568 — 7x — 1 = (x — 1)(64x5 + 64:2 — 48x* — 48x? + 8x + 8x + 1). 
If our guess that the polynomial of degree 6 is the square of a cubic is correct, we must have 


64x° + 64:2 — A8x* — 48x? + 8x? + 8x + 1 = (ax? + bx? + ex + dy. 
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If we were to expand the righthand side, we would get 
64x° + 64x? — 48x* — 48x3 + 8x? + 8x + 1 = (ax? + bx? + ex +d}? = a7x° +2ab +. 


Equating the corresponding coefficients of xê and x°, we get a” = 64 and 2ab = 64. Without loss of generality, we 
can take a = 8. (If a = —8, then we can flip the sign of all the coefficients of the cubic.) Then 16b = 64, so b = 4. 
Hence, 

64x5 + 64x? — 48x* — 48x? + Bx? + 8x + 1 = (8x? + Ax? + ex +d’. 


Again, expanding the right-hand side, we get 
64x° + 64x? — 48x* — 48x? + 8x? + 8x + 1 = 642° + 643? + (16c + 16)x* + (8c + 16d)? +- . 


Then equating the corresponding coefficients of x* and of x?, we get 16c +16 = —48 and 8c+16d = —48, respectively. 
Solving for c and d, we find c = —4 and d = —1. Hence, 


64x* + 64w — 48x! — 48x? + 8x? + 8x +1 = (Bx? + Ax? — Ax - 1}, 


which we can verify by expanding. 


Therefore, a cubic whose roots are cos a, cos 4 and cos en is| 8x? + 4x2 — 4x — 1|. 


7.73 We see that z, z*,..., 27° are the 2006" roots of unity other than 1. 


Let w be a 2006" root of unity other than 1. Then w? — 1 = 0, which factors as 
(cw — 1) (e920 4. p24 + G28 4... + +1) = 0. 


Since w # 1, w satisfies the equation que oe gu E e iue nec ce ee | em gr 


We have 
f (cw) = «9 + 24,2908 + 34,2002 +... + 2004 + 2005. 


This is similar to a geometric series, so we try using the same strategy to evaluate it. We multiply this equation by 
w to get 
w f (cw) = a? + 24,999 + 3452905 +--+. + 200407 + 2005w. 


Subtracting the equation for f(w) from this equation gives 


(co — 1) f(a) = w + 20t +30? +.. + 20040? + 2005c — w — 24,559 — 3,299 — ... — 2904 — 2005 
SORS. 72004. 72009...) 9005 
B (w2 2-002904 7072003. oy + 1) — 2006 
= —2006, 


so f(w) = -2% = 2% Since this holds for any 2006" root of unity other than 1, we have 


2006 2006 2006 _ 20062005 
1-z 1-22 1-2205 (1 —z)(1 — 22). -- (1 — 22005)" 


N = f(z) f(z). fe? = 


Since 1, z, z*,..., 27 are the 2006" roots of unity, we have 
(x - (x - zx — 27) +++ (x — 20) = 42006 — 1, 
But x26 — 1 factors as (x — 1)(x20 + x204 +... +x +1), so 


(x—z) =a) (ee) = el 
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Taking x = 1, we get (1 — z)(1 — 22)--- (1 — 225) = 2006. Therefore, 
20062005 20062905 
N = -n E L - 2004 
Gl — zy = ES aor ( E 72005) 2006 2006 5 


7.74 The roots of z"? — 1 = 0 are the 1997'^ roots of unity, which are of the form e*/1997, where 0 < k < 1996. 
Suppose v = 7/7/1997 and w = g2k1i/197. We then have 


v+ w| = | grin? csse rs cua (1 3 a e | Ae] H 8 gc] È 


ja 4 elk Dniri997 | 


Since e? 7/97 is also a solution to z'” — 1 = 0, the probability that |o + w| > /2 + V3 equals the probability 
that [1 + t| > 2+ V3, where t is also a nonreal solution to z!9” — 1 = 0. (We exclude t = 1 because v and w must 
be distinct, so k # j.) 


We let t = £?7i/1997 for some a, where 1 < a < 1996. (The argument of t cannot be 0, because v and w are distinct. 
` Thus, there are 1996 possible values of a.) Let a = 2. Then t = g247i/1997 — ea ang 


1997: 
li -1-l[1-e^| 2l cosa t isina| = V(1- cosa +sin*a = V142cosa * cos? a - sina = V2 4 2cosa. 
Hence, 


eri 4/24 v3 > 2+2cosa > V24 N3 e 24+2cosa>2+ V3 € cosa? 


Since 0 < a < 27, the inequality cos a > 8 holds if and only if 0 < æ € £ or HE <a < 2m. 
: = 
Since a = qx, 


TC 
<— < — < — e < —, 
Uc v. Mig c dh zT 


Since à is an integer, we have 1 < a < 166, for 166 possible values of a. Similarly, 


liz lin : 27a 21967 


oa EE e <a < 1997. 


Since a is an integer, we have 1831 < a < 1996, for another 166 possible values of a. 


Therefore, the probability that |o + w| > V2 V3 is (166 + 166)/1996 = 332/1996 = | 83/499 | 


7.75 We turn this into a problem involving complex numbers by recalling that sin 0 = ex SO 


n. 2n (n = Dr eriin = e "iin eiriin - e "ln grin m eriln g(n-1)ni/n = e7(n-1)ni/n 
let erg ere = ee o lee n 
n 


n 21 21 21 21 


That's still pretty scary. But, we can do a little factoring to make the numerators expressions that we're more 
comfortable with: 


gril” = eg "iln grin = e "iln eiüln = eg 3mi/n gt rifn = g (- niin 
2i 2i 2i 21 


gr A gerala S 1) Cae Eesti = 1) Canora 2 1) MAMIE Aea E 1) 
= ———————— — ———M————Á ]--- | ——_——_________——- ] 7 
( 2i ) ( 21 ) ( 2 ) ( 2i ) ($) 
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Aha! The factors in the numerator look suspiciously like factors of x" — 1. Let's investigate. Let w = e?"/". The 
roots of x" — 1 = 0 are the ri^ roots of unity, namely 1, w, w*,..., &" 1. The polynomial x" — 1 factors as 


x^ qu D. 
Hence, the roots of x"! + x" +.--+x — (arena ..., wt, which means 
(x—w)(x-w?)---(x-w™) ax tat te txt. 


Taking x = 1, we get 
Ule =a =o) S ț i 


We tie this to the product of sines by reversing the factoring we did on line (4). We do so by noting that 
1 — 619 = ei8/2(e-i8/2 _ e812) = _gi0/2(gi0/2 — g-i0/2) so 


|1 = e?| E fee eee E gets = gee) eer? Rt ge E eie? = eee) 
Since sin 0 = ex , we have 
; | 0 (o) 
10/2 — ,-i0/2 = leac e A 
le e | 2isin 5 2|sin 5]. 


2kr 


Since 0 < £ < n, we have sin 2 > 0, so |1 — &?| = sin £. In particular, for 0 = ~, 
2 2 2 n 


cok = eriln — é? so 


where 1 < k < n -— 1, we have 


kn 


EE S 
n 


Therefore, taking the magnitude of both sides of the equation (1 — w)(1 — w”)---(1 — & 1) = n, we get 


= Il 
sin ee =n 


E eo T 


2n 2n (ue aa 
ee E 


Finally, dividing both sides by 2", we get sin 7 sin as desired. 
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Geometry of Complex Numbers 


Exercises for Section 8.1 


8.1.1 Since v is a counterclockwise rotation of z by n, we have w = e(z — 0) + 0 = [=z]. Note that this means 
that w + z = 0, so the origin is the midpoint of the segment connecting w and z. We therefore say that w is the 
“reflection of z through the origin.” 


8.1.2 


(a) The image of 3 + i upon a 30° (or Z) counterclockwise rotation about the origin is 


ane | ol UNS y3 NS. 3 INS ee 
6 (3871) (3 egi) en 2 t 2*5 2/7 2 E 2; Ý} 
(b) The image of 3 + upon a 120? (or 2n) clockwise rotation about 1 + 2i is 
1 = 
eB +)-(1+2)]+(1+2) = (2-390) E | ME. 


8.13 It is not true that the argument of w + z is always the average of the argument of w and the argument of z. 
For example, take w = 2 and z = i. The argument of w = 2 is 0, and the argument of z = i is 7, but the argument of 
w +z = 2 + i is clearly not 7. 


However, it is true that if [w| = |z|, then the argument of w + z is the average of the Im 
argument of w and the argument of z. We can see this geometrically. 


The origin, w, w + z, and z always form a parallelogram. But when |w| = |z|, this z ee 
parallelogram is a rhombus. Hence, the line joining the origin and w + z bisects the 
angle of the parallelogram at the origin. In other words, the argument of w + z is the 
average of the argument of w and the argument of z. 
w Re 
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We can also use algebra. We let w = re and z = ref, We then have 


w+z=r(el +e”) 


=r (cosa + cos + i(sina + sin B)) 


M 35) cos (258) +i (cos (555) (555))) 
= 2rcos (S58) (cos ($E) + isin (525) 


= 2rcos = get 


\ = 5 
(Note that we used the sum-to-product identities for sine and cosine as an intermediate step.) Since 2r cos(*5) is 


real, the argument of w + z is £. 


8.1.4 Since 


re y 


the transformation that maps z to z/(re/^) is a combination of | dilating about the origin with a scale factor of 1/r 
and | rotating by an angle of 0 clockwise about the origin |. 


8.1.5 


(a) The function f corresponds to a translation of —5 units horizontally and 2 units vertically. 

(b) The function f corresponds to a dilation about the origin with scale factor 3, followed by a translation of 
-1 unit horizontally. (Note that f(z) - 1 232-2 =3 (z - 1), so we can also describe the transformation as 
a dilation about i with scale factor 3.) 


(c) Since 5 + X; = g" 


n 
of 3. 


, the function f corresponds to a rotation about the origin counterclockwise by an angle 


(d) Since -1+i= V2e?™/4, the function f corresponds to a dilation about the origin with a scale factor of V2, 
followed by a rotation about the origin counterclockwise by an angle of # (or vice versa). 


(e) MC —i = &/2 the function f corresponds to a rotation about the origin counterclockwise by an angle of 


75, followed by a translation of —1 unit horizontally and 3 units vertically. 


We can also describe f as a rotation about a point. We see this by noting that if we rotate z about w by 
an angle of 0 counterclockwise, then the image is e° (z — w) + w. Comparing this to f(z) = —iz - 1 + 3i, we 
see that we can find values of w and 0 such that e° (z — w) + w = —iz — 1 + 3i. Expanding the product on the 
left, we have 

ez — ew 4 w= —iz - 1- 3i. 


Since this must be true for all z, we must have e? = —i, so we can choose 0 = ?*, and our equation is 


lup ND 
Solving for w gives 


o =—1+3i (-143)0-i -14+3i+i+3 244i 
= 14i — (420-2 — 2 no 


=1+21. 


Hence, f also corresponds to a rotation about 1 + 2i counterclockwise by an angle of 7. 


Section 8.2 


SS SS SSS SSS SSS SSS SSS 


8.1.6 We translate the points W, U, and Z to W', U’, and Z’, so that 
W’ coincides with the origin. Then W', U’, and Z’ are collinear, and 
U'W'/U'Z! = a/b. Then '"W' /W'Z' = a/(a+b). The corresponding complex 
numbers are w = w- w = 0, w -u-w,andz -z- w. 


We can think of u' as the result of a dilating z' through the origin with 
scale factor a/(a + b), so 
a 


uz z 
a+b 
Substituting u’ = u — w and z' = z — w, we get 


a 
ae = ae cae) 


SO 
az —aw+aw+bw E az + bw 


a+b ET 


Hu-— 


cement) agn 


8.1.7 We have z) = e™/2z, = iz,, and 


LE c 4 — 31) + (43) = 10 ES OD FED Se 3 4o ETE 


If z3 is the point obtained when z; is rotated counterclockwise about w by an angle 6, then 


2, = d (Gee wy =e aye dee. 
Since z3 = —z; + 7 — i from above, we seek 0 and w such that e?z; — ew + w = —z4 + 7 — i. This means we must 
D Ec m9. = _ le E i : aZ. 
have e" = —1 and —e"w + w =7 — i. We can take 0 — [t |, so -°w + w = 2w, which gives w = £5 =| Z — Sil, 


Exercises for Section 8.2 


8.2. The points in the complex plane that represent 1 + 37, 5 — 2i, and z are collinear if and only if E 


so we check this value for each the given complex numbers. 


is real, 


For z = 3 — 2i, we have cata = LÀ ==] ar 2i, which is not real. 


For z = 9 - 7i, we have EE = 8-0 - ae =) = = 


(9771)- (5-21) = TED 2, which i 1S real. 


c 245)-(143)) _ -342i _ -342i _ (-3+2i)(-1-/) _ 54i 
(250-622) VIVI ERES p » eRe) 147 


For z = —2 + bi, we have which is not real. 


Therefore, of the given complex numbers, only is collinear with 1 + 3i and 5 — 2i. 


8.2.2 We showed in the text that complex numbers z, a, and b are collinear if and only if 77 is real. But a complex 
number is real if and only if it is equal to its own conjugate. The conjugate of z} is = 


collinear if and only if 


Hence, z, a, and b are 
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8.23 Let the vertices of the quadrilateral be a, b, c, and d. Then the midpoints 
of the sides are em b e and d The quadrilateral with these points as A 
vertices is dashed at right. In this quadrilateral, the midpoint of the diagonal 
joining er and = is 
ee _a+b+c+d 
= 7 , 
and the midpoint of the diagonal joining 4 and 4 is 


N 


See 0 qnd) 


2 4 
Thus, the midpoints of the two diagonals coincide. In other words, the two diagonals bisect each other. Therefore, 
the quadrilateral formed by the midpoints of the sides is a parallelogram. 


8.2.4 If OB’ 1 OD’, then we can rotate D' by 90° to produce a point that is on the ray from the origin through 
P’. (That is, the complex number corresponding to the image of the rotation has the same argument as b’.) The 
complex number corresponding to the image of this rotation then is either id’ or —id’, depending on the orientation 
of the 90° rotation. Since the image is on the ray from the origin through B’, there is a dilation that maps this point 
to B’. Therefore, we have b’ = k(id’) or b' = k(-id’) for some real constant k. In either case, b' /d' is imaginary. 


8.2.5 


(a The complex number corresponding to the midpoint of BC is (b + c)/2. So, to show that the point corre- 
sponding to (a + b + c)/3 is on the median from A to BC, we must show that a, (a + b + c)/3, and (b  c)/2 are 
collinear. We have 


which is real. Therefore, a, (a + b + c)/3, and (b + c)/2 are collinear. (Note that we cannot have b + c - 2a = 0 
because this gives us a = (b + c)/2, which would mean that A is the midpoint of BC. Since ABC is a triangle, 


Similarly, we can show that G is on each of the other two medians, so the medians of AABC meet at 
the point corresponding to (a b + c)/3. (This matches our intuition: the complex number corresponding 
to the midpoint of a segment is the arithmetic mean of the numbers corresponding to its endpoints, and 
the complex number corresponding to the centroid of a triangle is the arithmetic mean of the numbers 
corresponding to the triangle's vertices.) 


(b) Our work in the first part pretty much covers this part, too. Letting M be the midpoint of BC, we have 


e aoe 2 EC Zu 
AM [$-a] [E| 3 [b+e—2a] 93 


so AG is 2 of AM, as desired. There's nothing special about the median from A, so the distances from B and 
C to the centroid are also equal to 2 of the lengths of the respective medians from B and C. 


8.2.6 As shown in the text, a, b, and c are collinear if and only if (a — b)(b — c) — (a — by(b — c) — 0. Expanding the 
products on the left gives 

ab — ac — bb + bc — ab + ac + bb — bc = 0. 
Cancelling the bb terms and rearranging gives the desired 


ab + bē + ci = üb + bc + ca. 


8.27 Let w, x, y, and z be complex numbers corresponding to W, X, Y, and Z. Then the midpoints of WX, WY, 


and XZ are az, D Y and x In the text, we showed that complex numbers 4, b, and c are collinear in the complex 
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plane if and only if 
(b-a)(b—0) - (b-a)(b-0) =0. 


We take (x+w)/2 to be b, since it has terms in common with both other points, and we'll therefore have cancellation 
in each term in parentheses above. Because the three given midpoints are collinear, we have 


CON (25 Ix (See SFY) (== -) = 0. 


9 2 p. 5 2 2 2 2 


Simplifying each of the differences gives us 


1 
A ((x -y0 -2Z) - @ -7w -2)) =0, (8.1) 


so (x —- y)(w - z) (x — (mw = z) = 0. 

The midpoint of YZ is n, To check if it is on the line through the other three midpoints, we use our test 
for collinearity on b = 5*,a = om and c = =. (Notice that we choose our points strategically to produce 
cancellation in the test for collinearity.) We have 


(b- a)(b-2) - -t-o = (455 - 773) (225-275) n [D m (24525 


pm Jem E 2 2 a 
1 

= 5 (6-9 -3 -G-wty-2) 

5 ; ((w — 2) — 9) - (9 - z)(x - y)) 


E 


where we apply the result of Equation (8.1) to provide the last step. Therefore, the midpoint of YZ is indeed on 
the line through the other three midpoints. 


8.2.8 Leta,b,c, and d be the complex numbers corresponding to A, B, C, and 
D, respectively. First, we translate A and B to A’ and B’, so that A’ coincides 
with the origin O. The corresponding complex numbers are a’ = a—a = 0 
ameli = w= — (or 2) — (1 51) — 24 71. 


Next, we translate C and D to C’ and D’, so that D’ coincides with the 
origin O. The corresponding complex numbers are d^ = d-d = 0 and 
c =c-d = (-7 V3 +71) - (-2 - 2i V3) = (2-7 V3) + (7 2 V3)i. Note that the 
angle between AB and CD is equal to ZB’OC’. 


Multiplying a complex number by re? corresponds to the combination of a 
dilation (about the origin) by a factor of r and a rotation of 0 counterclockwise 
about the origin. Hence, ZB'OC' is the argument of c'/b'. 


We have 
c Q-7N3*0*2N3i (2-7 V3) + (7 +2 V3)II2 - 72) 
ye cg 2 gum) 
(4 - 14 V3) + (14 + 49 V3)i + (14 + 4 V3) + (49 + 14 V3) _ 5358 Bi, " 
= <a a am 35 + Vt. 


In exponential form, we have 1 + V3i = 2 G + Xi) = 2e™/3, so the acute angle between AB and CD is EJ 
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Exercises for Section 8.3 


8.3.1 Any circle in the complex plane is the graph of an equation of the form jz — c| = r, where c is a complex 
number and r is a positive constant. As described in the text, we can square both sides and write this equation in 
the form (z — c)(z ^ c) = 17, or 
zz ez cz + c6 =P. 
Comparing this to the given equation, we have —c = —2 — i from the coefficient of Z, so c = 2 + i. Then, we have 
ct = 5, so the equation for the circle above is zz — (2 — i)z — (2 + i)z + 5 =r, or 
zz + (-24 i4 (-2- iz =r 5. 
Comparing this to the given equation, we have r? — 5 = 11, sor? = 16, which gives r = [4| 
8.3.2 Let a, b, c, and p be complex numbers corresponding to points A, B, C, and P. Then, we wish to show that 
la — c? — lc — pP = la — b? — |b — pP, which we can also write as 
la — c? —|c — pP — |a - b? + |b — pP = 0. 
We can make life easier on ourselves by choosing one of these points to be the origin. We'll choose p to be the 


origin, so we wish to show that 
| — c — Ie? — 1a — P^ + |b?’ — 0. 


Since |z|? = zz for any complex number, we have 
la — c£ — Ic? — la — b? + |b? = (a — c (a — c) — cc — (a — bY(a — b) + bb 
mnm ©) — © — (a — DT — b) + bb 


= aü —ac — i+ cÈ — CO — aü + ab + bä — bb + bb 


= —üc— cá + ab + bä 


EDENDI 


Because AP 1 BC, we have (a—p)(b—c)4-(à—p)(b—c) = 0. Because we let p be the origin, we have a(b—C)+A(b—c) = 
0, so our expression for Ja — cf? — |c? — |a — b}? + |b? equals 0, as desired. Therefore, AC? - CP? = AB? — BP?. 


8.3.3 


(a) By the Triangle Inequality, we have |x + y —z|+ |x -y + z| > |(x + y =- z) + (x —- y + z)| = [2x| = 2lxl. 


(b) Similarly, |x + y — z| + |-x + y + z| > I(x + y - z) + (=x + y =- z)| = [2y| = 2ly|, and |x - y + z| + |-x + y + z| > 
I(x — y +z) + (~x + y + z)| = |2z| = 2|z|. Adding these two and the result from part (a), we get 


Pape + y = z| + 2ļx — y + z| + 2|-x + y + z| 2 ed + 2jy] + 2lzl. 
Dividing both sides by 2 yields |x + y - z| + |x — y + z| + |-x + y + zl > |x! + lyl + Izl. 


8.3.4 Because |w] = 1, the point corresponding to w in the complex plane is on the unit circle. Similarly, w +a and 
w + bi are on the unit circle. Let the points corresponding to w, w + a, and w + bi be W, A, and B. Since w + aisa 
horizontal translation of w, point A is directly to the left or right of W. Similarly, since w + bi is a vertical translation 
of W, point B is directly above or below W. Therefore, AWB is a right angle. Because AWB is a right angle that 
is inscribed in a circle, the arc of this circle connecting A to B is a semicircle. Therefore, AB is a diameter of the unit 
circle, which means its length is 2. From the Pythagorean Theorem, we also have AB? = WA? + WB? = a? + b2, so 
a? +b? = AB? = 4. 


8.3.5 Let the quadrilateral be ABCD and let a, b, c, and d correspond to A, B, C, and D. Then, we wish to show 
that ' 
ja — c| + |b — d| < la — b| + Ib — c| + |c — d| + ld — al. 
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We see two different pairs on the right side to which we can apply the Triangle Inequality in order to produce an 
la — c| term on the lesser side. We have 


la - b| + |b— cl > K(a— b) + (b-c) = ja — dl, 
|c - d| + |d — a| > |(c — d) + (d — a)| = |c - aļ| eps cl, 


both by the Triangle Inequality. Note that we can write both inequalities as strict inequalities because ABC and 
ACD are triangles, so A cannot be on BC or CD. Adding these two inequalities gives us 


la — b| + |b — c| + |c — d| + |d — a| > 2ļa — cl. (4) 


We can do the same thing with |b — d|. The Triangle Inequality gives 


|b—cl + |c — d| > Kb = c) + (c - d)| = Ib - di, 
Id — a| + |a - b| > |(d a) + (a - b)| = |d — b| = |b - dl, 
where again we have strict inequality because we cannot have any three vertices of the quadrilateral be collinear. 


Adding these inequalities gives 
la — b| + |b — c| + |c — d| + ld — a| > 2lb — dl, 


and adding this inequality to inequality (4), and then dividing the resulting inequality by 2, gives the desired 


la — b| + |b — c| + |c — d| + ld — a| > ja — c| + |b — d]. 


8.3.6 Since both |w + z| and |w| + |z| are positive, we can compare |w + z| and (|w| + |z|)? in order to compare |w + z| 
and |w] + |z|. We introduce the squares because they are easier to work with. We have 
(wl + lz)? = jw? + 2jwllz| + |z? = ww + 2jwllz| + zz, 
jw +z? = (w + zw +Z) = wi + wz + zu + zw. 
Therefore, we have 
(\w| + Iz)? - |w + zÊ = 2\wllz| — (wz + zo). 


We'd like to simplify wz + zw. Where have we seen an expression like this before? We first note that wz and zw 
are conjugates: "- M 
Wz = W-Z = Wz. 
Then, we recall that the sum of a complex number and its conjugate is twice its real part: a + bi +a + bi = 2a. So, 
we have 
(lwl + lz)? — lw + 2? = 2\wllz| — 2Re(wz). 


We want to show that the expression on the right is nonnegative, so we wish to show that [w||z| > Re(wz). So that 
we'll be working with like expressions, we note that |z| = |z|, so |wllz| = |wl|[z] = |wz|, which means we'd now like 
to prove that |wz| > Re(wz). Now that we're comparing apples to apples, the result is obvious. The magnitude of 
any complex number is at least as large as its real part: 


la + bil = Va? + b? > Va? = |al > a. 


Note that equality holds here if and only if b = 0 and |a| = a; that is, if the complex number is a positive real 
number. 


We therefore have [wz| > Re(wz), which means [w||z| 2 Re(wz), so 


(\w| + Iz. — Jw + zl = 2|wllz| — 2Re(wz) = 0, 
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and we can conclude that [w| + |z| > jw + zl. 


Equality holds in [w| + |z| > |w + z| if and only if it also holds in our key inequality step, |wz| = Re(wz). As 
explained above, this inequality only holds if wz is a positive real number. Multiplying wz = c by z gives wzz = cz, 
so 2 = gp- Since c is positive, this tells us that w and z are on the same ray from the origin. 


Putting this all together, we have |w] + |z| > |w + z|, where equality holds if an only if w/z is a nonnegative real 
number or z = 0. 


Exercises for Section 8.4 


8.4.1 Let r; and rz be the complex numbers corresponding to the two possible locations of R, 
which are points Ri and R? shown at right. 


Ri 


Then R; is obtained by rotating P clockwise around Q by 5, so 


rn =e (yp —g)+q=—i(p—q)+q=|—ip+ (1 +iq|. 


Also, R2 is obtained by rotating P counterclockwise around Q by 5, so 
ty =e"? (-g +g = i(p— 4g) +q =lip + (1—Dq|. 


8.4.2 Leta be the complex number corresponding to A, and similarly for the other 
points. Let C be a primitive sixth root of unity, so C = C—1, and let O be the origin. 


Then b = a, d = Çc, and f = Çe, so 


pee Gave Ore eC dae mi ra 


y o Ge a = 5 2 


To show that triangle LMN is equilateral, it suffices to show that n — 1 = C(m — 1). 
Substituting, we find 


m Cra a+c (1—-0a-c-4Ce 


2 2 D 
and 
TOM EA (mu oue 
B 2 2 ~ 5 / 
sO 
Gn =) = -C?a + x utt e gom usc Ge 


where we use the fact that C? = C — 1 in the final step. Hence, n — | = C(m — 1), so triangle LMN is equilateral. 


8.4.3 Leta be the complex number corresponding to A, and similarly for the other points. 
We let b be the origin, so that d = a + c. Next, we find f and g in terms of a and c. 


Because AABG is equilateral and B is the origin, we have g = Ca for some sixth root of 
unity C. From equilateral triangle CFB, we have c = Cf. We are careful to choose the same 
orientation of the rotation as we chose when considering AABG, so that the sixth root of 
unity in g = Ca is the same as the sixth root of unity inc = Cf. Solving for f gives f = c/C. 
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Se XXE 


Now, in order to check if ADGF is equilateral, we must check if d — g = C(f — g), where we again strategically 


choose to check the rotation of F counterclockwise about G because doing so will allow us to cancel the C in the 
denominator of f = c/C. 


We have 


d-g=(a+c)-G=(1-Oate, 
CF -8) =t ù- =c-Ca. 


As described in the text, we have (? -C + 1 = 0, so (? = 7-1, and we have 


Cf - g)=c-Ca=c-(C-1)a=(1-Oa+c=d-g, 


which matches our expression for d — g from above. So, triangle DFG is equilateral. 


8.4.4 


(a) 


(b) 


The relationship we must prove looks a lot like the condition we proved in the text under which a triangle 
is equilateral. There, we showed that AABC is equilateral if and only if a — b = C(c — b) for some primitive 
sixth root of unity C. We make this look even more like a — b = «(b — c) by writing it asa — b = —C(b — c). 


Now, we just have to show that —C is a primitive cube root of unity if and only if Ç is a primitive sixth 
root of unity. If Ç = £5, we have 


-Ç = (-1e™/3 = gni. gti — pAril3, 


which is a primitive cube root of unity. Similarly, if C = e/°, then -Ç = e"/3, which is also a primitive 
cube root of unity. We conclude that —C is a primitive cube root of unity if and only if Ç is a primitive sixth 
root of unity. Combining this with the fact that a — b = —C(b — c) if and only if AABC is equilateral, we see 
that AABC is equilateral if and only if a — b = «(b — c) for some primitive cube root of unity w. 


The diagram at right gives us some geometric intuition for the relationship 
between the primitive cube roots and the primitive sixth roots of unity. The 
vertices of regular hexagon ABCDEF are the sixth roots of unity. Points B and 
F correspond to the primitive sixth roots. Points C and E correspond to sixth 
roots of unity that are also primitive cube roots of unity. Each primitive sixth 
root of unity is the image of rotating a primitive cube root of unity by 180? about 
the origin. Therefore, each primitive sixth root of unity is the negative of some 
primitive cube root of unity. 


We'd like to use the previous part to knock off this part, since part (a) already has a primitive cube root of 
unity in it. However, we need a way to introduce w. We could multiply both sides of a — b = «(b — c) by c, 
but that gives us w(a — b) = w*(b — c), which doesn't appear to be much help. If we rearrange this equation, 
we can group the b terms to give 

wa — (w + w*)b + ac = 0. 


Where have we seen w + w* before when thinking about cube roots of unity? In the text, we showed that 
the primitive cube roots of unity are the roots of z? +z + 1, which means that o +w +1 = 0, so œ? + = -1. 
Therefore, our equation wa — (w + w”)b + wc = 0 becomes wa + b + a*c = 0. So, AABC is equilateral if and 
only if b + wa + a?c = 0. Uh-oh. That's not quite what we wanted. We wanted a + wb + w*c = 0. Is that a 
problem? 


No, it's not. We just showed that if (a — b) = «(b — c), then b + wa + w*c. From part (a), we also know 
that we must have (b — a) = w’(a — c), where all we have done is swapped a and b, for some primitive 
cube root of unity w’. If we follow the same steps we used above to show b + wa + wc = 0, but start with 
(b — a) = «(a — c), we will end at a + «b + (w’)’c = 0. Since w’ is a cube root of unity, we have proved the 
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desired relationship. (What's really going on here is that w and w’ are not the same primitive cube root of 
unity, which is why starting with (a — b) = «(b — c) doesn't get you exactly what you want, but starting with 
(b — a) = «(a — c) does.) 


8.45 Leta be the complex number corresponding to A, and simi- 
larly for the other points. We place the square ABCD in the complex 
plane so that a = 1, b = i, c = —1, and d = —i. Then the center of the 
square O coincides with the origin. 


Then K is obtained by rotating B by 2 counterclockwise around 
A, SO 


wi) e-ne1s 53815 


; 1 
= Ae K DES [pese 3 
k ze" (b—a)-ca Ge ;! 


By symmetry, L can be obtained by rotating K by 7 counterclock- 
wise around the origin, so 


oe ree x) - 48-1 1- 8; 


2 2 DEBES, 


Since M and N are rotations by 7t of K and L about the origin, we 


have m = —k = 4851 4 XéMjandg = —] = 153 4 8j 


Let P; be the midpoint of ML, so p, = e = Im Let P, be the midpoint of AN, so 


ih i SE c oo 
p= 2 7 2 = À n ‘ 


Then 
p +i B- V8)+(vB-Di_ VA(V3- + (VB-Vi_ VE +i 


p acl 2(N3 - 1) z 2(N3 - 1) ps 


which is equal to 


Hence, P» can be obtained by rotating P4 by 7 counterclockwise about the origin. 


Now, let P5 be the midpoint of BL, and let P4 be the midpoint of MN. Then by symmetry, P4 can be obtained 
by rotating P5 by 7 counterclockwise about the origin. Furthermore, OP; = OP4, and ZP1OP4 = $,so OP, = OP3 
and POP; = $ - 5 — 7 = ¢. Hence, P, P5, Ps, and P, are four of the vertices of a regular dodecagon, centered at 


O. 


By symmetry, all 12 midpoints form the vertices of a regular dodecagon. 


Review Problems 


8.32 Ifz = x+ yi, then Z = x — yi. Thus, Z has the same real part as z, but the imaginary parts of z and Z are 


opposites. Hence, | reflection over the real axis | maps z to z. 


8.33 We see that fi(z) = z + 2 — 3i and fo(z) = e"? (z — Ai) + 4i = (i)(z — 4i) + 4i = iz +4 + 4i 
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(à We have (f o fi)(z) = AA) = lz + 2-3i) = iz +2-3) «4 4i - [iz 7 6i] 
(b) Wehave (fi o H2) = ARE) = filiz 4 4i) 2 iz - 4 - 4i € 2 -8i - [iz 6 i| 


Note that our results for parts (a) and (b) are not the same! We did not make a mistake; this is an example of the 
fact that a translation followed by a rotation is not necessarily the same as doing the rotation first, and following 
it with the translation. (See if you can prove that the only time these two are the same is when one of the two 
transformations does nothing, such as a rotation of 27. Here's a hint: think about what happens to the origin.) 


8.34 Letz = x+ yi. Then f(z) = iz = i(x — yi) = y + xi. Thus, f swaps the real and imaginary parts of z. The 
transformation corresponding to f is | reflection over the line x = y |. 


8.35 In both parts, let points A, B, and C correspond to a, b, and c, respectively. Then, we have |a — b| = AB, 
la — c| = AC, and |b — c| = BC. 


(a) We have AB + AC = BC. By the Triangle Inequality, this equation holds if and only if A is on BC. 


(b We have AB? + AC? = BC’. By the Pythagorean Theorem, this equation holds if and only if ZBAC is a right 
angle. 


8.36 


: n 20 Im 
(a) First, note that the magnitude of i$ is 


El — 


Z| = E = 1, so i lies on the unit circle. 


E 
Furthermore, the complex number J can be obtained by dilating z through the 


origin by a factor of E Hence, ģ is the intersection of the unit circle and the ray 


joining the origin to z. Re 


S] 


(b) Letz = x + yi, where x and y are real numbers. Then Z = x — yi, so z + Z = 2x. Im 
Hence, the foot of the altitude from z to the x-axis, which we'll call point M, 
is the midpoint of the segment from the origin to z + z. After locating M, we z 
draw the circle with center M and radius OM, where O is the origin. The other 
point at which this circle intersects the real axis corresponds to z + Z. Re 


(c) By definition, z lies on the circle centered at the origin with radius |z|. Im 

Furthermore, |z| is a real number, i.e. |z| is the intersection of this circle 

and the nonnegative real axis. The point corresponding to |z| is |z| to the 

right of the origin. The point corresponding to z + |z] is |z| to the right of Z 
z. Therefore, if we build a quadrilateral with vertices 0, z, z + izl, and |z| 

in the complex plane, the side connecting 0 to |z| and the side connecting 

z to z + |z| are parallel and equal in length. Therefore, to locate z + |z|, we 

draw the line through |z| that is parallel to the line from the origin to z. The 

intersection of this line with the line through z parallel to the real axis is the 

point corresponding to z + |z|. 


z + |z] 


Re 
|z| 
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8.37 Let A, B, and C be the vertices of the triangle, and let a, b, and c be the corresponding 
complex numbers. Let M and N be the midpoints of AB and AC, respectively, so the 


corresponding complex numbers are m = “? and n = #4, respectively. M Ns 
po I 


BC. 
8.38 


(a) 


(b) 


8.39 


We therefore have m — n = %4% — %4 = b£, This means that MN = [m - n| = |%£| = 
tlb -c F 


segment connecting the midpoint 


2 — 
|= BC, and that 7=" = F, Since 7— is real we know that MN || BC. Therefore, the B RN 
s of AB and AC is parallel to BC and has half the length of 


Leta 23—-2iand b = 1 - 5i. As shown in the text, the line joining a and b is perpendicular to the line joining 


z and b if and only if 
C20 dm oe — exo 
qu (pon 99 2.097 
is imaginary, so we check this value for each the given complex numbers. 
For z = 2 — 7i, we have 
aU TP) el i ee (2 — 31) _ 2 8 4 0E 


243i 243i ESO -3)- 13 13994 


which is not imaginary. 
For z = —6 + 2i, we have 
(rA 7 7 712-31) 14 4 lit a 
2+ 3i 243i (24+3)2-3/) | 13 pe 


which is not imaginary. 
For z = --5 -- 1, we have 


(-5-i)-(1-5) -6*4i (-6+4/)(2~-3i) _ -12+18i+8i+12 26i 


243i arc = (ano an 13 T p oa 
which is imaginary. 


Therefore, of the given complex numbers, only | -5 — i | has the desired property. 


If z is on the line through b such that the line is perpendicular to the line through a and b, then we must 


have 
(z -b(a — b) + Z- by(a — b) = 0, 


as proved in the text. Therefore, the desired equation is 
(z - (1 =- 5))((3 + 21) — 01-559 (z — (1 + 5)))((3 — 21) - (1 n = 0. 
Simplifying the left side gives 
=i tN re t EEL N o = O. 


Expanding and simplifying the left side gives | (2 — 3z + (2 + 3i)z + 26 = 0 |. 


Let a, b, and d be complex numbers corresponding to points A, B, and D in the complex plane. We know 


that any circle in the complex plane can be described as the graph of some equation |z — c| = r, where c is the center 
and r is the radius. We can make our work a lot easier if we choose the midpoint of AB to be the origin, so the 
circle through A and B in the complex plane has center 0 and radius |a|. Therefore, the circle with diameter AB is 
the graph of the equation |z| = |a|. So, to show that D is on the circle, we must prove that |d| = Jal. 
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If AD L DB, then we have "EN 
(a — dY(b — d) + (a — dY(b — d) =0. 
Since we chose the midpoint of AB to be the origin, we have b = —4, and the equation above becomes 
(a - d)(-a - d) + (a — d)(-a - d) = 0. 
Expanding the left side, we have 
—aa — ad + da + dd — ai — da + ad + dd =0. 
Massive cancellation ensues, and we're left with 
2dd — 243 = 0. 


Dividing by 2 and rearranging gives dd = aa, from which we conclude that |a? = |a? (because zz = |z|? for any 
Iz|). Finally, since |d| and |a| are nonnegative, we can take the square root to find |d| = |al, as desired. Therefore, we 
conclude that D is on the circle with diameter AB. 


8.40 The center of the hexagon is given by Q3) = 5 —1. Two vertices are Im 

the results of counterclockwise rotations by 4 and by 4 of 2 +i about the center : 

of the hexagon, and two vertices are the results of counterclockwise rotations : ow 

by 3 and by % of 8 — 3i about the center of the hexagon. Therefore, the vertices a 
are: 


Then the other vertices of the hexagon are given by 


e" -)-(65-i]-(6-1i- (5 + ¥i) (-3 + 2i) + (5-1) 


_|7=2v3 _ 33, 

= 2 = 2 D 
e"iS-3)-6-a1«6-5-( Bi) o-m-6-9- 228 A225) 
PRI -3)- 6-)]«6-)- (3 j i) pco on, [ape oss 


8.41 Letthe vertices of the trapezoid be A, B, C, and D, where the parallel Im 
sides are AB and CD, and let the corresponding complex numbers be a, b, 
c, and d, respectively. Without loss of generality, we can orient trapezoid 
ABCD so that both a and b are real and b > a. Then AB = b — a. 


8 —3i 


C 


MI 


Since AB || CD, c and d have the same imaginary part, say h. Let 
c = p hi and d = q + hi, where p and q are real numbers. Note that 
c-dz- (q + hi) - (p + hi) = p - q, so CD = p - q. 


Let M and N be the midpoints of BC and AD, so the corresponding complex numbers are 


a et Me b+pt+hi ke atic age 


2 2 2 2 
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Then 


_b+pthi at+gtmh | (b—a)*(p—4) 
72 i 2 i 


which is a real number, so MN is parallel to AB and CD. Furthermore, MN = ABD , as desired. 


8.42 Without loss of generality, we can assume that one of the vertices of the paral- Im 
lelogram is the origin. Then the other vertices of the parallelogram are of the form a, nai 
b,anda +b. ; 


The diagonals are perpendicular if and only if the line through 0 and a + b is 
perpendicular to the line through a and b. This occurs if and only if 
Re 
((a + b) — 0)(a — b) + (a - b — O)(a — b) — 0, 


which is equivalent to (a + b)(a — b) + (a + b)(a — b) = 0. Expanding the left side gives 
aa — ab + ab — bb + aa + ab — ab — bb = 0, 


which simplifies as aa = bb, or |a|? = |b£, or |a = |b]. But two sides of the parallelogram are equal in length if and 
only if it is a rhombus. 


8.43 We know that z lies on the perpendicular bisector if and only if the line joining z and “42 is perpendicular 
to the line joining a and b, which is true if and only if 


(à — b) (z- 227) 4- (a — b) (2-5) = 


Expanding the products gives 


(a — b)(a + b) - (a-b)@+b) _ 
Z. V — 


Ga ha = 0, 


and rearranging this gives 


(a+b)\@—-b)+(a—b)\@+b) aa—ab+ab—bb+aa+ab—ab—bb _ = 


(a - b)z + (a- bz = 2 7 aa — bb. 


8.44 We consider the case in which WXYZ is oriented as shown at right. (We can X 

tackle the other possible orientation of WXYZ in essentially the same way.) If ATSZ 

is an isosceles triangle, it looks like we must have ZTSZ = 90° and TS = SZ. We have T 
ZZST = 90° and TS = SZ if and only if T is a 90° rotation of Z about S. Letting s, t, and 

z be the complex numbers corresponding to S, T, and Z, we can write our condition Y W 
for ATSZ to be an isosceles triangle as simply t — s = (z — s)i (for the case that t is a 

90? counterclockwise rotation of z about s). That's a pretty simple target, so let's plow 

ahead with complex numbers. 


We can make life somewhat simpler by choosing convenient coordinates. We Z 
choose the center of the square to be the origin, and orient the axes so that W corresponds to 1, X to i, Y to —1, and 


Z to -i. Since T is the midpoint of WX, we have t = 1#, Since S is the midpoint of OY, we have s = -l. 


Now, we're all set to finish off the proof. We have z = -i, s = -i, and t = lti, Therefore, we have 
(z-s)i = (-i-(-3))i=1+4 andt-s = 4 - (-1) = 1+ į, so (z -s)i = t-s. This tells us,that t is a 90° 
counterclockwise rotation of z about s, as desired. Therefore, ATSZ is an isosceles right triangle. 
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8.45 We could tackle this problem with the regular tools from Euclidean geometry, but we’d have to be very 


careful to make sure that our proof covered all possible configurations. Instead, we'll use complex numbers, and 
tackle all possible configurations at once. 


We place the problem on the complex plane such that X is the origin and W is at 1. Since XW is horizontal, 
point Y is the image of a vertical translation of X and Z is the image of a vertical translation of W. Therefore, Y is at 


ai for some real constant a, and Z is at 1 + bi for some real constant b. The midpoint of YZ then is eet = i + en, 


Let this midpoint be M. We wish to show that MW = MX. We have MW = | (3 + 343) - 1| = |-} + *i| and 


MX = |i + i|. Since |z| = Z| for any complex number z, we have 


1 a+b. 


+ 
2 2 


aoe] - MX 


2 2 


1 i 
+ = 


E 1 a+b. 
2 2 = 


1 
i = EIE 


We could also have noted that M is the result of a vertical translation of the point corresponding to 1. Therefore, 
M is on the perpendicular bisector of WX, which means that it is equidistant from W and Z. 


We have no diagram for this problem because there are two possible configurations: Y and Z can be on opposite 
sides of WX or on the same side of WX. Using complex numbers allows us to tackle both at once. 


8.46 Let ABCD be a quadrilateral and let a, b, c, and d be complex numbers corresponding to the respective 
vertices of the quadrilateral. Then, the midpoints of AB and CD are £? and $4. The midpoint of the segment 


(a+b) /2+(c+d)/2 (ard)/2+(b+c)/2 a+b+c+d 
Pi 2 4 


connecting these two points is = stbictd Since this equals , the complex number 


also corresponds to the midpoint of the segment connecting the midpoints of AD and BC. 

The midpoints of the diagonals AC and BD are “ and #4. The midpoint of the segment connecting these 
two points is (2x02 1/2. = £564 This coincides with the midpoint of the segment whose endpoints are the 
midpoints of AB and CD, so the two segments described in the problem bisect each other. (We can go through the 
same steps with sides BC and AD, as well.) 


8.47 Solution 1: Use Translation. The translation that maps A to B also maps D to C. The translation that maps A 
to B maps any complex number z to z + (b — a), since a + (b — a) = b. Therefore, this translation maps d to d + (b — a). 
Since this translation also maps D to C, we must have d + (b — a) = c, so d = c +a — b. 


Solution 2: Use Diagonals. Since ABCD is a parallelogram, the diagonals must bisect each other. That is, their 
midpoints must be the same, so ez = bd from which we find d = a + c — b, as before. 


8.48 From the Triangle Inequality, we have |w — z| + |z| > K(w — z) + z| = [w|, so |w — z| > |w| — Iz]. 


8.49 Letp,a, b, c, and d be complex numbers corresponding to P, A, B, C, and D, respectively. So, we must show 
that 
la— pP lc - pP = Ib — pP ld — pl. 


We can get rid of the magnitudes by noting that |z|? = zz for all complex numbers z, but first we simplify the 
problem by choosing our origin wisely. We let the center of the rectangle (the intersection of the diagonals) be the 
origin. This point is equidistant from all 4 vertices and is the midpoint of AC and BD. Therefore, we have c = —a, 
d = —b, and |a| = |b|. So, we have 
la - pP Ic - p? = a - pP I-a - pf = (a-pa - p) + (Ca - pK-a - p) 

— a0 — ap —paü- pp--aa--ap + pa + pp 

= 2(aā + pp). 
Similarly, we have |b — pP + |d — p = 2(bb + pp). Since |a| = |b|, we have lal? = |b, so aa = bb and aa + pp = bb + pp. 
Therefore, we have Ja — pẹ + |c — pẹ = |b — p + |d — pP, so AP? + CP? = BP? + DP’, as desired. 
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Challenge Problems 


8.50 We save ourselves a lot of work by choosing the origin and real axis wisely. 
We place the problem on the complex plane by letting O be the origin and letting k be 
the real axis. Then the distance from each vertex to k is the real part of the complex 
number that corresponds to the vertex. We let x + yi correspond to one vertex of the 
square. We find another vertex by rotating x + yi by 5 counterclockwise about the 
origin, to get (x + yi)i = —y + xi. The next vertex is a 5 counterclockwise rotation of 
-y + xi about the origin, so it is at (—y + xi)i = —x — yi. The last vertex is a 5 rotation 
of —x — yi about the origin, or (—x — yi)i = y — xi. 


The sum of the squares of the distances from each vertex to the real axis is y? + x? + y? + x? = 2(x? + y’). The 
quantity x? + 1? equals the square of the distance from any vertex to the origin. This distance equals half the 
length of a diagonal of the square, and this length is the same no matter how the square is oriented about the 
origin. Therefore, the quantity x? + y? is the same no matter how the square is oriented about the origin, which 
means that the sum of the squares of the distances from the vertices of ABCD to k is the same for any orientation 
of the square about the line k. Equivalently, this sum is the same for any location of k through the center of a fixed 
square ABCD. 


8.51 From the diagram, we expect that if APAQ is an isosceles right triangle, then 
ZPAQ = 5 and PA = AQ, so we want to show that P is the image of a 7 rotation of Q 
about A. We place the problem on the complex plane, letting the lowercase version 
of each letter be the complex number corresponding to the respective uppercase 
point. With the diagram oriented as shown, showing that P is the image of a 
counterclockwise rotation of Q about A is the equivalent of showing that p — a 


e" — a) = ilq — a). 


|] NIA 


We simplify the problem by letting A be the origin, so a = 0 and we wish to prove 
that p = —iq. Now, we must find p and q in terms of b and c, and check if we have 


DL 
In square CAFG, point G is a 5 counterclockwise rotation of A around C, so we have 
g—-c- e (a — c) = i(a — c). 
Since a = 0, we have g = c - ic. 
Similarly, D is a 7 clockwise rotation of B about C, so 
d—c-e "(b — c) = (-i)(b — c) = —ib + ic, 
which means d = —ib + c + ic. 


Finally, we find q from parallelogram CDQG. The diagonals of the parallelogram bisect each other, so 5* = D 
which means 


z 


g=d+g—-—c=(-ib+ctic)+(c—ic)-c=-ib+c. 


Similarly, H is a 2 clockwise rotation of A about B, so h - b = e~™/2(a — b) = (-i)(0 — b) = ib, which means 
h = b+ ib. Since J is a 5 counterclockwise rotation of C about B, we have j -b = e"(c — b) = i(c — b), so 


j=b+i(c—b)=(1—-1b+ ic. Parallelogram BHP] then gives 


p-j*h-b-( -i)b + ic) + (b + ib) - b = b + ic. 
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We therefore have iq = i(—ib + ¢) = b + ic = p, so p isa 5 counterclockwise rotation of q about the origin. Since 


A is the origin, we have proved that P is a 5 rotation of Q about A, which means that APAQ is an isosceles right 
triangle, as desired. 


8.52 We find p first. Since a, p, and b are collinear, we have 
(p - by(a — b) - (p - b)(a - b) = 0. 
Since the line joining p and z is perpendicular to the line joining a and b, we have 
(p - z)a — b) + (P - z)(a - b) = 0. 
We can cancel p by adding these two equations. When we add the equations, we group the (a — b) terms and 
group the (a — b) terms. This gives us 
(2p — b — z((a — b) + (b - zY(a — b) = 0. 


Rearranging this equation gives 
(2p -b - z)(a - b) = (Z - b)(a — b). 


Since a + b, we can divide by (a — b), and then isolate p to find 


E pe eec) — Z(a-b)-ab-« bb + ba bb e z(a- b) _| (à— bz + (a - b)z — ab + üb 
2 a-b " 2(a — b) p 2(a - b) | 


Since p is the midpoint of z and w, we have p = *5*. Solving for w gives w = 2p - z = ves à 
a — 


8.53 The expressions 4/3? + (x — 1? and 4/x? + (x + 1? resemble the distance formula. We are further inspired 
to think of them in this way by being asked to minimize their sum, because minimizing a sum of distances 
reminds us of the Triangle Inequality, AB + BC > AC. But what points should we take to be A, B, and C to give 
the expressions in the problem? Taking these to be points in the complex plane, we can let B represent x + xi, A 
represent i, and C represent —i. Then, we have 


AB + BC = / 32 + (x - 1 + / x? + (x +1). 


By the Triangle Inequality, this sum is minimized when B is on AC, which is a fixed segment that does not depend 
on x. Since AC is the segment from i to —i, point B must be on the imaginary axis to minimize AB BC. The only 


point of the form x + xi on the imaginary axis is 0, so the minimum value of f is f(0) = [2]. 


Looking back over our geometric argument, we can now construct a purely algebraic argument to show that 
the minimum value of f is 2. Let z = x + xi, a = i, and b = —i. Then 
lz —al + |z — b| = (x + xi) — i] + I(x + xt) + il 
zx-(x-1i-lIx-4(x-1)l 


= yx +(x—-1)2 + yx +(x +1), 
which is f(x). By the Triangle Inequality, we have |z — a\+ |z- b| = lja-2|+|z-b| = |\a@-—z)+(z-b)| = la — b| = 
li- (-)] = |2i| = 2, so f(x) = 2 for all x. Furthermore, f(0) = V0? + 12+ V0? + 1? = 1+1 = 2, so the minimum value 
of f(x) is [2 | 


8.54 We present two solutions—one that is largely geometric and the other largely algebraic. 
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Solution 1: Geometry. The inequality |zi — 5 + 3i| € 4 means that 
zı lies inside or on the circle with center 5 — 3i and radius 4, and the 
inequality |z; — 5i| < 2 means that zz lies inside or on the circle with 
center 5i and radius 2. The distance between the centers of the circles 
is (5i) — (5 — 3i)| = V89, and the sum of their radii is 6. Since 6 < V89, 
the circles do not intersect. 


Let the line joining 5 — 3i and 5i intersect the two circles at A, B, C, 
and D, as shown at right. The expression |z; — z?| equals the distance 
between zı, which is in or on the larger circle, and zz, which is in or 
on the smaller circle. We claim that the shortest distance between two 
points with one point on each circle is BC and the longest distance is 
zum 


To see why BC is the shortest possible distance, consider the line 
through B tangent to the circle centered at 5i and the line through 
C tangent to the circle centered at 5 — 3i. (These lines are dotted in the diagram.) These two tangents are 


perpendicular to BC, so they are parallel to each other. Neither circle passes through a point that lies between the 
two tangents, so |z2 — zıl is at least as great as the distance between the two tangents, which is BC. 


To see why AD is the largest possible distance, consider the circle with diameter AD. (This circle is dotted in 
the diagram.) The circle with diameters AB and CD are internally tangent to the circle with diameter AD, so, other 
than points A and D, both circles are entirely inside the large circle. Therefore, |z; — z;| can be no larger than the 
length of the diameter of the large circle, which is AD. 


To find the lengths of BC and AD, we recall that the distance between the centers of the smaller circles is V89. 
Then, BC is this distance minus each of the radii of the circles, and AD is this distance plus each of the radii of the 


circles. That gives us BC = 489—2—4 =| N89 — 6 |as the minimum value of Iz; -Zp|and AD = ¥89+2+4 = | 6 + V89 
as the maximum value of |z; — zy]. 


Solution 2: The Triangle Inequality. This solution is a little less intuitive, but our first solution helps guide us. 
First, we'll tackle the maximum value. We wish to show that |[z; — z?| € k, where k is some constant. To use the 
Triangle Inequality, we want to break z1 — zz into a sum of expressions that we know something about. We know 
that |z; — 5--3i| € 4 and |z2 — 5i| < 2, and we can write the second inequality as [bi — z;| < 2. But z1 — z2 is not exactly 
the sum of zı — 5 + 3i and 5i — zz, so we'll need one more term, (5 — 31) — 5i, and we have 


zı — Z2 = (zı — 5 + 3i) + ((b — 3i) — 5i) + (bi — z2). 


We have a hint that we’re barking at the right tree when we notice that the middle term on the right is the difference 
of the complex numbers corresponding to the centers of the circles in our first solution. 


Apply the Triangle Inequality gives 
[Z1 — z2| = |[z1 — 5 + 3i] + [(5 — 32) — 5i] + [5i — z2]| < |z1 —5 + 3i| + (5 — 3i) — 5i| + [bi — zzl. 
We know that [z; — 5 + 3i| < 4, |(5 — 3i) — 5i| = [5 — 8i| = V89, and [z? — 5i| € 2, so we have 
lz — zəl < |z1 - 5 + 3il + (5 - 3) - 5il + bi - z2| < 4 + V89 + 2 = 6 + V89. 


We can show that the maximum can be achieved in the same way we did in the first solution. We consider the 
circles that are the graphs of |z — 5 + 3i] = 4 and |z? —5i| = 2, and take point D on the first circle and A on the second 
such that the centers of both circles are on AD. The distance between the centers is V89, and the sum of the radii 


is 6, so AD = l6 v89| 


Finding the minimum is a little trickier, because here, we want [z; — z2| = k, where k is some constant. To apply 
the Triangle Inequality to produce |z; — z?| on the greater side, we'll have to add more expressions to it. But we 


168 


Challenge Problems 


have some candidates to try. We know that |z; — 5 + 3i| < 4 and |z; — 5i| € 2. This time, we “reverse” the terms 


in the first inequality and write it as |5 — 3i — zj| < 4, where we do this so that zı will cancel when we apply the 
Triangle Inequality: 


Ib-3i-zl-lz -zo-lz-5izl(5-3i—-z) + (z1 — z2) + (z2 -5) 21 -3i-5i = V89. 


Therefore, to minimize |z; — Z2|, we wish to maximize the sum of the other two terms on the left above, which are 
|5 — 3i — zi| and [z? — 5i|. We can use the given inequalities to write 


lb-3i-zltlz-zl-lz-5i|z4-lz — z2| + 2 = 6 + |z1 = zəl. 
Putting this together with the Triangle Inequality result, we have 
6 + [zi — 22| 2 |5 — 3i - z1] + lex — z2 + za — 5i] > V89. 


Taking the two ends of this, we find [z; — z2| > —6 + V89. We can show that the minimum can be achieved by 
considering the circles that are the graphs of |z — 5 + 3i| = 4 and |z; — 5i| = 2. We take point C on the first and B on 
the second such that the segment connecting the centers of both circles contains B and C. The distance between 


the centers is V89, and the sum of the radii is 6,so BC = | —6 + N89 | 


8.55 Leta = 2,b = 1 +2i,c = -1 +i, and d = —1 — i, so |z — 2| + |z - (1 + 2i)| + 
iz — (1 + D| + |z — (—1 — i| = |z — a| + |z — b| + |z — c| + |z — dl. 


By the Triangle Inequality, we have 
lz - al + lz- c| = la = z| + |z — c| > \(a = 2) + (z-0)| = Ja = c| = |3 = il = V10, 
and 


Iz — b| + iz - d| = |b = z| + |z - d| > (b - 2) + (z - d| = |b - d] = |2 + 3i] = via. 


Furthermore, equality occurs in both inequalities when z is on the segment 
from a to c and on the segment from b to d. Therefore, we will have equality at 
the point at which these segments intersect, if they do intersect. The diagram above shows that they do indeed 


intersect (we could also show this algebraically), so the minimum value is V10+ V13 | 


8.56 


(a) Solution 1: Apply Vieta’s Formulas for quadratics. Let Cy and C» be the two possible locations C 
of C such that A, B, and C form an equilateral triangle, as shown at right, and let c; and c; be 
the complex numbers corresponding to C; and C». 


Let C be a primitive sixth root of unity. Since C; is the image of a $ counterclockwise 
rotation of B around A, we have 


cı = Çb — a) +a = (1 - Qa Cb. C2 
Also, C? is the image of a 5 counterclockwise rotation of A around B, so 


c; = Qa —- b) -b 2 Ca (1 — Qu. 


The equation we wish to prove true can be viewed as a quadratic in c. This equation has the roots c; and 
c) given above. We know that if a quadratic has the form x? + px +q, then the sum of the roots is —p and the 
product of the roots is q. So, we can find the quadratic in c with roots c; and c; by finding c1 + cz and c1c2. 
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First, we have 
cı +c =(1-Chat+Ch+Ca+(1-C)b=ar+tbh, 


Then, as explained in the text, C is a root of x? — x + 1, so Ç? -Ç+ 1 = 0, which means (? = Ç — 1, and we have 


cc? = [(1 — Oa + Cb][Ca + (1 — Q5] 
xac Cat (1 (0) abs oh eal 
= (C- Og + (1-20 + C)ab + Cab + (C- Oy 
= (Ç — Og + (1-20 + 20)ab + (C - Cb? 
= (C—C4+1)a? + (1 -2C +2Ç-— 2)ab + (CC 1)? 
= q@ —ab+b. 


Therefore, as explained above, c, and c» are the roots of 
@-—(a+b)c+8@ -ab+b = (0) 


which rearranges as a? + D? + c? = ab + ac + bc. 
Solution 2: Apply Vieta's Formulas for cubics. Let f(x) = (x — r)(x — s)(x — t). Expanding the right side gives 


f(x) = - (r +s+ ty? + (rs + st  tr)x — rst. 


Therefore, the sum of the roots of a cubic of the form X? + a?x? + a,x + ag is —az, the sum of all three products 
of pairs of roots is a, and the product of all three roots is ^49. These are Vieta’s formulas for a cubic. 


To apply them to this problem, consider the cubic f(x) = (x—a)(x - b)(x — c), where a, b, and c are complex 
numbers. The roots of f(x) correspond to the vertices of the triangle formed by connecting a, b, and c in 
the complex plane. Let this be AABC. We'd like to relate f to a cubic we know a lot about, and preferably 
a cubic whose roots are the vertices of an equilateral triangle in the complex plane. A natural choice is 
g(z) = z? — 1, whose roots are the cube roots of unity, which are the vertices of an equilateral triangle in the 
complex plane. Let this triangle be APOR. 


Triangle ABC is equilateral if an only if we can map it to APQR by a translation followed by a dilation, 
followed by a rotation. First, we translate AABC such that its centroid is the origin. Then, we dilate the 
triangle about its center by a factor of 1, where r is the circumradius, and finally, we rotate the triangle 
about the origin such that one of the vertices is at 1 in the complex plane. In each transformation, the 
original triangle and its image are similar, so AABC is equilateral if and only if the result of these three 
transformations is. Let's see what the effect of these transformations is in complex numbers. 


The translation maps x to x — t, where t is a complex number. The dilation maps x — f to k(x — t), where 
k is a nonzero real number. The rotation maps k(x — t) to wk(x — t), where w is complex number such that 
lw| = 1. 

Therefore, we can map the roots of f(x) = (x — a)(x — b)(x — c) to the roots of g(z) = z? — 1 with the 
transformation z = «(x — t) = wkx — wkt, where z is a root of g(z) and x is a root of f(x). Letting u = wk and 
v = —wkt, we have z = ux + v for some complex numbers u and v. Substituting this into our expression for 


g gives 


g(ux +v) = (ux v) — 1 = WPX + 3u wx? + 3uv x - v? —1 2 i? (xe + — == 
u u? u? u 


Since this transformation maps AABC to APQR, the polynomials f(x) and g(ux + v) have the same roots. 
Furthermore, since f is monic, we have 
w, WwW F í ; 


1 3 
39) e =S Ws sp O) SS" se ae ae SE SP ee 
f(x) 8l ) u u2 u3 us 
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(b) 


(c) 


8.57 


Applying Vieta's formulas E a cubic, the sum of the roots of the cubic in x must be - 32 ? and the sum of 
pairs of these roots must be ?7.. Since the roots of f are a, b, and c, we have 
3v 
gap GE 
u 


2 


30 
ab + bc + ca = PE 
u 


Squaring the first equation, and noting that writing Es =3- ay allows us to substitute ab + bc + ca for 3 i ; 
gives 


out _ 308 


(a+tb+c= Tm = 3. mp = 3(ab + be + ca). 


Expanding (a + b + c)? gives à? + b? + c + 2(ab + bc + ca) = S(ab + bc + ea), so à? +b? + œ = ab + bc + ca, as 
desired. Therefore, the triangle is equilateral if and only if a? + b? + c? = ab + bc + ca. 


Multiplying both sides by (a — b)(b — c)(c — a), the desired equation becomes 
(b — c)(c — a) + (c - a) (a - b) + (a — b)(b—- c) = 


Spe abc +ac+ac-— be- a? + ab + ab -ac -— b? + be = o0 
© ab+ac+be-@-bÞ-e=0 


© g +b +e =n) cee 


which is the same equation as in part (a). 


Expanding, the left-hand side becomes 
(b — cy, + (c—- a - (a - b = b- 2bc +c +e -2ac +a? +g —2ab+b* = 26) + 2b* + 2c? — 2ab — 2ac — 2bc = 0, 
which simplifies as a? + b? + c? = ab + ac + bc. This is the same equation as in part (a). 


Since S, is the minimum value of the sum, we have 


(2-1-1 +a + JQ-2-1P +a +--+ y(2-n-1} +02 >S, 


for all n. An inequality with a sum on the greater side—that looks like the Triangle Inequality. If we write each z; 


in 


leall a leal A oe EIE | 


7 (a Laer 
as xj + yji so |z;| = yx + yj, we have 


VX HY trast yp te t/a + yh > fr trot Xn) + (yr t yo tees + yay. 


Applying this to the sum of square roots in our problem, we have 


y (2-1-1) +a? + JQ-2-1P +43 +--+ + y(2-n-1)} +a} > 
vV[2-1-1)- (2-2-1) +---+(2-n-1DP+@ +a ay. 


The sum a; + 42 +--+ +4, is given as 17, and 


+1 
@-1-1) 4-2-1) 4-4 Qn 1) 220 24 en) -ne2. 19 Ln eg 
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so the inequality now is simply 


f/(2-1-1% +a? + y(2-2-1} +a +---+ JQ:n-1P +a? 2 Vnt +177. 


Now, our problem is to find an integer n such that S, = Vnt + 17? is an integer. We square both sides to get rid 
of the square root and find 52 = n* + 177. Subtracting n* from both sides and factoring 57 — n* as a difference of 
squares gives (Sp — 1?)(S, + n?) = 177. We know that S, +n? is positive, so Sn — n? must be positive as well. Both of 
these expressions must be integers, so we have only two options: either S, +n? = $,— n? = 17, or Sn +n? = 17^ and 
Sn — n? = 1. The former possibility gives S, = 17 and n = 0, but n must be positive. The latter gives S, + n? = 289 


and S, —n* = 1, which means $, = 145 and n = [12]. 


8.58 We let the origin be the point at which the four given lines meet, and we let a, b, c, d, e be complex numbers 
corresponding to the respective vertices in the diagram. Because the origin is on the line through A and the 


midpoint of EB, we have 
b+e\ a (r Dre T 
(o- 525) 6-8 - (0-4 )0-2-0 


Simplifying this equation gives 
ba + ea — ab — ae = 0. 


Similarly, the other three given lines pass through the origin and yield 


cb 4 ab — bc — bü = 0, 
dc + be — cd — cb =0, 
ed + cd — de — dc =0. 


Adding all four of these equations gives a whole lot of cancellation, and leaves 


ea + ed — aë — de = 0. (8.2) 


We'd like to show that the line through E and the midpoint of AD passes through the origin, which is true if 
and only if 
atdN— . f> at+d 
(o- 5 )6-a- (o- 2 ) (0-e)=0. 


ae + de — ea — ed = 0. 


Simplifying this equation gives 


Multiplying Equation (8.2) by —1 gives us this desired equation, so the line through E and the midpoint of AD 
passes through the origin. 


8.59 


(a) Let w = e?!" be a primitive n™ root of unity, so œw” = 1. Without loss of generality, we can assume that the 
point P; corresponds to the complex number w* in the complex plane, 0 < k < n — 1. Let z be the complex 


number represented by P, so |z| = 1. Because w is an n" root of unity, we have @ = w™ = w", Then 


PP; = O = (2 -w)@-@") = @- w)@-w") = (2 -w)E-o"*) 


=72 0) Zee aw =i = a ee ee e eu 
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SO 
PES PI i PP FPE 
= (2 - w"Z — 2) + (2 — w" "2 — w7) + (2 — w" ?z — 2) + -+ + (2- wz — az) 
=m (oko to t to á (Futo re rut 
-2n-(o ta a O e a 
S (Poe eee qe DE 
By the formula for a geometric series, we have 1+w+w?+ +w"! = = “ =0,s0 PP3+PP?+PP3+---+PP2_, = 
2n. i = 


(b) From the equation PP? = 2 — w"-*z — wz, we have 


= (2— 0" *z — WZ) = 44 gu + wz? Aw" kz AgFz + 2w" 
= 2n-2 = = = = = 
rp Re E az? — Agr — daz 4.2 = 6 + az? 4 az? Agyt-kz — de kz. 
Then 


PP$ + PP) + PP3 +- + PPA, (68772 +2 —Ay'z- 47) 


2n-2,, 2 


+ (6+ + az — 4w""!z — 407) 


+ (6 + o?" 2? + wz? — Ag ?z — Ag?z) 
Tuve (6+ we par T — Any =A 1z) 
- 6n (wx o e wÉ cvy e ra? roter a 
— 4(o to * a? t u")z-AQ ror a? utl 
-6nc o ro ro t o rüeatewte came 
—4o(1-t v * a * HoA Hwa H utl, 


2 


where we used œw” = 1 and w” = (w")? = 1 in the last step. We know that 1 + w + w*+---+q@""! = 0, and 


An is wn = I (oy? 


1 a? a o = 
1- w? 1-o? 


- 0, 
so PP, + PP? + PPS +--+ PP} = 6n. 


8.60 We could letz? = x+ yi and go through some clever algebraic manipulations to 
find the possible values of z” and z?, but a little geometric insight offers a significant 
shortcut. Rearranging the given equation as z?? = z? + 1, we see that z” is the image 
of a translation of z? by 1 unit to the right. We also know that |z| = 1, so |z| = |z8| = 1 
as well, which means that z” and z? are on the unit circle. There are only two pairs 
of points on the unit circle such that one point is 1 unit to the right of the other. These 
are shown at right. 


To see that these are the only two possibilities, we note that there are only at 
most two points on the unit circle with a given y-coordinate. The difference in the 
x-coordinates of these two points is 2 when the y-coordinate is 0, and the difference strictly decreases as y moves 
away from 0. Therefore, this difference can only equal 1 once above the x-axis and once below the x-axis, and 
these are at the values shown in the diagram. 


Since z% is the result of translating z? by 1 unit to the right, the two possibilities are z? = e/ and z% = e”/3, 
and z® = e473 and z” = e”, 
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lie ang/z/? — 90/9 thenz S (z5)9 = (2?) =e" quang 


28 
2e e, 


The solutions to this are of the form z = e™/!2+k"/2, where k = 0, 1, 2, and 3. These arguments correspond 
ohe neles 15 1105" 195°, and 285°. Furthermore, if z =e" mnene Ee (pni sap 
z8 = (zy = (e™BY = = eil, so all these solutions work. 


If 28 = einil3 and z28 = "i/i, then z24 = (z8)3 = (efri/33 = el?" = 1, and 


28 

4 7% _ Sri 
= = E . 

Z 


The solutions to this are of the form z = e&ni/12*1/2 where k = 0, 1, 2, and 3. These arguments correspond to 
the angles 75°, 165°, 255°, and 345°. Furthermore, if z4 = &"?, then z$ = (73)? = (e40 = eloni$ — e13, and 
z8 = (z4) = (eB = e%57i/3 = gani/^ so all these solutions work. 

Therefore the angles 0; in increasing order are 15°, 75°, 105°, 165°, 195°, 225°, 285°, and 345°, and the sum we 
seek is 75 + 165 + 225 + 345 =| 840. 


8.61 The center of the decagon is 2 (as a complex number), in the com- Im 

plex plane. Moreover, the decagon is a rightward translation by 2 units 

of the decagon whose vertices are the tenth roots of unity. Hence, each 

complex number x; + yi is of the form 2 +z, where z is a 10*' root of unity. a Re 
Let w oou Then it 


(x1  yil)(xa + al) (xs + y3i) +++ (x10 + Viol) = (2+1)(2 +. w)(2+0*)--- (2+). 


The 10" roots of unity are the roots of x!? — 1 = 0, so 
(x Dose (x 03 )--* (x — a») 2 xl? = 1. 


Taking x = —2, we get (-2 — 1)(-2 - &)(-2 — a?) --- (-2 — o?) = (-2)9 — 1, which simplifies as 


(2 + 1)(2 + w)(2 + w)---(2 + o?) = [1023]. 


8.62 Thearea of the equilateral triangle is maximized when one vertex of the triangle Im 

coincides with a vertex of the rectangle, and the other two vertices of the triangle lie Q 11+ 10i 
on the sides of the rectangle, so let the vertices of the equilateral triangle be A, P, and 

Q, where P lies on BC and Q lies on CD. 


We place the rectangle in the complex plane so that A corresponds to the origin 
and C corresponds to 11 + 10i. Let p and q be the complex numbers corresponding 


to P and Q, respectively, so that the real part of p is 11 and the imaginary part of q is 9n ioe 
10. Let p = 11 + xi and q = y + 10i. 
Then 4 can be obtained by rotating p by 3 counterclockwise about the origin, so q = e™/9p, or 
1 
y+10i = (cos = + isin =) (14x) >  y410i- (5 x X aroe = y+10i= = $ 2n ers a 
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Equating the real parts and equating the imaginary parts, we obtain the system of equations 


ONE 
UE 2 2 tá 

11 v3 

e yr aa 
2 "cum 


From the second equation, we have x = 20 — 11 V3. Then 


Ip? = |11 + xi? = 112 + x? = 121 + (20 — 11 V3)? = 884 — 440 V3, 


so the area of triangle APQ is lp}? = +8 (884 — 440 V3) = | -330 + 221 V3 |. 


8.68 Leto = e"/3, a primitive cube root of unity, so w? + œw + 1 = 0. Without loss of generality, let the vertices of 
the equilateral triangle in the complex plane be 1, w, and a, so s = V3. 


Let p be the complex number corresponding to the point P. Then in some order, PA”, PB?, PC? are 
p= d 2o -p-ubeWt sg 
p-o? = (p-«)(p-u)- (p- «(9p - o^) = Ip — ap - ep * 1, 
p-o = (p- «?)(p - a?) = (p - a?y(p - ) = |p? — ep — op * 1. 
Then 
PA? + PB? + PC? + s* = (pf -p -7 + 1) + (lp? — ap — wp +1) + (p? — p — op + 1) + s? 
- 3p? - (1-- e  a?)p — (1 o * o?)p * 6 
= 8|pP + 6, 
so (DA? + PB? + PC? + s?)? = 9|pi! + 36|pP 4- 36. 
Also, we have 
PA” <- PR" eC. = (ipl? == p oe 1) + (pl? — wp -wp + 1) + (Ip Sop wp + ine 
= Ip + p? pg 1-2lp?p — 2Ipfp  2IpP + 2lpl* — 2p — 2p 
+ [pÉ + wp? + oP +1 - 20° |pf?p - 2olpf^p + 2p?  2Ip - 2a°p — 2ap 
+ Ip + wp” + ap? +1- 2w\pPp — 2o" pP p + 2|pF + 2|p? = Djp = 2u°*p 
= Bipi +(l+w+ «y? +(1+@+ w’)p" +3-21+@+ w? )p -2(1+w+ w’)iplp 
—-2(01*o- o)|pPp + 12]p? -2(01-o- a»)p —-2(1+@+ a»)p 
= 3|pl* + 12]pl? + 3, 
where we used the fact that 1 + w + o? = 0 to eliminate many terms in the last step. We therefore have 


3(PA* + PB* + PC* + s*) = 3(3lpl* + 121p? +3 + 9) = 9Ipl* + 361p? + 36, 


S passppissuei coc (PASE? + percussis 
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8.64 We know how to handle equilateral triangles and testing for perpendicular- 
ity on the complex plane, so we place the problem on the complex plane. Let Ç be 
a primitive sixth root of unity and let the lowercase version of each letter be the 
complex number corresponding to the respective uppercase point. 


From equilateral triangles BCX, CAY, and ABZ, we have 
x= C(b-c)+c=Cb+(1-C)ec, 


y = Qe =m) re ee Or 
z = Ç(ła -b)+ b = a + (1 - ©)b, 


SO 
_atz_ (1+0a+(1-Ob 
ub 2d 2 i 
muc CO (2c 
[T AN nee 
, b+c 
A 
mee (l= Oats oc 
iac. > 2 d 
SO 
(1+ Qa 4 (1 —2C)b + (-2 + C)c 
Se ; ’ 
and " 
n -b = (1 ui 2ds at) 


We have B'N' L MN if and only if (m — n)/(n' — b) is imaginary. We can make our work a little easier by 
choosing A to be the origin, so a = 0, and we have 


m-n _ (1-20)b+(-2+ 0c 
n-b —b * Gc i 


Uh-oh. That expression on the right doesn’t look imaginary. The fact that it still has b and c in it is a problem, 
since b and c can be anything. So, we wonder if this expression is equivalent to an expression that doesn’t have b 
or c. This will be the case if the ratio of the coefficients of b equals the ratio of the coefficients of c, which will give 


us some convenient cancellation. Let’s check if that’s the case by comparing LA to =>. We have 
l= p 
c o GH 20 0-2(0-0 2-6 4 
ae PE p Dot Í 

Sure enough, they're the same. So, there's a constant k such that IA = -5 = k, and we have 


n' -b —b + Gc -b+ c yu CH 


Now, we just have to show that k is imaginary. We have k = —1 + 2C, and the only possibilities for C are the 


primitive sixth roots of unity, which are i + E and 1 — E For each of these values of C, the value of k = —1 + 2C 


is indeed imaginary. We have therefore proved that 7; is imaginary, so B'N' L MN. 
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Exercises for Section 9.1 


9.1.1 ety = m Then, we have 


o [a] vezes 
(b) Ilzi-24jl- y7 + (-24? = v625 « [25]. 


MOPONOBORCROEI] 
» (2-(9)-30-()-C- (9 Go] 


9.14 The vector AB represents the vector pointing from A to B, and the vector CD represents D 


the vector pointing from C to D. If these two vectors are equal, then AB and CD are equal in C 
length and parallel, so quadrilateral ABDC is a parallelogram. 
B 


9.1.5 Letv= (7). Then cv = (ae SO 
y cy 


(©) | = Vest ea = VETER = Vern VE e = li 


llevl| = 
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Exercises for Section 9.2 


9.2.1 
(a) ( E v EE a a T0512) =| 
& (C) (2) =6-0+()--3)=043=B) 


9.2.2 We have u - v = (5i — 12j) - (3i + 4j) = 2i — 16j, and u + v = (5i — 12j) + (8i + 4j) = 81 — 8j, so 
(u —v)-(u+ v) 2 Qi- 16j) - (8i — 8j) = 2-8 + (—16) - (C8) = 16 + 128 =| 144 |. 


We can also distribute: 
(u-—v)-(u+v)=u-(u+v)-v-(utv)=u-ut+u-v—(v-u+V-v)=U-ut+uU-V—-Uu-vV-V-Vv 


Suu yy [5:122] (3? + 47) 169 — 25 =| 144 l. 


9.2.3 If the vector (9 is orthogonal to E then a : G DE = 0, which gives —x + 2y = 0. If x = 5, then 


= x/2 = 5/2. If y = 5, then x = 2y = 10. Hence, possible vectors are lg A and 


9.2.4 The vectors p = ( ) and q = lo zl are orthogonal if and only if p: q = » ) ° " = su + tv = 0. Computing 


this value for each pair of vectors, we find that the only pairs of orthogonal vectors are ie ; ini J and 
(9.0) 
—6/'N6/J| 
> 1 0 1 > -5) /© =5 
9.25 We have AB = (5) — (3) = E and AC = " ) — tz = p Then 


AB - AC Eee tum eee 8 
|4B]aC] y+ E8 y5 + (12  wé5v26  13N10' 


cos Á = 


so A = arccos mE 86° |. 


Similarly, we have BC = P — | = m and BA = E — LS = es! so 
(-6)-(-1) - 7-8 — 6+5 _ 6267 
(6)2+72/(-1)2 +82 V85V65 5w221' 


cosB= 


and B = arccos (E le 33° |. 


The vectors emanating from C are CA- (3) = I = (7) and CB = C ) z E 2 ( 6 j a 


S ONDe d mu) ogc eee 
524+ 12,/e24+(-72 w26/85 w2210 


cos C = 
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and C = arccos ( = x ler] 


9.2.6 


(a) We have v = ry cos 0, and v; = ry sin Oy, so 


vll = yvi +o = y(rvcos Oy)? + (ry sin Oy)? = r2 cos? 0, + r2sin? 6, = yr2(cos? 0, + sin? Oy) = Vr E 


Similarly, ||w|| = rw. Therefore, ||vl|||w]| cos Q = ryrw cos Q. Since ¢ is the angle between v and w, angles 6, 
and Ow differ by @, so cos(0, — Ow) = cos $, and we have ||v||||w]| cos Qr COSC, Oy). 


(b) We also have wi = rw cos Ow and t» = rw sin Ow, so by the angle difference formula for cosine, 


U101 + VW = (ry cos Oy)(rw cos Ow) + (ry sin Oy) (Tw sin Ow) 
= ryrw(cos Oy cos Ow + sin Oy sin Ow) 


= ryrw cos(Oy — Ow). 
Combining this with part (a), we have 


VW = 011 + 020 = ||vlll|wil cos(8y — Aw). 


Exercises for Section 9.3 


9.3.1 Wehave x =3-—4s, y = -1 + 5s. Multiplying the first equation by 5 and the second by 4 gives 5x = 15 — 20s, 
4y = —4 + 20s. Adding these two equations gives | 5x + 4y = 11. 


9.3.2 Solving for y gives y = 3x — 4. Letting x = 0 gives y = —4. So, taking t = x as a parameter, the graph of 


3x — y = 4 is the same as the graph of (7) - Cu "S (3) . There are infinitely many other possible solutions. 


To test your solution of the form D = v + tw, make sure the point corresponding to your v satisfies 3x — y = 4, 
1 
and make sure your w is some multiple of b : 


9.3.3 As explained in the text, two vectors in are linearly dependent if and only if one is a multiple of the 


other. Using this condition, we find that the only pairs of linearly dependent vectors are { ien ; m } and 


GG] 


(a) We know that at least one such pair (a, b) exists, since every point (x, y) is in the graph of (5) = qu + bv. We 


will show that it is impossible for there to be two such pairs. 
Let qu + biv = w and mu + bv = w, where (am, b1) and (a5, b?) are distinct pairs of nonzero scalars, so 
aju + biv = (2u + bov. Hence, 
(a, — a2)u + (bi — b;)v = 0. 
Since u and v are linearly independent, we must have a; — 4? = bı - b2 = 0, so a = ay and bı = b2. Therefore, 
the pair (a, b) such that w = au + bv is unique. 
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(b) 


This part follows immediately from the previous part, which tells us that it is impossible for there to be 
two pairs (a, b) if u and v are linearly independent. Therefore, if two different such pairs exist, then u and v 
must be linearly dependent. 


Exercises for Section 9.4 


9.4.1 


(a) 


(b) 


9.4.2 
(a) 


(b) 


9.4.3 
(a) 


(b) 


(0 wv QOO (o _ 6 a (8 
Roh e ez / FrP} (E (31) | 


We have proj,u = a y= pe vanes e) a ( F ) = i) : 


IMP (Jaca) 


As explained in the text, proj,u depends on the direction of v, but not on the magnitude of v. Since w has 
the same direction as v, the projection of u onto w is the same as the projection of u onto v. The fact that w 


has three times the magnitude of v is irrelevant. Therefore, proj,u = |si -3i| 


We have proj,x = TN = Cu) T (=v) = 3proj,u = |27i —9j |. Geometrically speaking, this 


livi Iivi livil 
shows that tripling the magnitude of a vector triples the magnitude of the vector’s projection onto any 
other vector. 


Let (x, y) be a point on the line. Since 5i — 3j is normal to the line through (x, y) and (3,4), it must be 
orthogonal to the vector (x — 3)i + (y — 4)j. Therefore, we must have (5i — 3j) - ((x — 3i + (y — 4)j) = 0, so 


(b)(x — 3) + (-3)(y - 4) = 0. Expanding and rearranging gives | S= 613 0) 


Alternatively, because 5i — 3j is normal to the line, we know the line is the graph of the equation 
5x — 3y +c = 0 for some constant c. Since (3,4) is on the line, we must have 5(3) — 3(4) +c = 0, soc = —3. 


Therefore, the line is the graph of | 5x -3y 3-0, 


As explained in the text, the vector 2i-- 4j is normal to the graph of 2x - 4y = 7. But this vector has magnitude 
V22 + 4? = 2 v5. We seek a vector with magnitude 5, but with the same direction as 2i + 4j. Since 2i + 4j has 


magnitude 2 V5, we can multiply this vector by V5/2 to get the desired vector, | V5i + 2 V5j |. We also could 


have multiplied by — ¥5/2 to produce | — V5i — 2 V5j |, which also satisfies the problem. 


For any vector w = ti + wj, we have 


wi, (00) G0). 


= wi. 
12 2 
llill 1 


projw = 


Similarly, we have proj,w = w2. Since proj,u = proj,v for all x, it must hold for x = i and x = j. The equation 
proj;u = proj,v tells us that the first components of u and v are the same, and proj;u = proj,v tells us that the 
second components of u and j are same. Combining these observations gives us u = v. 
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9.4.5 


(a) | No |, We have 
(—w)-v wiv 
Proj,(—w) = ses rer ccce te ud 
Ivii? IIvll 
If we also have proj, (—w) = proj,w, then proj,w = —proj,w, which means that proj,w = 0. All this tells us 
is that w is orthogonal to v. If w is orthogonal to v, then both w : v and (—w) - v = 0, so the projections of w 
and —w onto v are both 0. 


(b) [No] Geometrically speaking, the projection of w onto a vector is determined by finding the foot of the 
perpendicular from the head of w to the line through the origin that contains the vector from the origin 
onto which we are projecting w. This line is the same when we project w onto v as itis when we project w 
onto —v. So, the projection is the same in both cases. 


Algebraically speaking, we have 


;C == 2 MAA )= proj,w 


a E i Ilvil 


for any vectors w and v. 
9.4.6 


(a  Wehaveu-u-* = (x)(—y) + (y)(x) = 0, so the two vectors are orthogonal. Therefore, the angle between them 


(b) Let OX and OY be the projections of a onto u and u+. Since u and u+ are orthogonal, 
we have ZOYA = ZOXA = ZXOY = 90°, which means that OYAX is a rectangle. 
Every rectangle is also a parallelogram, so we have A = X+Y. This gives us 
a = proj,a + proja. 

Algebraically, we note that proj,a = Tius = (u-a)u because u is a unit vector. 


Letting a = ai + aoj, we have a- u = aix a ary, SO 


proj,a = (ax  a21) 6d + yj) = (ax? + anxy)i + (axy + a2 y^)j. 
Similarly, we have 
Proja = (a: u^?)u* = (Cay + ayx)(—yi + xj) = (a1 — aoxy)i + (—a1xy + a2x?)j. 
This gives us 
proj,a + proj,..a = (a,x? + aoxy)i + (axy + a23^)j + (a^ — aoxy)i + (axy + a2x)j 
= ay (x* + yi xay + y’). 
Since u is a unit vector, we have x^ + y^ = 1, so proj,a + proja = dii + mj = a, as desired. 


(c) There are many ways to see why this equation holds. First, you might see that it is just the Pythagorean 
Theorem! Let's see why. We saw above that proj,a = (a- u)u. Since u is a unit vector, the magnitude of 
proj,a is a: u. Similarly, the magnitude of proj,,.)a is a: u^. In the diagram we used for our geometric 


solution to part (b), triangle OXA is a right triangle with hypotenuse ||al| and legs of lengths || proj, al and 


proi]. Using our expressions above for |proj.al and [proja], we have 
lal? = (a - u} + (a: u^ 


from the Pythagorean Theorem. 
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We also could have used the relationship we proved in part (b), rather than the Pythagorean Theorem. 
Since u and u* are orthogonal, the projections of a onto these vectors are orthogonal: 


proj,a : PrOjquya = ((a- u)u) - ((a- u^)u^) = (a - ufa: u")(u- ut) = 0. 


(There are no denominators in the expressions for the projections because u and u+ are unit vectors.) We 
therefore have 
Ilall? = a: a = (proj,a + proj,.a) : (proj,a + proj,.a) 
= (proj,a) - (proj„a) + (proj,,.a) - (proj,.a) + 2(proj,,a) - (proj,. a) 
. 2 2 
= ||proj all" + || proj,.al|” + 2(0) 


= (a-u)*+(a-u*). 
9.4.7 Wehave 
u-v 7 u-v E u-v 
(proju):(projv) /u-v vu V (u-v) 
vere Vee We neg 
Iiv] i[ul| iall [ivl] 
iali? ilvIP Ill livi? 2 
a alL a aa ooe bl 
(u-v) Iul? [Iv] cos? @ Eeee 


Review Problems 


9.30 A set of two vectors is linearly dependent if and only if one of the vectors is a multiple of the other vector. 
Let 4i — 5j = t(—3i + kj) = —3ti + tkj. Then 4 = —3t and —5 = tk, so t = —4/3, and k = —5/t = —5/(-4/8) =| 15/4 |. 


9.31 First, we find the unit vector in the direction of 4i — 6j, which is 


9.29 We have 


lá-6jl gres vi16-36 v52 2V3 13 
Then the vector v with magnitude 10 in the direction of 4i — 6j is given by 


2131-3 V13j |20 VI3i - 30 V13j 
13 B 13 f 


4i — 6j 4i — 6j 4i—6j —4i—-6j 4i-6j 2w13i-3 V13j 


=10- 


= t = > 2. zn > oe > 
9.32 We have AB + BC+ CA = (B - A) + (C - B) + (4 - O) - [0]. 


933 Let D = A+B and let O be the origin. We have Č = 51 so C is the midpoint of D. Since OADB is a 
parallelogram, diagonals OD and AB bisect each other. Therefore, the midpoint of OD is also the midpoint of AB, 
which means C is the midpoint of AB. 


9.34 Squaring the given inequality, we find that ||v||  ||w]|| = ||v + w| is equivalent to 


2 2 
Ivi? + 21villiw]l + Iwl? 2 liv + wif. 
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Let 0 be the angle between v and w. We have ||v||? = v- v, Iwl? = w - w, and 
2 
lv + wil =(v+w):(v+w)=v-(v+w)t+w-(v+w)=v viv W-EW-V-W-W —V-V2V-W-W-W 
2 
= Ivi. + [lwl? + 2 |IvIl Illi cos 0. 
Since cos 0 < 1, we have 


2 2 
llv + wll? = IiviF’ + lw + 2 lvii Iwill cos 8 


2 2 2 
< |v + Ilwi + 2v liwli = Civil + Iwi". 


Since the magnitude of any vector is nonnegative, we can take the square root of both ends to find that we have 
llv + wl < Iivi| + ||w]|, as desired. 


As we explained in the text, we can find the vector v + w by drawing w starting 
from the head of v. The vector from the tail of v to the head of this w is v + w, as 
shown. The expressions ||v + wl, ||v||, and ||w|| are the side lengths of this triangle. 
So, the relationship we just proved is equivalent to the Triangle Inequality. 


9.35 
(a) (3i-2j)-8i=3-8+(-2)-0=24+0 - [24] 
(b) F : E = (-2)-(-4)+5-3=8+15=[23}. 


9.36 In general, u- v = |lullllv|| cos 0, where 0 is the angle formed by the vectors u and v. In particular, if u and v 


have the same direction, then 0 = 0, so cos @ = 1, and | u- v = |[ull||v]| | 


If u and v have opposite directions, then 0 = r, so cos 0 = —1, and | u- v = —|ļulllivil |. 
9.37 


(a) Leta= o b= (ar and c = m Then a- b and a: c = 0 gives us 4b; + a2b2 = 0 and a1c1 + azc = 0. 
2 


Since the vector a is nonzero, at least one of the components a; and a? is nonzero. Without loss of generality, 
assume that a; is nonzero. Then from these equations, we have bı = —a2b2/41 and c1 = —a2c2/a1, SO 


M by a). id E ed s Nec ES (5) 
D it (a) -h in e ( bz b C2 E boc; " bc» TUS 


If cp = 0, then c = —42c2/41 = 0, so c = 0, in which case b and c are linearly dependent. If c? is nonzero, 
then the linear combination above shows that b and c are linearly dependent. Hence, in either case, b and 
c are linearly dependent. 

We can also reason geometrically. The equations a- b = a: c = 0 imply that a is perpendicular to both b 
and c, so b and c are parallel. Hence, one vector is a multiple of the other vector, i.e. the set (b, c} is linearly 
dependent. 

(b) Yes. If c and b are linearly dependent and are both nonzero, then there is a nonzero constant k such that 
c = kb. So, we have a- c = a: (kb) = ka: b = 0. However, we are given that a - c + 0, so we conclude that b 
and c cannot be linearly dependent after all. Therefore, b and c are linearly independent. 


9.38 Letv = (*). Then u-v = Bí : 9 = 3x + 2y, so 3x + 2y = 9. Thus, the heads of all the vectors v form a 
y 


line |. 
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9.39 Since both sides of the given equation are nonnegative, squaring both sides gives the equivalent equation 
lv + wl? = liv — wli?. But 


llv + wl? =(v+w)-(v+w) =v: (vt+w)t+w:(vtw)=v- vive wtw-vtw-weH=v-vt2v-wiwew, 
and 
lv — wl? = v : v + 2v- (—-w) + (-w)-(-w) =v-v-2v-w+w-ew., 
Hence, 
lv 4 wl? 2lv-wl? © v-v+2v-wiw-we=v-v-2v-wiw-w © 4v-w=0 © v-w=0. 


Thus, ||v + w]] = ||v — wl] if and only if v and w are orthogonal. 
9.40 


(a) Let v and w be two vectors that have the same direction, and let u be the unit vector in the common 
direction. Then both v and w are scalar multiples of u, because by definition, v = ||v||u and w = |[w]lu. 
Therefore, one of v and w is a multiple of the other. 


(b) No. Let v be a nonzero vector, and let w = —v. Then w is a scalar multiple of v, but they do not have the 
same direction, because they have opposite directions. 


9.41 Yes. Let 0 be the angle between u and v. Then, we have u v = |[u||i|v||cos 0. Since |[ul| and ||v|| are 
nonnegative, the sign of u - v matches the sign of cos 0. Since cos @ is positive for acute angles 0 and negative for 
obtuse angles 0, then a positive dot product u - v means the angle between u and v is acute, and a negative dot 
product means the angle between the vectors is obtuse. 


9.42 


ec visu CEES) (3 = | /—45/ 
e) PET Tale (Yara (5) = 3: (5) -| Cos me 


(2)(5) + (-4)(7) /5\ _ -18 (5 45/37 
"ip NETT) a a f - = 


9.43 The vector proj,u must be a multiple of v. Letting proj,u = kv, the equation proj,u = u gives us u = kv. 
Therefore, we have u + (—k)v = 0, which means that u and v are linearly dependent. 


(b) proj,v 


9.44 Algebraically, letting 0 be the angle between a and b, we have 


la-bl i. llallibll] cos 81 
b|| = T 7 bl = LT TR 
bi? qi Ill 


| proj,al| = | 272 Ibl = llall cos 6l. 


Since —1 < cos 0 < 1, we have | cos 0| < 1, so |lal|| cos 6| < ||al. Therefore, we have || proj, al| < llall. 


Geometrically, we showed in the text that if a is not in the same or opposite direction as b, then the arrow from 
the origin representing a is the hypotenuse of a right triangle with the arrow representing proj,b as one of the 
legs. The hypotenuse of any right triangle is longer than each leg of the triangle, so |lal| > || proj, al]. If a is in the 
same or opposite direction as b, then proj,a = a, so ||al| = || proj,al|. Combining these, we have |[al| > ||proj,al|. 


Challenge Problems 


9.45 If the set of vectors fu, v] is linearly dependent, then the set of vectors (u, v, w} is linearly dependent. 
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Otherwise, the set of vectors {u,v} is linearly independent. Hence, there exist constants a and b such that 
au + bv = w. Rewriting this equation as au + bv + (-1)w = 0, we see that there exist constants c1, c2, c3 such that 
not all three are 0 and ciu + crv + c3w = 0. Therefore, the set of vectors (u, v, w} is linearly dependent. 


x 
9.46 If the vector a has magnitude 6, then 3? + 4 = 36, then x? = 32, or x = +4 V2. If the vector 


2 ; 

a has magnitude 6, then 4 + y? = 36, so y? = 32, or y = +4 V2. Therefore, there are such vectors: 
2 2 4 V2 —4 V2 

Gv) aa C2) C) 


Another way to think about this problem is to note that if G fits the problem, then (x, y) is on the circle with 


radius 6 centered at the origin, and either x = 2 or y = 2. Therefore each such (x, y) is the intersection of the circle 
and either the line x = 2 or y = 2. Since each of these lines is less than 6 from the origin, each line intersects the 
circle twice. Moreover, the lines meet at (2, 2), which is not 6 units from the origin, so the lines meet the circle at 


distinct points altogether. 


9.47 Letu= ive (1, and w = uu ]henu:v214:04-2:1-2,andv.w 2 0:w +1-(—3) 2 —3. Also, 


u:W = 101 +2- (—3) = uw, — 6. Since u and w can be any real numbers, u: w can also be any | any real number |. 


9.48 
(a) Geometrically speaking, let O be the origin, let X be (6, —2), so X= proj,b = 2a. y 
Let B be a point such that b = B and proj,b = 2a = X. Therefore, we must 

have BX 1 OX. So, point B must be on the line through X perpendicular 

to OX. Moreover, any point on this line can be B, including X. So, we 

can take b = X = 2a = 6i — 2j. To find other possible values of b, we 

note that OX is the graph of y = —x/3. Rearranging this gives x + 3y = 0, 

so the vector i + 3j is normal to OX. Letting n = i+ 3j, we can then let 


b =| 2a + tn for any constant t |. 


Checking, we see that if b — 2a tn, we have 


b-a= (2a+in)-a=2a-a+tn-a=2|lall* + (0) = 2 lal’, 
since n and a are orthogonal. Therefore, 


b.a — 2llall 
a= 
2 2 
Il llall 


proj,b = a= 2a, 
a 


as desired. 

(b) Continuing with the geometric set-up of part (a), we know that B is on the line through X that is perpen- 
dicular to . Since ||b|| = 10, we know that OB = 10. Therefore, B must also be on the circle with radius 10 
centered at the origin. Since OX = y6? + (—2)? = v40 < 100, point X is inside this circle. This means that 
the line that must contain X passes inside this circle, so this line intersects the circle at| 2 | points B such that 
b = B satisfies both ||b|| = 10 and proj,b = 6i — 2j. 


(c) If projb = -j, then B is on the horizontal line through (0, -1). This line intersects the line through X 


perpendicular to OX at exactly | 1 | point, and the vector from the origin to this point is therefore the only 
vector b that satisfies proj,b = -j and proj,b = 6i - 2j. 
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9.49 Let U and V be points such that ü- proj,r and V= proj,r, and let O be the 
origin. Ü is in the same or opposite direction of u, and V is in the same or opposite 
direction of v. Since u and v are linearly independent, so are U and V. Therefore, 
neither U nor V is the origin, and U and V do not have the same direction or opposite 
directions. This means that OU and OV are two different lines. Let R be a point such 
that r = R, and proj,r and proj,r have the given values. Then R must be on the line 
through U perpendicular to OU, as well as on the line through V perpendicular to 


OV. Since OU and OV are different lines through the same point, they have different 
directions. Therefore, the two perpendiculars that pass through R cannot be the same 
line, and cannot be parallel, which means they must intersect at exactly one point. So, 
there is exactly one point R such that proj, r and proj,r have the given values. 


9.50 First, suppose proj,u = 0. Then, we have v: u = 0, and from u = proj,u + 
proj,,u = 0+ proj,,u = proj,,u, we know that u = kw for some nonzero constant k. Therefore, we have v- (kw) = 0, 
sov:w=0. 

Next Suppose that both projections are nonzero. Let O be the origin and let U, V, and W be points such that 


=> 


U=u,V= proj,u, and W = proj,u. Since U = V + W, we know that OVUW is a parallelogram. Since OV isa 
projection of U onto v, we know that VU .L OV, which means ZOVU = 90°. Since OVUW is a parallelogram, we 
have ZOWU = ZOVU = 90° and ZVUW = ZVOW = 180? — ZOVU = 90°. So, OVUW is a rectangle, which means 


OV 1 OW, so y: W - 0. We have V = kv and W = kow for some nonzero constants kı, ko, since V and W are 
projections of U onto v and w, respectively. Substituting these into V-W=0 gives v: w= 0. 


9.51 Let (x, y) be a point on one of the angle bisectors. Any point on the bisector of an angle must be equidistant 
from the sides of the angle. Therefore, (x, y) must be equidistant from 4x — 3y = 5 and x - 2y +7 = 0. Applying 
the formula for the distance between a point and line that we proved in the text, we have 

4x- 3y-3| _ Ix -2y +7]| 


(22 eee 


We have two cases to consider: 
Case 1: The signs of Ax — 3y — 5 and x — 2y + 7 are the same. Then, we must have 
D at 74 7 


"m Dmm 


Multiplying both sides by 5 gives 4x — 3y — 5 = V5(x — 2y + 7), and rearranging gives 


(4— V5)x + (-83-2N5)y -5-7N5 =0 ' 
Case 2: The signs of 4x — 3y — 5 and x — 2y + 7 are opposite. Then, we must have 
4x—3y—-5 — [ x-2y*7 
NI ES ABESSE 
Multiplying both sides by 5 gives 4x — 3y — 5 = — V5(x — 2y + 7), and rearranging gives 


(4+ NBx + (-8-2N5)y -547N5 = 01. 
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Exercises for Section 10.1 


10.1.1 
uo: ete Gs crois os 
tamem e COEM 


10.1.2 LetD= (a 23 . Since D = A - B, matrix D satisfies D + B = A, which means that we must have 


pi aay ^ ie A E [od 9 
d» dn bo, b» zy Ax)” 
Adding the two matrices on the left gives 


E tb dyt i » Br 2) 
doy tba dy + br an an` 


Therefore, we must have dy, + bij = an, so du = Ayn — bu. Similarly, each entry in D is the difference of the 
corresponding entries in A and B, so we have 


ES 3) = E pn l 
an —bn an -bz 


10.1.3 
(a) We see that 


a(2)=(5 2909 - (2:33) = Core) =|) 


a(S)= 290) - 5109) = 6522) =| Cr) } 


and 
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(b) We showed in the text that a pair of vectors is linearly dependent if and only if one of the vectors is a 
multiple of the other. Neither of the given vectors is a multiple of the other vector, so the set of vectors 


l e 4 (= \ is linearly independent. 


17 
(c) The set of vectors MES , [7 \ is linearly dependent, because aa SEC a 


(d) For any vector (5 , we have 


A) (22) 7 (25) - e). 


à . Therefore, for any vectors v and w, the set of vectors 


soA (2) is always a scalar multiple of the vector ( 


(Av, Aw} is linearly dependent. 
Exercises for Section 10.2 
10.2.1 
e (5 CS a) leaca cnoscocn)"((m 2)| 
EFE ESE St oats. A) 
10.22 Let (i e and d * ) be two diagonal matrices. Then their product is 

O cur o mE em 

which is also diagonal. 


a b 0 1 
10.2.3 Let A = li J and F = ( 3l Then 


FA=({ D) nc ei WM t d 
“AL 0/\c d) \1-a+0-c 1:b40:d/ Na. bj’ 
Thus, the matrix FA is the same as the matrix A when the rows are swapped. 
AF- (7 A n DE es EC 5 
Dive qx We 040-1 ecitd-0) Wc 
Thus, the matrix AF is the same as the matrix A when the columns are swapped. 


0 1 
0 o). Then 


DE n (° ES Me O 
- (0 \o 0/~ \0-0+0-0 0-1+0-0/~ \o 0/ =” 


Furthermore, 


10.24 The answer is [no]. For example, let A = B = ( 
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a ee oT. 


a b 


10.2.5 Let T= ( D Then 
c d 


"(9)-C 209-3). 


; : 4 - 
so from the given equation T (org = ( 3 , We have 4a — 3b = —3 and 4c — 3d = 4. Also, 
T ‘es. = ( 2 (1) B e + 2) 
1/ Xo HA 1 W364)” 


so from the given equation T PI = H , we have —3a + b = 0 and —3c + d = 5. Hence, 


"de Fete Pr: Bale ae ae [os a 
-3 p xc d) \-3 1/7 Ae oa ec qM 


We also could have jumped straight to the answer by noting that the first column of T = 1) equals 


the product of T and the first column of (ots zi 
4 -3 
= í 


), and the second column of the product is the product of T 


and the second column of ( iI We are given that the first product is "T and the second is ea SO 


vt Summer 


10.2.6 If we multiply both sides of the equation A (3) - i by —2, then the left side becomes 


-2a (3) =a (2 )) - C2). 


and the right side becomes -2 m" = m. soA E = Ce) Thus, the two equations are the same. 


Exercises for Section 10.3 

eee Gy OY EE : 
10.31 Let A = [s a) Then A e - 6 3 (4 = ee 1: cay BOE Hence, A is not necessarily 
the identity matrix. 


, : b 
10.3.2 The reflection of the vector (7) over the x-axis is E . Hence, we seek a matrix A = E jj such that 


[s a) a F e 


b\ (x ax+b : 
for all x and y. We see that (" a (2) z @ sd pu so we can take a = 1, b = 0, c = 0, and d = -1, so the matrix 


1 0 
we seek is A = ln SA 
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10.3.3 Any linear function of the form f(v) = Av satisfies f(v + w) = f(v) + f(w) for all vectors v and w. But if 
we take v = w = m then 


serw AO (9) 5 (2) = (a) = Q- 
fever - 5(6)) «1(0) = Ge) + Ga) = (90 = Q) 


so f(v + w) # f(v) + f(w). We showed in the text that any function of the form g(v) = Av is a linear function, so 
f(v) cannot be written in the form Av. 


and 


10.5.4 The matrix corresponding to a rotation of a + B counterclockwise about the origin is 
(s +6) —sin(a+ 3 
sin(a+B) cos(a* B) /" 
But such a rotation is also the composition of two counterclockwise rotations, with angles a and f, respectively, 


which corresponds to the product 


a ND PUR ML EM. rem 
sinB  cosf / \sing cosa /  \sinacosB+cosasinB — cosacosf —sinasinf /' 


Therefore, cos(a + B) = cosa cos B — sin a sin B and sin(a + f) = sina cos B + cos æ sin f. 


10.3.5 As we found in Exercise 10.3.2, the matrix corresponding to reflection over the x-axis is A = F y ) ,and 


0 e 
the matrix corresponding to a 90° counterclockwise about the origin is B = 8 v] . Then the problem becomes 
determining whether BA is equal to AB. 


BA - (1 v) it EET M EN in a 
Se 0/\0 -1/  \ 1-1+0-0 1-0+0:(-1) / Uu 0’ 
AB - (5 IE E 1:0+0-1 rome MEE " 
«40 -1/\1 07 0.0-(-D:1 0-(-1)+(-1)-0/ \-1 07" 
These two matrices are not the same, so the two operations of reflecting over the x-axis and rotating 90? counter- 
clockwise about the origin do not commute, i.e. the order in which you perform them makes a difference. 


We see that 


and 


Exercises for Section 10.4 


10.4.1 First, we rewrite the given equations as 


6x + 4y — 7, 
2x + 5y =9. 
By Cramer’s rule, we have 
7 4 6 7 
NI DIESE US NER gue a i2 9] 6:9-7:2 40 |20 
~\6 4° 65-42 | 2 Yea eoa zu 
2 8 5 
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e [? ag =(-3)-18-(-8)-6 = 54 - (-30 = [24] 


(b) To make the determinant easier to evaluate, we take a factor of 800 from the first row and a factor of 1/3 
from the second row: 


800 _ 5600 


2400 3200 800 
2 — B aed = Ss [= = 
| | = (8:31-4:25) = = -(-7) : 


Mm is aj soj 4 
25/3 E Ba 


25/3 31/3 3 |25 31 


10.4.3 For all matrices A and B, det(AB) = det(A) det(B) = det(B) det(A) = det(BA). 


10.4.4 Let A= (° 1)/s0B=(" oem 


d c d+kc 
a b+ka 
det(B) = = a(d + kc) — (b + ka)c = ad + kac — bc — kac = ad — bc = det(A). 
c d+ke 
10.4.5 
A E 050 - üt 0 0 A0 
(a) Let A= ({ 0) and B= (6 1); S04 +B= (5 9) + (o lee 1). Then 
1 0 0 0 
dea) = | 0 =1:0-0:0=0, det(B) = f flee 1-0-0=0, 
and 
1 0 
det(A + B) = 0 1 ze 


So the conditions det(A) = 0 and det(B) = 0 are satisfied, which means det(A) + det(B) = 0 4 0 = 0, but 
det(A + B) = 1, so det(A) + det(B) and det(A + B) are not necessarily equal. 


1 0 1 0 1 0 1 0 2 0 
(b) Let A= (4 0) and B - ( 1), soA E sak SEIE ale 1). Then 


1 0 


gu 


10 
=o o0 


|=1:0-0:0=0, det(B) = | |=1:1-0:0=1, 


and 
2 0 


0O 1 


So the conditions det(A) = 0 and det(B) # 0 are satisfied, but det(A) + det(B) = 0+ 1 = 1 and det(A + B) = 2, 
so det(A) + det(B) and det(A + B) are not necessarily equal. 


det(A + B) = -2.1-0.0-2. 


Exercises for Section 10.5 


cos@ —sinO 


"9 ) . The determinant of R is given by 


10.5.1 LetR - ( 


cos@ -—sin8 


: = cos 0 - cos 0 — (- sin 0) - sin @ = cos? 0 + sin? 0 = 1. 
sin  cosO 
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As discussed in the text, multiplying a vector by this matrix y 
rotates the vector. Rotation does not affect area (or signed area), 
so the parallelogram with adjacent sides Ri and Rj is a rotation of 
the parallelogram with adjacent sides i and j. This latter parallel- (—sin 8, cos 0) 
ogram is a square with side length one, and rotation doesn’t affect 
signed area, so the parallelogram with adjacent sides Ri and Rj (cos 0, sin @) 
also has area 1. Therefore, the matrix has determinant 1. 


Another way to look at this is that Ri = (cos 0)i + (sin @)j and 


Rj = (—sin 6)i + (cos 0)j. The point (—sin 90, cos @) is obtained by 

rotating the point (cos 0, sin 0) by 90° counterclockwise about the 

origin, so Rj is a 90° counterclockwise rotation about the origin. Moreover, the magnitudes of Ri and Rj are both 
equal to 1. Hence, the parallelogram with adjacent sides Ri and Rj is a square with side length 1, and therefore 
has area 1. 


10.5.2 We know how to find the area of a triangle given its vertices, so we split the 


quadrilateral into two triangles, as shown. As described in the text area of triangle ABD is 
given by 


5 act (562 *16P)|- ia ($ 19) = 36-2 co -10- va - o 


2 -5-3 l-3 A 2 


and the area of triangle BCD is given by 


l laee ( 777 NICE 


2 gessi EA 1 6 


29 
2 [4 


6 A 1 jl 
e eel = —|29| = 
det ( | 516-6 -1-71= 5129 
so the area of quadrilateral ABCD is 37 + 22 =) 1% | 


10.5.3 Let v and w be the column vectors of A, so that v is the column we 
multiply by k. Let A’ be the resulting matrix when v is multiplied by k. 


Suppose first that k is positive. Geometrically, det(A) is the area of the parallel- 
ogram formed by v and w, and det(A") is the area of the parallelogram formed by 
kv and w. In the diagram at right, OVSW is the first parallelogram and OV'S"W 
is the second. The area of a parallelogram equals the length of a side times the 
height to this side from a point on the opposite side. The height from W to side 
OV (extended if necessary) equals the height from W to OV’. Therefore, the ratio 
of the area of OV’S’W to the area of OVSW equals OV'/OV, which equals k. 
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pr yg SS EE 


If k is negative, the situation is essentially the same, except now, as shown 
in the diagram at right, the orientation of parallelogram OV'S'W is opposite 
the orientation of OVSW. Again, we have OV'/OV = |k|, and the ratio of the 
signed areas of the parallelogram is k. 


Since the area of the parallelogram with sides kv and w is always k times 
the area of the matrix with sides v and w, the determinant of the matrix with 
columns kv and w is k times the determinant of the matrix with columns v 
and w. 


10.5.4 Let the vertices of 7 be the lattice points (x1, y1), (x2, y2), and (x3, y3), 
so all the coordinates are integers. Then the area of triangle 7 is 


1 cp Gas a) 
2 a Ys Yi 
When we double this quantity, we get 


det (ae PE 
yo-y ys-u 


= (xo — x1)(y3 — y1) — (x3 7 22 7 viol 


which is clearly an integer. 


10.5.5 We know that det(A) is the signed area of the parallelogram formed by the column vectors of A. Since 
multiplying A on the right by F swaps the columns of A, the parallelogram formed by the column vectors of AF 
is the same as the original parallelogram, except that the orientation has been reversed, so det(AF) = — det(A). 


But det(AF) = det(A) det(F), so det(A) det(F) = — det(A). For this to hold for all matrices A, det(F) must be 


equal to iz]. 


Exercises for Section 10.6 


10.6.1 Since I- I= I, the inverse of I is H' 
10.6.2 


a (5 3 2-26 Beale Oa 
w (25 oh) zoer (os 2)-oi(e9 2)=|6 20)| 
4 


0 30 
=6 


-40 30 


8 6 ) does not have an inverse. 


(c) Since det ( ) = (—40) - (-6) - 8:30 = 0, the matrix E 


10.6.3 


(a) If A is nonsingular, then by definition, det(A) is nonzero, so A is invertible. Hence, we can multiply both 
sides of the equation Aw = v by A^! to get A! Aw = A ^v, which simplifies as w = [Atv] So, there 
must be a vector w such that Aw = v. 

(b) No, even if A is singular, it is still possible that there is a vector w such that Aw = v. For example, if 


Ne B J and v = i then any vector w satisfies the equation Aw = v. If A is singular, all we can 


conclude is that the equation Aw = v does not necessarily have a solution w. 
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10.6.4 We have that det(M) det(M~') = det(MM7!) = det(I) = 1. However, since all the entries of M and M '! are 
integers, det(M) and det(M~') must be integers as well. The only integers that have 1 as a multiple are | 1 | and 


E; 


EM LAM leo and de(M) I andiM- li 0 


(Qr =i 


Mi= oo lo alo Do a) 


and det(M) = 1 - (-1) - 0-0 = —1, so both 1 and —1 are possible values of det(M). 


) ,then 


moe. E x ID MEN 20) operas VET PCIE 
10.6.5 let e uel 1) SO A+B = (4 7) + (o w A Then A™ = B = I> = [so 


B= n AT em (S 3 and 


=i 1 
2 0 1 2 0 1⁄2 0 5 0 
est. En — = 2 
ane) =(( >) =a J alg j ^ i) 
Hence, (A + B)! need not equal BEA (In fact, it’s possible that A + B is not even invertible! For example, 
consider the case A = I and B = -I. Then, both A and B are invertible, but A + B is not!) 
10.6.6 For any complex number z, if we multiply z by a + bi, and then divide the product by a + bi, the result is z. 


Correspondingly, if we multiply a vector D by the matrix ( p) and then multiply the result by the matrix 


M that corresponds to dividing by a + bi, we should get a back in the end. In other words, multiplying by M 


“undoes” multiplication by ( aa , which means that the desired matrix is the inverse of ( a 


é Aj, ae o ?) = eus ~ artis | 
b a a:a—(-b):b -b a a-bMAD a ahh ape 


(Note that the determinant of our matrix for multiplying by a + bi is a? + b? = Ja + bi, which is nonzero if a + bi + 0, 
so this matrix is indeed invertible.) 


) . We have 


Review Problems 


€ 3) + é alee Syene (MA be +4 
7 mt == \7 2 =3¢ o UCET a 


so a, b, and c must satisfy the equations a + 6c = 32, bc + 4 = 9, -3c +7 = -8, and -c + 2 = -3. 


10.42 We have 


From the equation —c + 2 = —3, we have c = 5. This value of c also satisfies the equation —3c + 7 = —8. Then 
from the equation a + 6c = 32, we have a = 32 — 6c = 32 - 6 - 5 = 2, and from the equation bc + 4 = 9, we have 


5b + 4 = 9, so b = (9 — 4)/5 = 1. To summarize, all four equations are satisfied by |a = 2, b = 1, and c = 5| 


10.43 We have 


MN=(% (5 2)=(Cy-caros en enro.) =la 7) E 
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and 


we LOGy-CinEi BE )=/(4 :)| 


10.44 Solution 1: Use the determinant. Let the matrix be t A . We know that the rows of the matrix are linearly 
dependent if and only if the determinant is 0, i.e. ad — bc = 0. 


Now consider the matrix Cj 3 . The rows of this matrix are linearly dependent if and only if its determinant 


is 0, Le. ad — bc = 0. Furthermore, the rows of this matrix are the same as the columns of our original matrix. 
Hence, the rows of a matrix are linearly dependent if and only if the columns of the matrix are linearly dependent. 


Solution 2: The longer way. Let the matrix be Jl 2 If the rows are linearly dependent and no entries are 


0, then a = ct and b = dt for some constant t. Then, we have = t, so ; = $. Letting these ratios equal k, we 
have a = bk and c = dk, so the first column is k times the second, which means the column vectors are linearly 
dependent. If one entry is 0, then we have two cases to consider: either the other entry in the row is 0 or the 
corresponding entry in the other row is 0, because the rows are linearly dependent. A little more casework shows 
that in both cases one column is a multiple of the other. (The casework caused by 0 makes this the much longer 
way.) 

Similarly, if the columns are linearly dependent and no entries are 0, then a = bk and c = dk for some 
constant k, from which we find £ = $. Rearranging this gives £ = ^, so one row isa multiple of the other, meaning 
the rows are linearly dependent. As before, if one entry is 0, we can work through some more simple cases to 
show that the rows are linearly dependent. 


10.45 Suppose that such a matrix F = G 4 ) exists. Then 
Le MUR 3 E G 9 
Fi=( ANG iT ec) 


Fi=F=(* A 
Z 
0 


sox = 0, y = 1,z = 1, and w = 0. Therefore, if such an F exists, it must be F = G ok But for an arbitrary matrix 


But 


AES ( P) we have 
c d 


he 0 1\/a A wae E ) 

P6 yam e eterne GBB Ocny Me ty)! 

but E " is not the matrix formed when the columns of A are swapped. Hence, no such matrix F exists. 
ü 


10.46 From the given information, we have 


A(3v — 4w) = A(3v) - A(4w) = 3Av - 4Aw =3 ( 2) 2i CO 2 ce) : ie - ( E 
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10.47 
(Quiet Ave P a Then 
ai= (I B if ae tea ne 0) -A 
15o o/o 0/7 \o-1+0-0 0-0+0-0/7 0 07 ^ 
Al let A; = (5 ).Th 
so, let Ag = 0 1/ en 


a= (5 i (2 eee AG 0) =a 
BE DU ONE NE Toria DIO.L1 d e LOS y Te 
(b) Let A= (1 o). Then 


a= (? Ne Dye (0-9 ed 213832) - (1 ) = 
me ea 19) 1505-0 -1. 1*9 10/9 X0 mee 
so A? z A and A? = A? -A = IA = A. 


There are many other matrices that satisfy this part. Any matrix such that A? = I and A # I will do. For 
example, a matrix A will satisfy A? = I if Av is a reflection of v over some line for any vector v. This is 
because multiplying Av by A (to give A?v) just reflects Av back over the line, which results in v. 


10.48 


(a) The reflection of (7) over the y-axis is (7) , SO we seek a matrix A = ( 
"ORR 
c d) \y/) \y 


for all x, y. We can take a = -1,b = 0, c = 0, and d = 1, so we can take A = Fi am 
b 


2 such that 


ü 


1 
z 2) such that 


(b) The reflection of D over the graph of x = y is in ) , 80 we seek a matrix B = ( 
MPIPLIO 
e a W W 


for all x, y. We can take a = 0, b = 1, c = 1, and d = 0, so we can take B = (s Di 


10.49 A clockwise rotation by 0 is equivalent to a counterclockwise rotation by —0. We can therefore substitute 
—0 as the angle into the rotation matrix we found in the text, to find 


cos  sin8 


" foo gu " E NEM 3 | 


sin(-0)  cos(-0) 
10.50 We see that 


Cd ud e E cos*@-sin?@ -—2sin 0 cos 0 
~ \sin@ cosO sin cos@/  \ 2sin@cos@  cos0-sin?0J ' 
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But by the double angle formulas for cosine and sine, cos 20 = cos? 0 — sin? 0 and sin 20 = 2sin 0 cos 0, so 


T2 = esse pd 
7 \sin20 cos20 7 


Thus, T? corresponds to a rotation counterclockwise about the origin by an angle of 20. 
We also have 


T? =- TT? = (m 0 -sin A (ens 20 -sin cea a a 0cos20 —sinOsin20 -cos 0 sin 20 - sin 0 cos 24 
sin  cos0 sin20 | cos20 /  \sin@cos20+cos@sin20  —sinOsin20 + cos 0cos 20 


" scr p a) R ae —sin30 
~ \sin(@+20)  cos(0-20) /  Vsin30  cos30 /° 


10.51 We see that 
— e å um Pee, C) 

AA UJ me 22 ~“\sin 45°  cos45? J^ 

cos 45° —sin 45° 


The matrix ee 45?  cos45? 


) corresponds to a 45? counterclockwise rotation about the origin, so 
a js " Ca SERE MY F Gee” ro^ = id i 
sin45° — cos45? ~ Msin(10-45?)  cos(10.45?) / ~ \sin450° cos450°/ U 0/"' 


Therefore, 


mM = (2 CE ETE 310 a ae) aus € EE ( 0 E 
= V^ lsin45?  cos45?// 7^ \sin45? cosas?) TMu 0/^|u04 o /f 


10.52 To recover point P, we can take the point (-2 — desc 2 v3), rotate 60° clockwise about the origin, and 
then reflect over the y-axis. 


Rotating 60° clockwise about the origin, we get 
Co x00 -2-49V (1 8) (-2- VB) ( b«(02-89«3.0-249 \_ CJ 
sin(-60?)) cos(-60»)) / (1-23 -38. 1) Wu BN -—33).02 — 3) + 1-0 2:9) 2/' 
and the reflection of the point (—4, 2) over the y-axis is (4, 2). Therefore, P — (4,2) | 
10.53 For any linear function f, we have f(0) = f(0-0) = 0 - f(0) = 0. 
10.54 


(a) E 7|-77-co-ca-[n] 


i -—17 
M | 3d gg | = 0:27:95 (-178)-(-0.15) = [E06] 


10.55 
(a) Let A and B be two singular matrices, so det(A) = det(B) = 0. Then det(AB) = det(A) det(B) = 0, so the 
matrix AB is singular. Hence, the product of two singular matrices is also singular. 


(b) Let A and B be two nonsingular matrices, so det(A) # 0 and det(B) # 0. Then det(AB) = det(A) det(B) # 0, 
so the matrix AB is nonsingular. Hence, the product of two nonsingular matrices is also nonsingular. 
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(c) Let A be a singular matrix and let B be a nonsingular matrix, so det(A) = 0 and det(B) # 0. Then 
det(AB) = det(A) det(B) = 0, so the matrix AB is singular. Hence, the product of a singular matrix and a 
nonsingular matrix is always singular. 


k 


10.56 LetA=I= ( 1 


01 ) = 1 - jk. However, det(A) = det(I) = 1, so 


det(A) and det(C) are not necessarily equal. 


: Ar Then C = y so det(C) = det (j 


10.57 Recall that the determinant of a matrix is the signed area of the parallelogram formed by the column 
vectors of the matrix. Swapping the columns of the matrix reverses the orientation of this parallelogram, and 
reversing the orientation of the parallelogram changes the sign of the signed area. 


10.58 


e (23 -mrooh D-k D- DI 


» (S eL eee) 
12 


: 6 
(c) Since det ia E 


) = 6:(-4) - 12- (-2) = 6, the matrix (£ 


2 ES does not have an inverse. 


10.59 Since A !A = I, the equation A^! = A tells us that A? = I, so det(A?) = det(I) = 1. But det(A?) = [det(A)P = 
1, so det A =1lor-l. 


If A = I, then A™! = T! = I = A, and det(A) = det(I) = 1. If A = k Al then 


fe =| MG BL 1-1+0-0 1-0+0-(-1) ETE ja 
~ \O -1/ \O -1/ \0-1+(-1)-0 0-0+(-1)-(-1)/ X0 1/7” 
so A^! = A, and det(A) = det 6 m —1-(-1)-0-0- -1. Hence, values of[1) and | -1 |are both possible. 


10.60 


Ec b DOCE _fa b "E ae A 
(a) Let A = (7 j) and B= (2 ¥),soa+B=(% 1) +( = d+) and 
T 
r_fa Da C T 
i ee 
T roe € X Z\ Garos EA 
& 3E =|, 2*G AEN p 


(eue ie 
c+z dew 


I 
m 
N R 
g 
< 
=] 
II 
AT 
SR 
Sn 
< 


SO 


and 
| (atx c+z 


(A+B)! = ( =e T 


Hence, (A + B)! = AT +B’. 


(b) LetA = 6 a Then det(A?) = det (5 2 = ad — bc = det(A). Furthermore, A is invertible if and only if 
det(A) + 0. Therefore, if A is invertible, then AT is invertible. 
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a b 
(cb LetA= ( A where AT = ( A is invertible. Then 


zi 

nw ü 2m d  —c 

Es -( ) -a (4 vi 

ata (t "s 1 (4 a 
€ d) ~ ad—be \-c aj’ 


1 ( d 4 
Ad — bo DET 
Hence, (AT)! = (A7!)!” 


: 223 = m 
(d) Given R= ( * ) and s = (~ 3), we have RT = (5 4) and s? = ( j Spn 


Also, 


SO 
(A7! » = 


I 6 3 5 
Rs = (5 ane j" [n EM s "^ nii F E e) 

ase (2 (2 A 

R's! = m. IC ese (-1)+(-1)-5 2-(-6)+(-1)- »- [e ES 


3-(-1)+4-5 3-(-6)+ 4.3 
(a) aa oett E ep CO ES 74i 


5S 


Note that (RS)? = STRT. We claim this is true in general. 
Let R = ( ? and S = E Y), so 
c d 2 W 
RS = K G 2 " M NN 
Te d/\z w) \cex+dz cy+dw/’ 


r (t oe a. S= a 2 
and (RS) d eae cy + du . Also, R’ = hod and S. = y w , SO 


st = (* a 6 2e os ae 
y w/ \b d ayt+bw cy+dw/` 


Hence, (RS)! = STRT for all matrices R and S. 


Challenge Problems 

1 0 2 0 ; 
10.00 LetA = " 2 then B = pM 1 . Then AB = BA = | 5J. To find examples of A and B where none of 

the entries are equal to 0, we can use rotation matrices. Let 

cos 30° eh M E -i T RS ae NE (1 -— 

Bim n 30° cos30?/ 1 E a ~ \sin60° cos60°/ — E: i i 
i _ Lenn TAG 
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Then AB - BA = bs — sin 90 ) - n "v 


sin90° — cos90* 1 0 
10.62 If AÓ = A, then det(A5) = det(A). But det(A5) = [det(A)]6, so [det(A)]Ó = det(A). 
Let x = det(A), so x6 = x. Then xê — x = 0, so x(x? — 1) = 0. Therefore, either x = 0 or x is a fifth root of unity. 


The only fifth root of unity that is real is 1, so if all the entries of A are real, then det(A) must be equal to 0 or 1 |. 


MA (n o) , then AÓ = A, and det(A) = 0, and if A = I, then Aĉ = A = I, and det(A) = 1. Hence, both 0 and 


1 are possible values of det(A). 


If the entries of A can be nonreal, then in addition, det(A) can be any fifth root of unity. Let A — i a 


s Del ea 


7 


where w is a fifth root of unity. Then 


and det(A) = w. 


10.63 If A* = A, then A? = I. So, we seek a matrix A such that multiplying any vector by A three times leaves 
the vector unchanged. Rotation by 120° is a transformation that leaves a vector unchanged if applied to the vector 
three times. We expect that the rotation matrix for a 120° counterclockwise rotation will fit the problem. Let’s 


check. We let 
ee Cm x E 7 (3 =e 
E020 Beas 20" 7. - NB 1 j` 
N2 2 
Then 
= o pm En i 120° -sin E E 
Wes) cos480° Usi 120° cos 12059 `” 
but 


2 [cos240? -—sin240" _ aeo imo 
P 3 pu cos 240? ) ü ) +A. 


So, we have A‘ = A, but A? + A, as desired. 


10.64 LetA- e 2 and B = [s 2 Then 
a3 aa b3 b, 


a+b, Ay + bo 


det(A + B) = det @ c. 


) = (a; + biY(aa + ba) — (a2 + by) (az + b3) 


= (nda, + aib, + a4bi AP bib. — (2t — Arb = a3b2 = bob, 


and 
det(A — B) = d JE ER cue SUME b 
S E PET = (a — b1)(a4 — ba) — (a2 — b2)(a3 — bs) 
= 404 — d1b4 — a4b1 + by b4 — a23 + arb3 + aab — bobs, 
SO 


det(A + B) + det(A — B) = (a1a4 + a1b4 + a4b1 + byb4 — maz — a5b3 — aab, — b5bs) 
T (a) 44 = ab = a4bı + bib, — A243 + a5b5 + a3b2 = b2b3) 
= 20104 + 2bib, — 24703 — 2b2b3 = 2(a1ā4 = 203) qr 2(bib4 = b2b3) = 2[det(A) ote det(B)]. 
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Challenge Problems 


A OE—E——————————— d—— — À— — 


10.65 If we compute the determinant, we get 


(x — x1)(y — 2) - (x - my A 


When we expand the left side, the xy terms cancel and we are left with an equation of the form ax + by +c = 0, 
where a, b, and c are constants. The graph of such an equation is a line. Furthermore, if (x, y) = (xı, y1), then 


0 0 
X1—X2 Yi— y 


X= Yj y— yi 
X—%X2 Y-y 


L4 


and if (x, y) = (x2, y), then 

x-xi Y-Yi X2— X1 Yr2-yi 
LOY y 0 

Thus, both points (x1, y1) and (x2, yz) satisfy this linear equation. Hence, it represents the equation of the line 
passing through both points. 


= 0. 


10.66 


(a) We prove the result by induction. For n = 1, we have 


we cj ip B 
A-(i ose pu 


so the result holds for n = 1. Assume that the result holds for some positive integer n = k, so 


Fray Fk 
Ak = ( i ) 
F Fa 


Then 
Tm" m f o) E Fk ) " led +F, Fk cin) af ene D 
1 0/\ Fk Fka Pra Fr Ep e 
Hence, the result holds for n = k + 1, so by induction, it holds for all positive integers n. 


(b) Taking the determinant of both sides of A" = eu Buh we get 
n n= 


F F 
det(A”) = det ( E pa = Fu Fn-1 — F2. 


But n 
det(A") = [det(A)]" = faet 6 0) | =(—1)", 


SOE, jhe ES (71S 
10.67 We see that 
(5 0 -sin a (*) " G cos 0 — ysin 2 = (2) 
sn@  cos0 / Vy/ \xsin@+ycosO@/  M2/7 
In other words, if the vector (7) is rotated by an angle of 0 counterclockwise about the origin, then the vector 


(2) is obtained. The only such vectors (7) are the vectors such that (x, y) is on the same circle, centered at the 


origin, as (3,2). Hence, there exists such a 0 if and only if 2+ = 13} 
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10.68 
(a) 


(b) 


(c) 


Let £ be a line through the origin and let f(v) be the reflection of v over £. To show that f is linear, we must 
show that f(v + w) = f(v) + f(w) and that f(kv) = kv. The diagram at left below exhibits the former and the 
diagram at right exhibits the latter. 


In both diagrams, £ is the graph of a line through the origin. In the diagram at left, parallelogram OVSW 
is constructed, and OV’S’W’ is the reflection of OVSW over €. Therefore f (V t W) = AÈ = §’ and 
f(V) +f (W) = Vi + W^ = $'. In the diagram at right, T- kV, and V’ and T are the reflections of V and T, 
respectively, over £, so f (T) - T. By SAS Similarity, we have AVOV’ ~ ATOT’, so OT'/OV' = OT/OV =k, 
which gives T = kV’. Therefore, we have yp (kV) = f( T) = J’ = kV”. We can go through essentially the same 
steps if k < 0. We can therefore conclude that f is linear. 

Since the reflection is a linear transformation, we can represent the action of the transformation on any 


vector as a product of the matrix and the vector. So, we just have to find the matrix A such that Av is the 
reflection of v over y = 2x for any vector v. We know the results of two reflections, and can use these to 


N 


find A. Specifically, the vector (5) is in the direction of the line, so it is its own reflection. Rewriting the 


equation as 2x — y = 0, we see that ei) is normal to the line, so it is the opposite of its reflection. Therefore, 


SM LL LP 


we have 


Letting A — ( A , we have 


a + 2b’ 1 2a — b -2 
(o) B n pna [x23 E ( 1 | 
From the system a + 2b = 1, 2a - b = —2, we havea = -è, p s. From the system c + 2d = 2, 2c - d = 1, we 
have c = $d- : soA= ($ j. 
To find the reflection of (4 6) we note that 


so the desired point is (-%, -i) : 


If f is linear, we must have f(0-- 0) = f(0) + /(0), which gives f(0) = 2f(0), so f(0) = 0. However, the 
reflection of (0,0) over x + y = 6 is not the origin, so f cannot be linear. 
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a eee 


10.69 


(a) 


(b) 


Nx mU 6 X —2x + 61 Ax . 
Let v = G) Then Av = ( 2 i (7) = ( 2% — a and Av = ae so Av = Av gives the system 
of equations —2x + 6y = Ax and 2x — y = Ay. Then 6y = (A + 2)x, so y = (A + 2)x/6. From the equation 
2x — y = Ay, we have 
D EC Aa) 

Gc 6 


If x = 0, then y = (A + 2)x/6 = 0. But we seek nonzero vectors v, so we may divide both sides by x in the 
equation above to get 


2x = (A y = (A 1)- 


— (A DA +2) 
i 6 
This simplifies as A? + 3A — 10 = 0, so (A — 2)(A + 5) = 0, which gives A = 2 or A = —5 as the only possible 


2 => (A+1\(A+2)=12. 


values of A. So, we seek vectors v = (2) such that either Av = 2v or Av = —5v. 


For Av = 2v, we have —2x + 6y = 2x and 2x — y = 2y, both of which give 2x = 3y. So, we can take x = 1, 


and y = 4-1/6 = 2/3, which gives v = ( ) Any multiple of this vector also satisfies Av — 2v 


1 
2/3 
For Av = —5v, we have -2x + 6y = —5x and 2x — y = —5y, both of which give x = —2y. we can take x = 1, 


and y = —1/2, so v = ( ) . Any multiple of this vector also satisfies Av = —5v. 


1 
—1/2 
For A = 2, we have 


det(A — AI) = det HS i =2 i; m - det (oa és = (—4) - (283) - 6.2.2 0, 
and for A = —5, we have 


—2 6 1 0 3 6 
det(A -A1) = det ( (5 Doo 2)) 24e (5 1) 23:4-6:2-0. 


If Av = Av, then we have (A — AI)v = Av — Av = 0. Furthermore, if det(A — AI) # 0, then A — AI is an 
invertible matrix. Multiplying both sides of (A — AI)v = 0 by this inverse gives us v = 0. So, we cannot 
have a nonzero solution v to the equation Av = Av if det(A — AI) + 0. Therefore, if there exists a nonzero 
vector v that satisfies (A — AI)v = 0, then we must have det(A — AT) = 0. 


10.70 First, we give an algebraic proof. Let A — ( 2) , SO 


b 


det(A) = | É 


ELE 


We are given that the columns of A are orthogonal, so o i D) = 0, which means ab + cd = 0. The product of the 


norms of the columns is Va? + c? Vb? + d?. To make this quantity easier to work with, we square it, to get 


(a? + Pb? +d?) = ab? ea? + b? + 7d? = (P + 2abed + d^) (^d? — 2abed + ^c?) 
= (ab + cd. + (ad — bc)? = 0 + (ad — bc)? = (ad — bc)’, 


so Va? + c NP? + d? = Jad — be] = [det(A)J. 
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Now we give a geometric proof. We know that | det(A)| is the area of the parallelogram y 
formed by the vectors v = (*) and w = n But we are given that these vectors are W 


orthogonal, so the parallelogram is a rectangle. This means its area is simply the product of x 
the lengths of consecutive sides, which is equal to the product of the norms of v and w. 


10.71 
(a) Inthe text we showed that the area of a triangle with vertices (x1, y1), (x2, y2), and (xs, y3), in counterclockwise 
order, is 
1 XSEX X93 — X61 1 


1 
2 - 50 - xs — 3) — (y2 — y1 )(x3 - x1)) = z192 + X2ys + X31 — X21 — X342 — X133), 


v2 Ves = 
which is exactly the expression given by the Shoelace Theorem. 


(b) Wesplit the quadrilateral into a triangle with vertices (x1, y1), (x2, y2), and (xs, ya) and a triangle with vertices 
(x3, Y3), (X4, ya), and (x1, y1). We then apply part (a) to both triangles, which tells us that the area of the first 
triangle is 


jeu + X243 + X31 — X241 — X3Y2 — X13) 
and the second is 5 
2 X394  XaMi + X1Y3 — X4Y3 — XA Va — X1). 
Adding these gives 
jen + X2Y3 + Xaya + X4Y1 — X2y1 — X3Y2 — Xay3 — Xy), 
which is again exactly the expression given by the Shoelace Theorem. 


(c) Weapply induction. We assume the Shoelace Theorem gives the area for a polygon with k sides, where k > 3. 
We let the vertices, in counterclockwise order, of a polygon with k+ 1 sides be (x1, y1), (32, Y2),-- - , (Xk+17 Yk+1)- 
We then break this polygon into the k-sided polygon with vertices (x1, y1), (xo, Y2), . . . , (Xk, yx) and the triangle 
with vertices (xy, Yk), (Xia, V1), (x1, Y1). Applying the inductive assumption, the area of the k-sided polygon 
is 


1 
5 ey 3x3 +: + Xk-1Yk XR — XoVi — X3Y2 — : s XkYk-1 — X1 Yk) 
and the area of the triangle is 
1 
5 YK + Xk+1Y1 + X1Yk — Xk+1Yk — X1Yk+1 — XkYy1). 
Adding these gives the total area of the k + 1-sided polygon as 
1 
z2 + X243 +*+: + XkYk+1 + Xk+1Y1 — X241 — X3Y2 — `° — Xk+1Yk — X1Yk+1) 


and the induction is complete. 


10.72 


(a) Letr= (2) and s = m and take B = (^ ») Then 
ro $2 Y? $2 


and 
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a Challenge Problems 
(b) The signed area of parallelogram with r and s as sides is det(B). 


(c) Since Ar = A(Bi) = (AB)i and As = A(Bj) = (AB)j, the signed area of the parallelogram with Ar and As as 
sides is det(AB). 


(d) Since det(AB) = det(A) det(B), the signed area of the parallelogram with Ar and As as sides is det(A) times 
the signed area of parallelogram with r and s as sides. 


10.73 As described in the text, det(T) is the signed area of the parallelogram with Ti and Tj as sides. Since 
multiplying by T is equivalent to a reflection, the area of the parallelogram formed by Ti and Tj has the same 
magnitude as the area of the parallelogram formed by iand j, whichis 1. But since multiplying by T is a reflection, 
the orientation of the parallelogram is reversed, so the area of the parallelogram formed by Ti and Tj is —1. 
Therefore, det(T) = -1. 

a b 
10.74 LetA = (d D From A? = I, we have det(A?) = det(I) = 1. But det(A?) = [det(A)]?, so det(A) = +1, 
which means ad - bc = +1. 


We know that A is invertible, because A - A = I. Hence, A^! = A. But 
1 d —b 
Ae ( ) i 
ad —bc N-c a 


: 1 ),soa 7 d bi- -b,c =c, andd c a. Hence, b = 0 


If ad — bc = 1, then we must have (° j sA! = ( 
cued =< a 


and c = 0. Substituting into ad — bc = 1, we get a? — 0 = 1, soa = +1. 


—d 
c 
into ad — bc = 1, we get — — be = —1, so bc = 1 — a”. If b = 0, then 1 - 4? = 0, so a = +1 and c can be anything. If 

b + 0, then we can solve for c to get c = (1 — a*)/b. Hence, the solutions to A? = I are of the form 


If ad — bc = —1, then we must have ( Ei = A7! = ( my soa = -d,b-b,c-c,andd = —a. Substituting 


where a and c are any real numbers, and b is any nonzero real number. 


10.75 Expanding, we get (A — B)(A + B) = A(A + B) - B(A + B) = A? + AB — BA — B?, which is equal to A? - B? 
if and only if AB — BA, i.e. the matrices A and B commute. Therefore, we do not have A? — B? = (A — BY(A + B) 
for all matrices A and B. (See if you can construct a specific example in which A? — B? and (A — B)(A + B) are not 


equal.) 


10.76 Rearranging A+B = AB gives AB — A — B = 0. Factoring the first two terms gives A(B — I) — B = 0. Adding 
I to both sides lets us factor more: 


AB-D-B«I-I ©  A(B-D-XB-D-1 e  (A-D(B-D-IL 


The equation (A — I)(B - I) = I means that A — I and B - I are inverses. We showed in the text that inverses 
commute (that is, we have M !M = MM for any invertible matrix M), so (B — I)(A — I) = I. This expands as 


BA-B-A-I-I, 


so BA = A + B = AB. 
4 1 4 
10.77 Since A (3) = (3 we have A? (3) = A B But 


a? (3) =a -50 (3) =a (3) -5(9) = (5) - (is) = Gao) 
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a b 1 a b\ 1 a+ 3b 4\ (a b Slc MEM 
Now, let A = i: 2 Then, we have A (3) = ( A (3) = = and A @ = ( 2) (5) = P , 
so the equations A fol = (S) and A (5) = er give us 
ito = iz) d pes _ Er 
era o a 4c +5d) ~ \-10/ ` 


Solving the system of equations a + 3b = 4 and 4a + 5b = —1, we get a = —23/7 and b = 17/7, and from the 
system of equations c + 3d = 5 and 4c + 5d = —10, we get c = —55/7 and d = 30/7. Therefore, 


1 2_/0 1\/ 1\_ ø L "TS a : 
0). Then A = (o 5 ls a) = (o a] = 0. Hence, if A* = 0, A is not necessarily equal to 0. 


(b) LetA= f M First, we claim that A? — (a+ d)A + (ad — bc)I = 0. Expanding, we get 


A? — (a d)A + (ad - bo) = (2 A À -ara (i 4) + (ad — be) (5 1) 


C C 
a +bc ab A » E tad ab+ A ie — be 0 ) 
ac+cd bcd? ac-cd ad+d? 0 ad — bc 


plo iuit ab + bd — ab — bd ) 
0 


ac + cd — ac — cd bc + dad — d^ + ad — bc 
0 5 
0 0 


Given A? = 0, we take the determinant of both sides to get det(A?) = det(0) = 0. But det(A?) = [det(A)]?, 
so [det(A)P? = 0. Therefore, det(A) = 0, so ad — bc = 0. Hence, the equation A? — (a + d)A + (ad — bol = 0 
becomes 
A? — (a - d)A - 0, 
which means A? = (a + d)A. Multiplying both sides by A, we get A? = (a + d)A?, so (a + d)A? = 0. 
If a +d #0, we can divide both sides by a + d, to get A= 0) Ifa +d = 0, then d = —a, and 


2_ (me M T ( à? + bc c B Gii 0 


22 
ac+cd bcd? c(at+(-a)) bc+ (-a) 0 rum i = (a^ + bc). 


Let x = à? + bc, so A? = xI. Multiplying both sides by A, we get A? = xA, so xA = 0. If x + 0, we can divide 
both sides by x, to get A = 0, and so A? = 0. If x = 0, then A? = xI = 0. In either case, A? = 0. 
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CHAPTER 1 
| 
— 


Vectors and Matrices in Three Dimensions, Part 1 


Exercises for Section 11.1 


11.1.1 


() Tfu- 3w = 2v, then w = gx = Wisse) desk n e Rd 


(b) We seek constants a and b such that a(4i + 2j — k) + b(-i + 5j + 2k) = 0. Rearranging the left side gives 
(4a — b)i + (2a + 5b)j  (-a + 2b)k = 0. Therefore, we must have 4a = b, 3a = —5b, and a = 2b. Substituting 
a = 2b into 4a = b gives 8b = b, from which we find b = 0 and a = 0. Therefore, there are not nonzero scalars 
a and b such that au + bv = 0. 


(c) Wehave 


xu + yv = x(4i + 2j — k) + y(—i + 5j + 2k) = (4x — y)i + (2x + 5y)j + (—x + 2y)k. 
We claim that this vector cannot be equal to k. 


If (4x — y)i + (2x + 5y)j + (—x + 2y)k = k, then 4x — y = 0, 2x + 5y = 0, and —x + 2y = 1. The first equation 
gives y = 4x, and substituting this into the second equation gives 2x + 20x = 0. This gives us x = 0, and 
y = 4x then gives y = 0. But x = y = 0 does not satisfy —x + 2y = 1, so there do not exist scalars x and y such 
that xu + yv =k. 


1 3 1 3 
1112 If | x | is orthogonal to | -1 |, then | x |-| -1 | = 0, which gives 3- x + 4y = 0. 
y 4 y 4 
1 —4 1 —4 
If | x | isorthogonalto| 1 |,then | x |-| 1 | =0, which gives -4 + x + 2y = 0. 
y 2 y 2 


Hence, we have x — 4y = 3 and x + 2y = 4. Subtracting the first equation from the second, we get 6y = 1, so 
y = 1/6. Substituting, we get x — 4/6 = 3, so x = 11/3. The only solution is (x, y) =| (11/3, 1/6) | 
11.1.3 Let O be the angle between the two vectors. Then 


3 = 
—-4]-| 4 
2 —3 — 16 + 14 = m 


COSIG ES. er qq ——— sm 


GIG) 


~ [a4 (ae +2 (ps 2472 VIve VIIIS 
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so 0 = arccos( 23) z [97° |. 


11.1.4 Since ||ul| is the magnitude of u and p is the distance from the point to the origin, we have ||u|| = p. From 
here, we can finish either algebraically, or geometrically. 


Geometric finish. By the definition of the ¢-coordinate in spherical coordinates, the angle between u and k 
is ġ. We therefore have u- k = ||ul! ||k|| cos 6 = |lu|| cos ġ, so cos = I which means ¢ = | arccos (uk) l 


Algebraic finish. We have z = p cos = ||ul| cos $, so cos = Tal: To get z in terms of u and k, we note that 


u-k = (xi + yj + zk): k =z. Hence, cos¢ = tk, sog = Se (W) j 


11.1.5 


(a) Geometrically speaking, the equation ||v|| = 4 tells us that the length of v is 4, so (x, y, z) is 4 units from the 


origin. Therefore, the graph is a | sphere with radius 4 and center (0, 0, 0) |. 


Algebraically speaking, we can note that ||v|] = ||xi + yj + zkl| = 4/22 + 42 - Z2, so we must have 


v x? * y? +z? = 4. Squaring both sides gives x? + y? +z? = 4’, which is the equation of a sphere with radius 
4 and center (0, 0, 0). 


(b) Geometrically speaking, the equation ||v — wl] = 6 tells us that the vector from (1, —2, 4) to (x, y, z) has length 
6. In other words, (x, y, z) is 6 units from (1, —2, 4), which means that it is on the 


sphere with radius 6 and center (1, —2,4) |. 


Algebraically speaking, we have 
lv — wll = (xi + yj + zk) — (i - 2j + 4K)I| = I(x — Di + (y + 2j + (z - AKI = y(x - 1? + (y +2) +(z- 4}, 


so we must have 4/ (x — 1 + (y +2} + (z — AY = 6. This is the equation of a sphere with radius 6 and center 
(1, 984). 

(c) The origin is on the graph, since both sides of the given equation are 0 when v = 0. Otherwise, let 0 
between the angle between v and w. We know that v - w = ||v||llw|| cos 0, so the given equation becomes 
2|Ivil||w]| cos 8 = ||vi|||w]|. We know that I|[w|| + 0, and assuming that ||v|| + 0 (i.e. v 0), we can divide both 
sides by ||vll||w]| to get 2cos 9 = 1, or cos 8 = I. 


From cos @ = 1, we know that 0 is $ or —£ (or a multiple of 27 greater or less than these values). But 
0 is the angle between v and w. Hence, the graph is a where the apex is the origin, the axis has 
direction vector w, and each line on the cone passing through the origin makes an angle of $ with w. 


Exercises for Section 11.2 


11.21 
ENT E (tua (Cose (aly en. (5) 223 
(NEN NE CD CE [E59 € nm 
2010-9 6 e (3) CE DIES) Ti 
ES 2\" Ao O- 0+ (3) (3) 28 15 
(sou 3*1 =) C92) E3253 dao n 
Se s (UEM NIE -8 


Section 11.3 


=]. = 6 © =l 
11.2.2 ES 4d O iO =2 
= 200 4 6 


11.2.3 Let M =[KI]. Then MA = (KIJA = k(IA) = kA for any matrix A. 


11.2.4 In the text, we found T by finding a matrix such that the product TA is formed by moving the first two 
rows of A down one row, and moving the last row of A to the first row of the product. This isn’t the only way we 
can reorder the rows! We could also have moved the bottom two rows of A up one, and moved the top row to the 
last row. Performing this operation three times gives us A back again. So, we seek the matrix U such that Ui = k, 
Uj = i, and Uk = j. So, the columns of U, in order, are k, i, and j. Checking, we see that 


© l 0 M1 6/2 M3 Az ar A23 
0 0 1 ü»3 6022 053 | = | dà A32 G33 |. 
100 A31 A32 33 ay, a2 413 


Notice that U = T?, where T is the matrix we found in the text such that T? = I. So, we have 


U? = (T^y = TÉ = (T° = P = L 
and clearly U # I. 


There are many other matrices that fit the problem; see if you can find others. 


Exercises for Section 11.3 


11.3.1 
1 5 0 
—2 6 —3 6 -3 -2 
E 5 5 tL Sst Sep 3 
C wap. rre 7 
= 1[(-2) (3) - 6 : 7] — 5[(-3) - (-3) - 6 - (—1)] + 0 
= 1(-36) — 5(15) 
= 
—3 4 05 
—6 -1 0.25 -1 0.25 —6 


= -3[(-6)- 2 - (-1) 8] - 4[0.25- 2 — (-1) - 0] + 0.5[0.25 - 8 — (-6) - 0] 
= —3(-4) — 4(0.5) + 0.5(2) 


-[u, 


11.3.2 We have 
ay, A12 413 bu bo bis an +bu 59b) a+b 
A+B=[| an ap m |+| bn bz ba |= [| an 3. Doy. aap fb az +bz |, 
A31 A32 433 b31 b32 b33 azı +b31 032 +b32 a33 + b33 
so 
ay +b an+b 5 + bai a, An 431 b ba ba Poe: 
(A+B)? = | an +b an+bz a3 + bap | =| air a» az | + | b2 b b | =A +B. 


413 tbi a3 + b3 a33 + b33 M13 A23 933 big b2, b33 
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11.3.3 Since A and B have the same second and third columns, the matrices A’ and B! have the same second 
and third rows. Therefore, as showed in the text, we have det(A") + det(B’) = det(A” + B). We also have 
det(AT) = det(A) and det(B’) = det(B), so det(A) + det(B) = det(AT + B^). In the previous Exercise, we showed 
that AT + B7 = (A +B)', so we have 


det(A) + det(B) = det(AT + B') = det((A + B)') = det(A + B). 


11.3.4 Subtracting twice the second row from the first row, we get 


30 51 20 0 3 0 
15 24 10|=]|15 24 10j. 
[edo 2% | [6 2% 
Expanding the determinant along the first row, we get 
0 3 0 
S m ae 
246025029 


Adding three times the first row to the second row, we get 
15 10 |15 10 -— E 
-3 | fe | =-3 E : | = ~3[15- 1 - 10- (-1)] = -3(25) =[-75 |. 


11 412 413 
0 an az 
0 0 433 


A22 A23 


11.3.5 Expanding the determinant along the first column, we get oS 


= | 411422433 |- 


= ay 


Exercises for Section 11.4 


11.4.1 


mE (s 4 -2 p 
o en e 


(DEUM eto (e 1)(—2) - (5) CC CDS SU) 


(Gies see (3)(4) + (4)(8) — (8-2) + (4-1) ice) 
(0(-3)-- (2)(7) | (0(4) + (2(8 | (00-2) + (2(-1) (0(—1) + (0) 


4  (()-2 (96) (QC3X _[/-4 20 -12 
I2 (3) (3 5 =o (en (1)(5) eae E 5 )! 


11.4.3 We have v - w= 044 + 0905 +e + U_Wy = WV + 0205 t b WyVy = WV. 
11.4.4 
(a We have 


v * (aw) = v1(at1) + 02(aW2) +-+- + Va laWy) = a(01W1 + VW +-+- + UnWa) = av: W, 
(av) - w = (av1)w; + (AV2)W2 + +++ + (AVp)Wn = a(01W4 + U202 +++ + U_Wy) = av: w, 


so V: (aw) = (av): W =av-w. 
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—_— E eye FS 


(b) Wehave 


u: (v Ww) = ui(01 + 01)  u»(02 + Wr) +° + Un (Vn + Wy) 
= (1404 + UW 1) + (U202 + u5w2) +++ + (UnUn + UnWn) 
= 101 + UV +++ + H4Ug + HqUA + UW + +--+ + UyWy 


=u-v+u-w. 
11.4.5 In order for IA to be defined, I must have 2 columns, since A has 2 rows. Since the product IA must equal 


A, the product must have 2 rows. Therefore, I must have 2 rows. This suggests that we try using the 2 x 2 identity 
matrix as I. Sure enough, we find that 


it » (a 12 v T d12 P 
O 1/ \an ay ay Ar, 422 43)" 


However, is this the only possible I? Letting I = ` à , we have 


g 2 ps 012 28) = e 012 a 
r S/ Nd 422 493 Az, 422 3) 
From the entry in the first column and first row of the product, we have pay; + qa, which can only equal ay, if 


p = 1and q = 0. Similarly, we can show that r = 0 and s = 1, so the 2 x 2 identity matrix is the only matrix I such 
that IA = A. 


Review Problems 


11.29 


p 4 
(a) We have |lull = | ( 3 = 2-3 + (-5} = and |[v|| = (5 | = asset Us =| va2| 
2-3-4 
3- 


2:243.4 3. 16 —10 
(b) (2u + 3v) - (u — 3v) = 2-34-35 3.5 =| 21 -| =12 
2. (-5)+3: (-1) =5 = 5. (=Í) =İ =) 
= 16- (-10) + 21 - (12) + (-13) - (-2) =| -386 |. 
11.30 Checking the dot product of all possible pairs, we see that only the | second and fourth | vectors are 


orthogonal: 
= =) 
4 |-| -3 | =(-3)-(-2)+4-(-3)+2-3=0. 
2 3 


x1 yı 

11.31 Letv = | x? | and w = | y» |, and let 0 be the angle between v and w. Then v- w = |ly||llw||cos 8. 
X3 Y3 

Squaring both sides, we get (v- w)? = IIviPIlwI? cos? 8, so 


(x1y1 + xaya + xaysy) = Qd + x3 + x30 + y2 + y3) cos? 0. 


But cos? 0 < 1, so (x1y1 + X2Y2 + x3y3)? < (x? + x3 + x5) + y3 + y3). 
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11.32 


A =? E Dral ey) iad 27 
(e) TELS eel issu (1) (053) ees S MI 
DO T Oe c ae yet E, 


(b) There are many 3 x 3 matrices that have the same property as in part (a). For example, 


0 -7 0\ /-1\ f-7 
0 12 0 NE PE 
0 7 0/ \4/ \-7 


(c) Consider the equation 


The determinant of the 3 x 3 matrix is 


4 5 -2 

= d i ms 
i3 d zl s +(-2) | 
NN iL gem 0 1 


= rye CY zie il] Sell es 1 tag tem i e NE NT 
= 4(2) — 5(-2) - 2(1) 
= 16. 


Because this determinant is nonzero, the system of equations has a unique solution. In other words, the 


E zx 
vector | 1 ) is the only vector that can be multiplied by the matrix in part (a) to get (2) l 
4 =7 


Thus, Av = 0 does not imply A = 0 or v = 0. 


00 000 

(b LetA=[(0 0 0)andB=/0 0 0 
(s 9 o) (2 9 o) 

0 

0 

0 


| 
AB= | 0 
0 


Thus, AB = 0 does not imply A = 0 or B = 0. 


Zu x =9 2 © 
11.34 oS =1 By) = 
=2 0 = up. 3 
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11.35 


Pil pP pa 
(a) Suppose that such a matrix P = P21 p22 p23 | exists. Then 
P3 P32 Pss 


l O 0 1 0 
RKO 0 JE 0 QNI 
0 0 0 0 0 
1 0 0 Pu P12 P13 10 0 pii 0 0 
P.O) 00 =| pa po p23 xp DE pa (ues ke 
0 0 0 pa Pao Ps 00 0 pı 0 0 


These two matrices cannot be equal, so no such matrix P exists. 


(b) Let the columns of P be p, p,, and p,, in that order. So, the first column of AP is Ap}. In order for this to 
0 
equal the second column of A for every A, we must have p, = | 1 |, since this will cause each entry in 


SS 


Ap, to be the corresponding entry in the second column of A. Similarly, the product Ap, must be the first 


1 0 
column of A, so p, = (2) , and Ap, is the third column of A, so p, = ( 7 r 
0 1 


X 
0 1 0 
So,weletP= {1 0 0 }. Then 
0 0 1 


Ai 412 M3 dq 12 43 0 1 0 dio ay M3 
dj 402 423 |P= | an 02 423 ORO =e an azg]. 
A31 432 33 431 432 4533 0 0 1 \432 431 433 


Hence, for any matrix A, AP is the matrix that results when we swap the first two columns of A. 


11.36 We have (A + B)v = 0 for all vectors v. Since this holds for all vectors v, we can take v = i, j, and k, to get 
(A + B)i = 0, (A + B)j = 0, and (A + B)k = 0, respectively. Therefore, we have A + B = 0, so A = —B. 


11.37 
2 4o 
3 2 -5 2|_|-5 3 
(a) = 3 2| = -2| -eol JF | 
PM 1 8 3 8|*|-3 
= -2(8.8-2.1)-4[(-5)-8-2-(-3)] + [(-5) : 1-3 (-3)] 
= —2(22) + 4(-34) + 4 - | -176 |, 
1/ 1/5 6 
23 NEUES 4 -3 
o wA em 
Cee E - Biel a 


[(-3)- C10) - 5-6] - zI4- C10) -5- C] + 614-6 = (-3) C) 


0- 2-35) e 6:21 - [123] 


wle WlrR w| = 
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11.38 By Cramer’s Rule, 


zs m B Tee B i e 
E 2 4 3 esas 
1 253| eons 5 eee 
“a a S|’ ER ow Carmen. 
2. CE Les e Desc 
$m. 3 ES 3e F 
These determinants are 
3) ees J 
a AE eae A 5159205) E 
2 3 ja m en s 
E 
i O88 
EPFL EN eso ees |— etsy sole ace) = tee 
-1 3 geal?! sce 
e | 
| S 
EU oy ES E55) nasi E 
2 -1 E =i -5 2 
TOT 
NEU: 
2 c ME - (—2) : 3 45 i = = —21 + 2(21) + 5(-21) = -84. 
eee oS Tad 2 


Hence, x = 108/(—84) = y = 168/(-84) = and z = 96/(-84) = | -8/7 |. 


11.39 Subtracting the first row from the second row, we get 


x-4 x-3 x-2 x—4 x-3 x-2 x-4 x-3 x-2 
x-1 x x-1l|-|x-1)-(x-4) x-(x-3) (x*1)-(x-2)) 2| 3 3 3 
X42 x+3 x+4 x+2 x+3 x+4 x42 x4+3 x«+4 


Subtracting the first row from the third row, we get 


x-4 x-3 x-2 x—4 x-3 x-2 A eB) sq» 
3 3 3 |= 3 3 3 =| 2 3 3 
x+2 x+3 x+4 (meu oM (a2) 6 6 6 
x-4 x-3 x-2 x-4 x-3 x-2 
Tead 9S a E ME — S (a) 
6 6 6 3 3 3 
11.40 


(a) We have seen that the entry in row i and column j of the product AB is the dot product of the i row of A 


and the j column of B. This is equal to the entry in row j and column i of (AB)!. 


By the same token, the entry in row j and column i of the product BTA" is the dot product of the j'^ row 
of B and the i? column of A’. But the j row of B? is the j column of B, and the i^ column of A! is the 


jth 


row of A. Hence, the entry in row j and column i of B' AT is the dot product of the j'^ column of B and 


the i row of A. This equals the entry in row j and column i of (AB)T, as mentioned above. Since this holds 


for all possible values of i and j, we have (AB)! = BTA’, 
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(b) Suppose A is ay X s matrix and B is an s x c matrix, so that AB is defined. Then, we note that B'A” 
exists because B' is ac x s matrix while AT is an s x r matrix. Next we note that our solution in part (a) 


does not ever mention the dimensions of the matrices; every step holds for this part, as well. So, we have 
(AB) = Bl AT. 


11.41 


7 1 (4)(7) + (00) + 29-0. ((-0) + (0(72) + 22) 
5 -1 -1 0 -)-f OM+CVO)+CVYVC1) CAURE 
(3)(7) + (-2)0 + (72-1) — (9671) + (2) 72) + (MQ) 


-1 5 2 (-DC) + 6)0)- Q(-1)  (-DC D a + (2)(2) 
26 0 
_|{ 36 -5 
"|l 14 15 
-9 -5 


11.42 In order for AB to be defined, the number of columns in A must equal the number of rows in B, so B has 
4 rows. The number of columns in AB equals the number of columns in B, so because C = AB has 6 columns, B 


also has 6 columns. Therefore, B is a| 4 x 6 | matrix. 
11.43 


(a) Let A beann xn matrix and B be an m x m matrix. If AB is defined, then n = m, so B is ann x n matrix, and 
the product AB is also an n x n matrix. 


(b) [No]. Suppose A is an r x n matrix and B is ann x r matrix. Then, AB is an r x r matrix. If r # n, then A and 
B are not square, but AB is. 


Challenge Problems 


1144 From the given information, we have |lul|| = llvl| = IIwl| = 1 and u u- v Zu: w = v: w = 0. Then 


r-u = (au + bv + cw) -u = au- u + bu- v + cu -w = allul? = a. 


Similarly, 
r- v = (au + bv + cw): v = au- v +bv -v +cv -w = blivi? = b, 
and 
r: w = (au + bv + cw): w = au -w +bv -w * ew w = cliwl? = c. 
11.45 


(a) Let @ be the angle between u and v. Then u - v = |lull|lv|| cos 9. But 


u- v= (i+j+zk)- (2i-j+3k)=1:2+1-(-1)+z:3=3z+1, 
lull = V12 +1? +z? = Vz? +2, and |[v|| = 4/22 + (-1)2 + 3 = V14. Therefore, we have 
3z +1 = 4/14(z + 2) cos 0. 


For 0 = Z, we have cos 0 = cos 5 = 0, so 3z + 1 = 0, which means z = | -1/3 |. 
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(b) For 6 = Z, we have cos@ = cos? = 1, so 3z+1= 4/14(z2 +2): 5. Multiplying both sides by 2, we get 
6z +2 = 1/14(z? + 2). Squaring both sides, we get (6z + 2)? = 14(z* + 2), which expands as 362” + 24z + 4 
142z? + 28, so 222? + 24z — 24 = 0, or 11z? + 12z — 12 = 0. By the quadratic formula, we have 


12+ 122- 4-11: (12) -12+ V672 -1244V42_ -6+2V42 


en 2.11 = — 22 11 


The negative root is extraneous, because it makes 3z + 1 negative, but our initial equation is 3z + 1 = 


V 14(2 + 2) - 1. Therefore, the only value of z that satisfies the equation is | (-6 2 Y42) ZI 


(c) Letc = cos0, so 3z +1 = (4/14(Z + 2))c. Our goal is to find the largest value of c for which there is a real 
value of z that satisfies this equation. Squaring both sides, we get 


922 + 6z + 1 = 1427 + 2c = 1c z + 28c. 


Rearranging this equation gives (14c? — 9)z? — 6z + (28c? — 1) = 0, which is a quadratic equation in z. So, we 
seek the largest value of c such that this quadratic has real roots. This quadratic equation has a real root in 
z if and only if its discriminant is nonnegative. The discriminant is 

(—6)? — A(14c? — 9)(28c? — 1) = 36 — (1568c* — 1064c? + 36) = —1568c* + 1064c? = 56c(19 — 28c’). 
Therefore, we can find a value of z such that the angle 


This quantity is nonnegative if and only if c? < 3. 


between u and v is 0 if and only if cos? 0 < 42. So, the desired maximum value of cos? 0 is | 12 | 


11.46 Subtracting the second row from the first row, we have 


1 a a r " 

i 5 pleh 5 E --6-5p E eroe NND 
2 iig 1 c 

JL eg 1 (6 C 


We can take out a factor of a — b, to get 


b 
c 


2 2i 
--«-5p i -«-9|-f altas á 
CD N * (a * b(c - ae —)-@+b)b- c) 
= (a — bI(b-- (b — e) - (a + Bb — 9] = (a - b)(b — o + c) — (a + b)] 


NLIS 


We also could have tackled this problem with a little clever insight into polynomials. Clearly, the determinant, 
if nonzero, has at most degree 3, since every term in the expansion has degree 3. Moreover, since the determinant 
has two equal rows if a — b, the determinant is 0 if a — b. So, we conclude that a — b is a factor of the polynomial 
that is the determinant. Similarly, b — c and c — a are also factors of the polynomial, so the desired polynomial is 
k(a — b)(b — c)(c — a) for some constant k. Choosing a = 0, b = 1, c = 2 gives a determinant of 2, so we must have 


2 = k(a—b)(b—c)(c—a) = k(0—1)(1- 2)(2 - 0), which gives k = 1, and the desired polynomial is| (a — b)(b — c)(c — a) 


as before. 


1147 If MT = -M, then det(M?) = det(-M) = (-1)? det(M) = — det(M). But det(M?) = det(M), so det(M) = 
— det(M). Therefore, det(M) = 0. 


11.48 


1 WE 
1 


-&-5| 2] +@-2)|, 


| 


+@-Ha+0|t 4 


(a) If Av = Av, then Av—Av = 0, so (A—AD)v = 0. If det(A — AI) + 0, then the equation (A — AI)v = 0 has a unique 
solution, which is clearly v = 0. Therefore, if (A — AI)v = 0 for some nonzero vector v, then det(A — AI) = 0. 
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(b) We have 
= d. rz 
de(A-A)-| -4 1-A 7 
S P 
P 1-1 NN NE, EM 
m »| 1 POT E 1 


mie OI A)(—1 1) 7a D IA 1) 3} 
= —(A + 8)(A* — 8) - (4A — 52) + 3(8A — 12) 
= (-A? — 84? + 8A + 64) + (-4A + 52) + (24A — 36) 
= —A° — 8A? + 28A + 80. 
This polynomial factors as —(A — 4)(A + 2)(A + 10) = 0, so the values of A such that det(A — AI) = 0 are 


eee and -10 |. 


X 
(c) Letv= (5 . Then for each eigenvalue À from part (a), we want to find a vector v such that Av — Av, or 
Z 


—8x + y + 3z = Àx, 
—4x + y + 7z = Ay, 
8x + y -Zz = Az. 
Equivalently, 
(8-7 v5 
—4x + (1 - Ay t 7z = 0, 
8x + y+(-1—A)z =0. 


For A = 4, this system becomes 
-12x + y +3z=0, 
—4x — 3y + 7z = 0, 
e y = 5z = 0) 


Subtracting the third equation from the first equation to eliminate y, we get -20x + 8z = 0, so 20x = 8z, or 
5x = 2z. Let x = 2 and z = 5. Then from the first equation, we have y = 12x — 3z = 9. These values satisfy 


2 
all three equations, so for A = 4, we can take v = g ' 
5 


For A = —2, this system becomes 
—6x+y+3z=0, 
quy 
8&x+y+z=0. 
Subtracting the third equation from the first equation to eliminate y, we get -14x + 2z = 0, so 14x = 2z, or 
z= 7x. Let x = 1l and z = 7. Then from the first equation, we have y = 6x — 3z = —15. These values satisfy 


1 


all three equations, so for A = —2, we can take v =| | —15 
7 
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Finally, for A = —10, this system becomes 


2x+y+3z=0, 
—4x + 11y +7z=0, 
8x +y +9z =Q. 


Subtracting the first equation from the third equation to eliminate y, we get 6x + 6z = 0, so z = —x. Let x = 1 
and z = —1. Then from the first equation, we have y = —2x —3z = 1. These values satisfy all three equations, 


1 
so for A = —10, we can take v = (1) L 


=í 


11.49 Computing the first few powers of A, we find 


1 1 0 ee 133 /14 6 1 5 10 

A=(0 1 1ļ],a?=|0 1 2 | Af=|0 1 3ļ|,Af=A-A°=|0 IAW Aga = (| ONE 

0 0 1 001 oo 001 00 1 
It appears that 


for all positive integers n. We prove this using induction. 


1 k EK 
2 
The claim is true for n = 1, so assume that it is true for some positive integer k, i.e. A* = ( 1 k ]. Then 
00 1 


AW! =A. A‘ 
11 0\ f1 k Eon 1 k+1 #2 +k 1 k+1 ez 
=|/0 1 1 01 k Sale 1 k+1 eum g KT 
Q 3 xo d 0 0 1 0 0 1 
1 k+1 EH 1 k+1 HAD 
—-10 ij ei | a) 1 kii qu 
0 0 1 0 0 1 


Thus, the claim is true for n = k + 1, so by induction, it holds for all positive integers n. 


11.50 Since A has 3 columns and B has 2 rows, M must be a 3 x 2 matrix. So, we must have 
5s E IL E m 
& 5 A NS s (3 ro 
™31 11132 
Equating the entries in the first column of the product to the corresponding entries in B gives us the two equations 


5m; + 3m1 — 2m3, = —6, 
—mj1 + 5m, + Ama = 8. 


We can't produce any more equations involving m11, m21, and m31. Since we only have two linear equations for 
these three variables, we cannot find a unique solution (if there is a solution). But we are able to find solutions. 
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For example, adding 5 times the second equation to the first, we get 287121 + 18173; = 34. We can't eliminate any 
more variables, so we can choose any value for 12; and then find corresponding m and m31. For example, if we 
let m21 = —2, we have 18113; = 34 — 28m, = 90, so m3; = 5. From either of our original equations, we have m11 = 2. 


Turning to the second column of the product and the corresponding entries in B, we have 


51112 + 31122 — 2m32 = —20, 
—m12 + 5M2 + 4m32 = 24. 


We can again choose any value for one of the variables, and then find values for the other two. For example, if 
m? = —3, we will find m» = 1 and ma = 4. Checking, we find that we do indeed have 


fe 3 2 ne: in EJ 
0) o 8 24)! 


2 -3 
soM = | -2 1 | satisfies the problem, but it is not the only matrix that does so. For example, the matrix 
boc 4 


SORS 
M = | 7 s) also satisfies the problem. 
-9 S 


11.51 


(a) LetA = i EN and B = L 3l Then 
as-(5 5) 9-G o) 
s-(5 9 a) 0): 


Thus, AB = -BA. But det(A) = —1 and det(B) = 1, so both A and B are nonsingular. 


(b) IfAB = —BA, then det(AB) = det(-BA). Since -BA is a 3x3 matrix, det(-BA) = (—1)° det(BA) = — det(BA), 
so det(AB) = —det(BA). We also have det(BA) = det(B) det(A) = det(A) det(B) = det(AB), so det(AB) = 
— det(BA) gives us det(AB) = — det(AB), which means that det(AB) = 0. Since det(AB) = det(A) det(B), we 
must have det(A) = 0 or det(B) = 0. In other words, at least one of A and B must be singular. 


bu Do bs 
A% = | bi b ba | . 
b3 bx b33 


Since all the entries of A are even, all the entries of A?96 are even, i.e. bj; is even for all i, j. Then 


and 


11.52 Let 


1- bj —bi2 —b33 


det(I — A299) = | -bn 1-by -bz 
-b31 Sey 1- b33 
1-b2 abe -bn  -ba —by 1- bz 
Sle mx t (—b 
Sum -b3 1- b33 (7hiz) Se 1- b33 (b13) —b3;  —b32 


The first term expands as 


1-b2 -b3 


SED ee byi)[(1 — bz2)(1 — b33) — (~b23)(—b32)}. 


(1 — 511) 
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Since all of the bj; are even, the expressions 1 — b11, 1 — b22, and 1 — b33 are odd and (—b23)(—b32) is even. Therefore, 
the expression (1 — by;)[(1 — b22)(1 — b33) — (—b23)(—b32)] is odd. 


Since bız and bı; are even, so are 


—b5 —b | 


-bn 1-5» 
-b31 1- b33| i 


(—b12) and (-bi3) Rb bs 


Therefore, det(I — A?) is the sum of one odd and two even terms, which means det(I— A?996) is odd. In particular, 
it cannot be equal to 0. 
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Vectors and Matrices in Three Dimensions, Part 2 


Exercises for Section 12.1 


12.1.1 The vector from (—4,5,0) to a point on the line must be in the same or opposite direction as the vector 
from (-4, 5, 0) to (—5, —1, 2). Therefore, if we take 


"1 7G 


xX 
then the line consists of all points (x, y, z) such that (5 - v wt. 
Zz 


These values of v and w are not unique; we can take v to be any vector to a point on the line, and w to be any 


GOES DOr 


2 
so a vector that is parallel to the graph is ( 1 ) . (Any nonzero scalar multiple of this vector is parallel to the 


=] 
nonzero scalar multiple of 9 : 
2 


12.1.2 We can write 


OBOLOLUI 


In order for (10, —4,3) to be on the plane, we must have 


graph as well.) 
12.13 P is the graph of 


10 = —2 + 2s - 3t, 
-4=-l-s, 
324-s4 2t. 
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From the second equation, we have s = 3. Substituting this into the third equation gives t = -2. The values 
(s, t) = (8, 2) also satisfy the first equation, so letting (s, t£) = (3, —2) does give (x, y, z) = (10, —4,3) in our equation 
for P. This means f? passes through (10, —4, 3). 


To show that P does not pass through (—1, 5, 2), we must show the equation for P cannot give (x, y,z) = (-1,5, 2) 
for any values of s and t. If such values of s and t exist, we must have 


-1 = -2 + 2s —3t, 
5=-1-s, 
2=4+s+2t. 


The second equation gives us s = —6. Substituting this into the third equation gives t = 2. However, the values 
(s,t) = (—6, 2) do not satisfy the first equation. So, there are no values of s and t for which (x, y, z) = (-1,5, 2), which 
means the P does not pass through this point. 


12.1.4 Let A be (-1,2, 4), B be (3, -1, 2), and C be (5,1, 6). Then, the plane through A, B, and C is the plane through 
A generated by AB and AC. We have 


AB = B - A = 4i - 8j - 2k, 
AC = C- A- 6i - j 2k. 


If xi + 7j + 10k is in a plane generated by AB and AC, then we must have 


xi + 7j 10k = sAB + tAC = (4s + 6t)i + (-3s — t)j + (-2s  20)k. 


This gives us the system 
x = 4s + 6t, 
7 2 —-3s - t, 
10 = —2s + 2t. 


The last two equations give us (s, t) = (—3, 2). Substituting these into the first equation gives us x = [o] 


Exercises for Section 12.2 


4 
12.2.1 As described in the text, the vector | —3 | is normal to the graph of 4x — 3y + 12z = 5. (Note that the 
12 


negative of this vector is also normal to the plane.) The unit vector in the direction of this normal is 


i Fla d 


| J4«(C39«12 vie 13 


Multiplying this vector by —1 gives the other unit vector that is normal to the plane, 
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12.2.2 Let v = 011 + Vj * v3k and let (xo, yo, zo) bea point on the plane. Then, we have nixo + n2yo + 1329 = d since 
(Xo, Yo, Zo) is on the plane, and we have nv, + 71205 + 11373 = 0 because n- v = 0. Adding nıxo + r2yo + 1329 = d and 
110) + 120? + 11305 = O gives 


Ny (Xo + 01) + n2(yo + V2) + ri3(Zo + v3) = d, 
SO (Xo + V1, Yo + V2, Zo + 73) is on the plane. The vector between (xo + 01, Yo + 02, Zo + 03) and (xo, yo, zo) is v, as desired. 


12.2.3 Letv = 3i + 2j - 2k and w = 4i - j + 8k. Then the projection of v onto w is 
vw | 3-4«2-(-1) + (-2).8 


|ui @ (<1 sme ie SEU -i+ j- #k|. 
2 2k 
12.2.4 The vector | -1 | is normal to the graph of 2x — y - 3x = 5, as is any scalar multiple of this vector, | —k 
3 3k 


Hence, 2k = 3, -k = b, and 3k = c. Then k = 3/2, sob = -k = | -3/2 |and c EKZ 9/2 | 
12.2.5 The distance from (3, b, —5) to the plane x + 2y - 2z - 8 = 0 is 
B +2b-2.(-5)-8| _ |2b+5| _ eines] 
EDEN v9 2 


If this distance is 8, then [2b + 5| = 24, so 2b + 5 = +24. If 2b +5 = 24, then b = 19/2, and if 2b + 5 = —24, then 
b = —29/2. So the solutions are b = | 19/2 | and | -29/2 |. 


12.2.6 Let vj, V2, v3 and vq be four vectors in three dimensions. We have two cases to consider. 


Case 1: vı, V2, and v3 are linearly dependent. Then, there exist constants a), a2, 43, not all 0, such that a4v4 + a2v» + 
a3v3 = 0. Therefore, we have a4v4 + 42V2 + à3V3 + Ov, = 0, so there are constants 4, 45, 43, A4, not all 0, such that 
a1V1 + d2V2? + 43V3 + ü4V4 = 0, which means that v1, v2, v3 and v, are linearly dependent. 


Case 2: v1, V2, and v3 are linearly independent. Let v4 = x4i + yaj + zak As shown in the book, if v1, v2, and v3 are 
linearly independent, then the graph of all (x, y, z) such that xi + yj + zk is a linear combination of v1, v2, and v3 is 
all of R3. Specifically, (x4, y4, Z4) is in the graph, so v4 is a linear combination of v1, v2, and v3. Therefore, we have 
V4 = A1V1 + d2V2 + a3V3 for some constants 41, 45, 43. This means we have avı + 42V2 + 43V3 + (-1)v4 = 0, so vi, V2, 
v3 and v; are linearly dependent. 


For any set of vectors vi, V2, . .., Vn with n > 4, we use the fact that any set of four vectors is linearly dependent. 
Because vj, V2, v3 and v3 are linearly dependent, there exist constants 41,45, 43, 44, not all zero, such that avi + 
5 V2 + 43V3 + ü4V4 = 0. So, we have d1V4 + d2V2 + 43V3 + A4V4 + OV5 t: + OV, = 0 and not all of a1,a2,43,a4 are 0, so 
V1, V2, ..., Vn are linearly dependent. 


Exercises for Section 12.3 


12.3.1 
DES " a cu jee 7 

(a) axb=|3 4 -1 3E li-l litt jk =7i+j+25k = 1 
“7 0 25 
Lo iS Ee on -1 0 S Cu" x 

b) bxc=|-1 7 0 JE iE jx [k= 211 +3) + 29k = 3 
RA ino 3 SI 3 
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ic i ee - 1 s" =i 
() exa=|-4 -1 3|- U 3) A oles pm cM 
288-1 2 S ae J 
a ani 116 


12.3.2 Let A =-i+3j+ 4k, B = 2i + j —5k, and C = -7i - j. Then 


AB = B- A = (2i +j - 5k) - (-i+ 3j + 4k) = 3i - 2j - 9k, 
AC =C —A SC )- M 3j+4k)=-6i-4j- 4k. 


A vector that is orthogonal to both these vectors is 


E -> i j k 
AB x AC = (3i — 2j - 9k) x (-6i — 4j - 4k)=|3 -2 -9 
-6 -4 -4 

cro veo 3 ar IDEEN NR 

E IE B ME vi K = -28i + 66i 24k. 


Hence, the equation of the plane is of the form —28x + 66y — 24z = d for some constant d. Substituting the point 
(—1,3,4), we get d = —28(—1) + 66(3) — 24(4) = 130. Therefore, the equation of the plane is —28x + 66y — 24z = 130, 


or dividing by —2, we get | 14x — 33y + 12z = —65 |. 


12.3.3 We have u x v = u x wif and only if u x v -ux w = 0, so u x (v — w) = 0. Thus, we want to take u, v, 
and w such that u is parallel to v — w. So for example, we can take u and v to be any nonzero vectors such that 
u+v+#0,andletw = u + v. Then 


uxw-ux(u-rv)-uxu-cuxv-uxyv, 


as desired. For example, let u = i, v = j, and w = i +j. Then, we have u x v =i xj =kanduxw=ix(i+j)= 
ixi+ixj=0+k = k, so ux v = u x w but v £z w. 


12.3.4 Let A = —i + 3j, B = -2i + 5j + 6k, and C = 6i — 4k. Then 
= (—2i + 5j + 6k) - (—i + 3j) = —i + 2j + 6k, 
= (6i — 4k) - (-i + 3j) = 7i - 3j - 4k. 


The area of AABC is 5(AB)(AC) sin 9. We also have | AB xAC| = (AB)(AC) sin 6, so the desired area is i || AB x AC]. 
We have 


EI ES i j k — — 
AB AC o (RAB ES ERN lel = s RS Omm emm 
—3 -4 7 —4 7 -3 
7 -3 -4 
Therefore, the desired area is 11 AB x AC|| = 1|[10i + 38j — 11k(|| = I 4/102 + 382 + (—11} = i V1665 = 2 I l 


12.3.5 Let 0 be the angle between u and v. Then u - v = ||ullilvi| cos @ and ||u x vi] = |[ull||v|| sin @, so 


2 2 : 3 
(u - v) + Ilu x vl? = ([lulllivll cos 9)* + (IIuliiivi| sin @)* = Iulf*l|vi* cos? 6  |lul'Iiv]P sin? € 


2 D 
= |lulPlivil?(cos* 0 + sin? 0) = IlulIlvI. 


Therefore, |lu x vll = ||ul?||v|? — (u - v)?. 
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988 ——— 


12.3.6 
ay by Cy 
(a) Leta={ m |,b={ b; J,andc- [| c |. Then 
a3 b3 C3 
i j k 
ES = b; bs " bi bs à b b " . 
bxc= 2 E b3| = Bo 1 cme J+ E k= (b2c3 = b3c2)i + (b3ci = bıc3)j + (bic2 = b2c1)k, 
1 € C3 
and 
i j k 
axX(bxXc)= ay az a3 
b5cs = b3C2 b3ci = bic3 bic = boc} 
= alo a3 i ay a3 "e ay a2 
baci = bic3 bic? = boc} boc3 = bc; bic; iem bci J b2c3 = b3c2 baci T bic3 
= (a»b1c5 — a5b5c1 — a3b3c1 + a3bıc3)i 
— (mbic2 — a1boci — a3b2c3 + a3b3c2)j 
F (a1b3c1 = a,b1c3 = Arbrc3 4r a2bac;)k 

a5b1C2 ar a3b1C3 = azb2c1 = a3b3c1 

= | boc a3b2C3 — a,b4C2 — 4303C2 
a1b3c ar (5 b3€2 — a1bic3 = arbrc3 

Also, 


bz C3 


abc, ar a5b1c2 ar a3b1C3 a1b1€1 ae a5b5c1 HP 3031 
= ay boc, ap az2b2C2 T a3b2C3 — | a bic2 T az2b2C2 ar 303C2 
a,b3c, + A2b3C2 F a3b3c3 a1b1c5 + Arbrc3 F a3b3C3 
(ste SP 43b1C3 = a5b»c1 = s 


bi C1 
(a: c)b — (a- b)c = (a1c1 + 42€? + 4363) (s) — (a,b, + a5b + a3b3) (2) 


ayboc, + a3b2C3 = a,b4C2 = 4303C2 
t1b3ci ar a2b3C2 = PA b1cs = a5b5C3 


Hence, a x (b x c) = (a: c)b - (a- b)c. 


(b) Applying the result we proved in part (a), we have both bx(cxa) = (b-a)c—(b-c)aand ex(axb) = (c-b)a—(c-a)b 
in addition to a x (b x c) = (a: c)b - (a- b)c. Adding all three equations, we get 


a x (b x c) + b x (c x a) +c x (ax b) = [(a- c)b - (a - b)c] + [(b  a)c - (b - c)a] + [(c- b)a — (c: a)b] = 0. 


Exercises for Section 12.4 


12.4.1 The vectors emanating from the vertex (—2, 1,5) that correspond to the edges of the parallelepiped are 


(3)-(3)-(): (2)-G)-(2)- GG) GG) 


> a IOM 
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Therefore, the volume of the parallelepiped is the absolute value of 


© =2 =7 
1 1 -6|-2-42, 
6 -4 —5 


1 bi [en a az 3 
12.4.2 Wesaw thatifa= | 7 |,b=| b; |,andc= | c? |,thena-(bxc)= |b, b; bs|. Hence, 
a3 b3 C3 Cy Cp a 


Cl €» ce a, aoa 3 a, 5? (3 
c: (axb)=ļa a a3|2—|&3 Cy c3)/= |b, bo b3| a-(bxc), 
bj b c bi bs c| er cpg 


so (aX b)-c=c:(axb)=a-(bx0c). 


Geometrically speaking, the absolute value of each expression equals the volume of the parallelepiped with 
edges a, b, and c. If you picture yourself standing at the origin and looking along the interior diagonal of 
the parallelepiped from the origin, you'll see that in both expressions, the vectors appear in the same order, 
counterclockwise or clockwise, around the diagonal. Therefore, the two given expressions equal the same signed 
volume of the parallelepiped. 


12.4.3 Sinceeach two rows are orthogonal, the parallelepiped with the rows as edges is a rectangular prism. The 
volume of a rectangular prism equals the product of its dimensions, so the volume of the parallelepiped with the 
rows as edges is the product of the magnitudes of the rows. This parallelepiped has volume | det(M)|, so | det(M)| 
equals the product of the magnitudes of the rows. 


Exercises for Section 12.5 


12.5.1 Wehave AA ! = Isodet(AA') = det(I) = 1. Wealsohavedet(AA !) = det(A) det(A ^), so det(A) det(A"!) = 
1, which means det(A) and det(A !) are reciprocals. 


12.5.2 A matrix does not have an inverse if and only if its determinant is zero. We have 


1 5 45 
det E 6 J =6+5x7+20- (—2x) — (-10) — 30x = 5x? — 28x + 36. 
x -2 1 


Factoring and setting this equal to 0 gives (5x — 18)(x — 2) = 0. Therefore, the values of x for which the matrix does 
not have an inverse are | # and 2 
12.5.3 | No]. Note that 
000 1 0 0 1 0 0 
0 11 O30. 0 0 ps OE 0}. 
000 0 0 1 0 0 1 
The addends on the left are singular, but their sum is not. 


M1 (02 13 
12.5.4 LetA= 0 an anl. 


0 0 (133 
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(a) We have det(A) = 411022433, so det(A) + 0 if and only if 411, a22, and a33 are nonzero. A matrix is invertible if 
and only if its determinant is nonzero, so an upper triangular matrix is invertible if and only if the entries 
on its main diagonal are nonzero. 


(b) Let M be the inverse of upper triangular matrix, so we must have 


My miz mus a1 012 M3 100 
M21 M M3 0 A22 (153 = O L Oa, 
M31 1130 M33 0 0 (133 0 0 1 


The entry in the second row of the first column of MA is 151431. Since MA = I, this entry must equal 0. But 
41 is nonzero since A is an invertible upper triangular matrix. Therefore, m21 = 0. Similarly, the entry in 
the third row of the first column of MA must be 0. This entry equals 3141; and 41; # 0, so m3 = 0. Finally, 
the entry in the third row of the second column of MA equals 0. This entry equals 7131412 + M32422. Since 
m3, = 0 and azz is nonzero, we must have m3 = 0. Combining this with m1 = m3; = 0, we see that M is an 
upper triangular matrix. 


Review Problems 


12:35 
(a) The equation p : v = 4 becomes x + 2y — 5z = 4, which is the equation of a [plane | 


(b) The equation p: v = p: w becomes 
x 1 x =o 
w- 2 sped l, 
Z =5 E -2 


or x + 2y — 5z = —3x + 4y — 2z, which simplifies as 4x — 2y — 3z = 0. This is the equation of a [plane | 


We also could have written p: v = p: was p: (v — w) = 0, so the graph consists of all (x, y, z) such that 


Z 
with v — w as a normal vector. 


X 
| s) is orthogonal to the constant vector given by v — w. Therefore, the graph is a plane through the origin 


(c) If p-v =4and p-v = p: w, then it follows that p: v = 4 and p -w = 4. Hence, the graph in this part is 
the intersection of the graphs in parts (a) and (b). The graphs in parts (a) and (b) are different planes, so 


1 
the graph must be a [line | (The two planes must intersect, because the vector | 2 | is normal to the first 
= 
4 
plane, and the vector | —2 | is normal to the second plane, and these vectors are not linearly dependent.) 
=) 


12.36 The equation of the line passing through (2, 4, 2) and (1,6, -1) is given by 


x 2 1-2 2 -1 2-t 
Y osse 6-4 zaslala 2 ]t2]| 442t 
Z 2 -1-2 2 —3 2-—3t 


Hence, if (a,2, b) lies on this line, then a = 2 — t, 4 + 2t = 2, and b = 2 — 3t. From the equation 4 + 2t = 2, we have 


t= 1. Then a 22 - t - [8]and b - 2 -3t 2 [5]. 
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3 a 
12.37 The vector nj = 2 is normal to the plane 3x — 2y + 8z = 5, and the vector n; = | b | is normal to 
8 —4 
the plane ax + by — 4z = 7. These planes are parallel if and only if one of the vectors n; and n is a scalar multiple 
of the other. The z-coordinate of n, is 8 and the z-coordinate of n; is —4, so we must have n; = —2np. 


Comparing the x- and y-coordinates, we get 3 = —2a and —2 = -2b,soa = and b = [1]. 
12.38 


(a) The equation of the line passing through (5, 4, 1) and (11, 1, —8) is given by 


eG) Gs) = tg) = (5) 


The equation of the line passing through (5, —1, 2) and (0, 14, 7) is given by 


x 5 0-5 5 —5 5 —5s 
y}=(-1) + { 14-(-1) |s2|-1] «| 15 |s- | -1+15s }. 
Z 2 7-2 2 5 2 45s 


Hence, if (x, y, z) lies on both lines, then s and t must satisfy the equations 5 + 6t = 5 — 55,4 — 3t = —1 + 15s, 
and 1 —9t = 2 + 5s. Multiplying the second equation by 2, we get 8 — 6t = —2 + 30s. Adding this to the 
equation 5 + 6t = 5 — 5s, we get 13 = 3 + 25s. Solving for s, we find s = 2/5. Substituting into the equation 
1 — 9t = 2 + 5s, we get 1 — 9t = 4. Solving for t, we find t = —1/3. Then 

3 

5 7 

4 


5+6t 3 S — BE 
Zion =| 5) and =j lS = 
TUE 4 DIS 


so the two lines intersect at | (3,5, 4) |. 


6 m5 
(b) The line £f is parallel to the vector | —3 |, and the line m is parallel to the vector | 15 |. Then a vector that 
EU B 
is normal to the plane containing both £ and m is given by the cross product of these two vectors, which is 
mes k rs =, L -9,|6 D 
-5 15 5 i5 5 -9 E =) 18) 


= 120i + 15j + 75k 


120 
a| 15 J, 
75 


Hence, the equation of the plane is of the form 120x+15y+75z = d for some constant d. Substituting the point 
(3,5, 4), we get d = 120(3)+15(5)+75(4) = 735, so the equation of the plane is given by 120x+ 15y+75z = 735, 


or dividing by 15, we get | 8x + y + 5z = 49 


12.39 Solution 1: Let P = (x, y, z), P1 = (%1, yv zi), P2 = (X2, Y2, Z2), and Ps = (xs, ys, z3). Then 


7 X X] " X= Yj F X Ki 
ae = y 1 a E= — Vi | ees | Ye Viele 
= i Magy — j Jie c S 
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SO 
XX y — yı Zm 
Xx2—X1 Yo-Yi 22-21 
X3 — X1 Y3- Y1 23-2 


is the signed area of the parallelepiped whose edges are PIP, PiP», and PPS. This volume is 0 if and only if P lies 
in the same plane as P4, P5, and P}. 


Solution 2: The determinant is clearly of the form ax + by + cz +d, where a, b, c, and d are constants, so the graph 
of the equation formed when we set this determinant equal to 0 is a plane. We can show that this is the desired 
plane if we can show that the determinant is 0 when (x, y, z) equals each of (x1, y1, z1), (xa, ya, 22), and (x3, ys, za) 
(and therefore all three points are on the graph of the equation). When (x, y, z) = (x1, y1, z1), the first row of the 
determinant consists of three 0s, so the determinant is 0. If (x, y, z) equals (x2, y2, z2), then the first and second rows 
are the same, so the determinant is 0. If (x, y, z) equals (xs, ys, z3), then the first and third rows are the same, so, 
again, the determinant is 0. Therefore, the graph of the given equation is the desired plane. 


12.40 
(a) Wehave 
4 -1 4a —b 
av+bw=a{-1)+b{ 2 | =| -a+2b]. 

2 3 2a + 3b 

9 

If this is equal to p = | —4 |, then 44— b = 9, —a + 2b = —4, and 2a + 3b = 1. Solving the system 4a — b = 9, 
1 


—a + 2b = —4 gives a = 2, b = —1. Note that these values of a and b satisfy the third equation, 2a + 3b = 1. 


Therefore, the only solution is (a, b) = | 2, —1) |. 


(b) We will show that it is impossible to have two different pairs (a, b) of scalars that satisfy t = av + bw. We 
let (a1, b1) and (a2, b2) be pairs of scalars such that a1v + bıw = av + bow. We will show that we must have 
(a1, b1) = (22, b2). 
Rearranging a1v +bıw = aV bow gives (a1 —a2)v — (by —b2)w = 0. Since v and w are linearly independent, 
we must have a4; — à? = bı — b; = 0, so 41 = a and bı = by. Therefore, the pair of scalars (a, b) such that 
r = av + bw is unique. 
12.41 
(a) Ifu-w=v-w,thenu-w-v-w —0,so (u — v): w = 0. This holds for all vectors w, so in particular, we can 
take w = u — v to get (u — v): (u - v) = 0. But (u - v) - (u - v) = |lu- vl, so lju — vl? = 0. Hence, llu - v|| = 0, 
which means u - v, oru = v. 
We could also have noted that u-i=v-i,u-j =v-j,and u- k =v-k, so each component of u equals 
the corresponding component of v. Therefore, we have u = v. 
ty 
(D Ifuxw=vxw, thenuxXw-—vxw=0,s0(u-—v)Xw=0. Lett=u—v= | b |,sotxw=0 forall 
t3 
vectors Ww. 


Taking w = i, we get 


i j k 
tp t3]. |t t3|. Ji t ; 
txi= lt te |= s hi m; i E i 0 | K = tj- bk. 
1 0 0 


This is equal to 0, so t? = t3 = 0. Similarly, t x j = —t3i+ tık = 0, so f; = 0. Therefore, t = 0, which means 
i =v. 
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12.42 The cross product is equal to 


i j k 

2 -1 3. -1 3 2 
3 2 -1 - i- jel E 
POL Dig on» 3 4 


= [2:2 - C1-4li - [B - 2- 71) C9)j + [3 -4 - 2- (-3)]k = [8i - 3j + 18k | 


x 
1243 Letv- (9) Then 
Z 


, 1 0 
ixv= 


X Z 


y= -3 + vk 


= j+ 


0 0 
y z 


i j 
1 0 
x y 


If this is equal to k, then y = 1 and z = 0, but x can be any real number, and we have v = xi +j. Thus, i x v = k 
does not imply v - j. 


4 zl 
1244 Leta- | -1 | andb- | 0 jJ. Then ax b is orthogonal to both these vectors, so it is orthogonal to the 
2 4 
plane generated by these vectors. This cross product is equal to 
i j kj, ki 
ades up See Ae 2E ANNUI e 
=) 8 A 0 4 -1 4 =l Ü 


Hence, the equation of the plane is of the form —4x — 18y —z = d, where d is some constant. Since this plane passes 
through the origin, we have d = 0. Therefore, the equation of the plane is —4x — 18y —z = 0, or multiplying by -1, 


we get | 4x + 18y +z = 0|. 


12.45 We can express the parametric equations as 


x 3 =% 
UNES CLIE 
Z 0 29 
=2 
As discussed in the text, the graph of this equation is a line that has direction vector | 1 |. If we take t = 0, then 


3 = (=) 5 
we see that the point (3, 4, 0) lies on the line. The vector joining (—2, 3, 5) to (3, 4,0) is | 4-3 ) = | 1 j . 
0-5 


This vector and the direction vector are in the desired plane. The cross product of these vectors is orthogonal 
to both vectors, so it is normal to the plane. This cross product is 


aK l = 2 =2 J 

=) NES - i- j+ E 

s q o Ms [e ENS n 
= [1 -(-5) - 1- (-5)li - C2) C5) - (C5) :5lj - [(-2) 1 - 1- 5]k 
= -35j - 7k 


(3). 
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so the equation of the plane is of the form —35y — 7z = d, for some constant d. Substituting the point (—2,3,5), we 
get d = —35(3) - 7(5) = —140, so the equation of the plane is —35y — 7z = —140, or dividing both sides by —7, we 
get| 5y +z = 20, 


12.46 Leta = 2i, b = j, and c = 2k. Then 


axb = (2i)xj=20 Xj) =2k=¢ 
and 

b x ¢ = j x (2k) = 29 x k) = 2i = a, 
but 

c X a = (2k) x Qi) = 4(k x i) = 4j, 
which is not equal to b. 


12.47 
Wy 
(a) Letw= | w |. Then 
t03 
i j k 
-1 2|. : = : : 
vouw— 4. =) 2 |= i- diia j| 4 Tk = (210 = wa) Qu = 4wa )j + (eon + 0) 
w W3 wi 3 wi W 
Wy W2 W3 
—2wW} — s 
= 20 € 4t 6 
QU + Aw, 
qM A -2w — tU ee a 
Also, | 2 0 -4 wz | = | 2w, —4w3 |,so we can take M = 2 0 -4|l 
1 4 0 W3 W, + A5 od 0 


(b) The function f(w) = u x w satisfies f(kw) = kf(w) and f(v + w) = f(v) + f(w) for any scalar k and any 
vectors v and w. (We proved these fundamental properties of the cross product in the text.) Therefore, f is 
a linear function that maps vectors to vectors, so there is a unique matrix N such that f(w) = Nw for all w. 
Let’s see if we can find the matrix in terms of the components of u! 


ui 
Letu = | uw |. Then 
u3 
: j ur u u 3 u u 
2 163 1 : 1 2 
w-|u uU» U3|= + k 
e LF i w wi wl lw, we 


—U3W2 + U2W3 
= (—u3W2 + u503)i ar (u3u1 = U1 W3)j + (—u2w1 ar UW 2)k = 143004 — 41103 
—142U4 + uw» 


J4 


0 —Hu3 Uu» wi —U3W2 + U2W3 
Also, | u3 0 - w | = | usw1—-uUWs3 |,sowecan take N = 
—uU2 14 0 W3 —H2U4 + u1w» 


12.48 In Exercise 12.3.5, we showed that ||u x vl? = |lulllvil? — (u- v. So if u -v = 0 and ux v = 0, then 
lul? || vi? = 0, so llul] = 0 or |Iv|| = 0. Therefore, u = 0 or v = 0. 
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12.49 Let O be the origin, and let U, V, and W be points such that 


+> "n - wn E n 
U= 1 uw|,V=( v2 |,and W = | w |. The first determinant is the 
us U3 Q3 


volume of the shown parallelepiped with edges OU, OV, and OW. Let 
this be parallelepiped P. Let X be the point such that X-V«ü,soXisa 
vertex of P. The second determinant in the problem is the volume of the 
parallelepiped with edges OX, OV, and OW. Let this be parallelepiped 
Q, and let Y be the vertex of Q such that OXYV is a face of Q. 


Both OVYX and OVXU are parallelograms with OV as a base, and with height to that base equal to the distance 
between parallel lines UY and OV. Therefore, these parallelograms have equal area. Parallelograms OVYX and 
OV XU are faces of Q and P, respectively. They have equal area, and they are in the same plane. Point W is a 
vertex on the face opposite the respective parallelogram in both Q and P, so the altitudes to these equal area faces 
in the two parallelepipeds are equal. Since the two parallelepipeds have faces of equal area, and equal altitudes 


to these faces, the parallelepipeds have equal volume, which means the given determinants are equal. 


12.50 Ineach case, we find the inverse of the matrix by first figuring out the effect when a matrix M is multiplied 


by the given matrix. 


(a) Letthe matrix be A. We have 


010 mı M2 ms m mn M23 
AM = 1 0 0 m21 Mzn M23 = mıı mMı2 M13 : 
0 0 1 M31 ™32 m33 M31 m32 mas 


Multiplying M by A swaps the first two rows of M. Multiplying AM on the left again by A swaps the rows 


back, so A?M = M. Therefore, A? = I, so A! =A. Checking, we have 


010 010 100 

100 LO Osloa w], 

00 1 00 1 00 1 
(b) Let the matrix be B. We have 


0 0 I mı mu» m3 M3, m32 M33 
BM = 1 0 0 niha 1» ™p3 = m "m, M13 4]. 
010 m3, m32 m33 Hj mn M3 


Multiplying M by B “cycles” the rows of M, moving the third row to the first row, and moving the other 
two rows down one row. So, multiplying by B twice more gives us M back again. Therefore, we have 


B?M = M, which means B? = I. This gives us B?B = I, so B™ = B? Testing, we find that 


0 0 1 001 010 
Be=({1 0 0 1 0 6 29 0401 |, 
010/5010 100 
e T © 0 1 
BBB-|[00 1111 0]z 
100 0 0 


and 


0 
0 
1 
B 


We also can note that if M is the inverse of B, then BM = I. Setting the result of the product BM equal 


to I, we can read off the entries of M and find that 


010 
Bi=Me=l//0 01141. 
1 0 0 
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Let the matrix be C. We have 


0 0 -1N /mu m my =m31 -M32 -M33 
CM=|;1 0 0 | Mo, fi» mos |=| my m12 mi3 |. 
0 1 0 ™31 m32 m33 m21 M2 11193 
So, multiplying M by C “cycles” the rows just like B in part (b) and also multiplies the new first row by 
—1. Therefore, multiplying M by C three times gives -M, which means CÓM = —M. So, multiplying by 


C? three more times gives us M back again: C°M = C*(-M) = -(-M) = M, which means C? = I. Since 
C'C =I, wehave C1 - C5. 


We also could have equated our result of CM to I to read off the entries of M, and we find that 


ONE T X0 
Come 090 1 
=! 00 


12.51 We seek a matrix M such that MAB = I. Multiplying both sides on the right by B! gives MABB™ = IB™', 
so MA = B™. Multiplying both sides on the right by A! gives MAA! = BA, so M = | B A^, Note that 
this is not necessarily the same as A 1 B^ 1, because matrix multiplication is not commutative. 


12.52 LetAbetheinvertible matrix and B be the nor-invertible matrix. Since B does not have an inverse, we have 
det(B) = 0. Therefore, we have det(P) = det(AB) = det(A) det(B) = 0, which means P | does not have an inverse |. 


12.53 We showed in a Review Problem in the peus chapter that (AB)? = B’ A’. Letting B = A^!, we have 


uu = (ATAT, sol" —(A DTAT. Since I 


= I, we have (A 1) AT = I, which means the inverse of AT is 


de 
Challenge Problems 
12.54 
a a 0 
(a) Letv =| b | andf- | b |. The point @,b,0) lies on the graph of z = 0, and the vector v- f = | 0 | is 
C 0 C 
normal to the graph of z = 0, so f is the projection of v onto the xy-plane. Furthermore, A 
10 0 a a 
010 Hlal ol, 
0 0 MC 0 
so we can take 
10 0 
MEE 150 1 
0 0 0, 
a S 
(b) Letv= | b |. We seek a vector f = | t | such that (s, t, u) lies on the graph of x + y +z = 0,sos+t+u = 0. 
C uj 
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a-s 
Also, we want v - f = ( E 7 to be normal to the graph of x + y + z = 0. In other words, 


3 E-E) 


for some scalar k, soa—s = k,b-t = k, and c—u = k. Adding all these equations, we get (a+b+c)-(s+t+u) = 3k. 
Buts +t + u = 0, soa + b +c = 3k, which means k = (a + b + c)/3. 


Then 
mro ee CO Aenesc 
E z PONE — 
m MEEEAW mE Kee 
3 3 
a+b+c —a-b+2c 
u=c-k=c-— = ——————, 
3 3 
so 
Furthermore, 


so we can take 


12.55 There are many possible answers. We'll show how to find one pair of vectors u and w that satisfy the 
problem. First, we can take 


i j k 
=2 íl 3 1 3 
W=Vvxi=|3 = 1 - i | j+ |k=j+2x, 
10 0 0 0 1 0 1 0 
which is orthogonal to v. 
Now, we want w to be orthogonal to both u and v. We can simply take 
i j k 
T2 O 0 1 E 
ae E ; =| ili- 5 1j + l3 1] k= si 6) - 3k, 


which is orthogonal to both u and v. 


These aren’t the only possible answers. We can let u be the cross product of v and any vector that is not a 
scalar multiple of v, and then let w = u x v. By this process of constructing u and w, we guarantee that they are 
orthogonal to each other, and orthogonal to v. 
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12.56 Let 
1 An -An As dj An M3 
baz m | Apr An Ar Ar, 422 A23 
det(A 
( ) Ai3  —A» Ag 431 32 (133 


We wish to show that P = I. First, we confirm that pu = Px = p33 = 1. We have 


Pu (a1A11 — 423421 + 431431), 


CR 
— det(A) 


1 
p22 = TAS + d25A22 — 132/32), 


1 
[ise = det(ay (71341 — 823/423 + 43333). 


Each of the expressions in parentheses above is an expansion by minors expression for det(A), where we are 
expanding along the first, second, and third columns of A in the expressions for pi, P22, and p33, respectively. 
Therefore, we have pii = px = p33 = 1. 


We also have to show that each of the other entries in P is 0. We'll only show one here; showing that each of 
the others is 0 can be done in the same way. We have 
82 H3 
a 
e s" zn 


(a12(422033 — 423432) — d22(412433 — 432413) + 32 (412023 — d22413)) 


1 1 22 A23 812 413 
= gag (nin aAn + aAa) = ry (m ( ) -a2 ( )* 
pi Tm A)! 12411 — 022421 + a32A31) det(A) (m —-— nm d 


JT 
~ det(A) 
- 0. 


Multiplying out each of the other non-diagonal entries produces similar convenient cancellation that shows that 
each of these equals 0, so P = I. 


12.57 Let the vector be v = xi + yj + zk. The angle between v and i is a, so v - i = ||v||lli| cosa = ||v|| cosa. But 
vi =x, sox = ||v||cosa. Similarly, we find that y = ||v|| cos £ and z = ||v|| cos y. We then have 


Ivl? = x? + Ve + Z2 = |Ivll? cos? a + Iivi? cos? B + Ivi? cos? y= lvi (cos? æ + cos? B 4 cos? y). 
Since ||v||? # 0, we can divide by ||v||? to give cos? a + cos? B + cos? y = 1. 


12.58 Let w = ||vl|u + |lullv. Let a be the angle between u and w, and let f be the angle between v and w, where 
0 sa, ß <n. Then 


u:w _ u-(lvllu -|lullv) _ liviu -u + lalla: v vila? + lala -v — liuliiivil +u -v 


COS X 


~ |ulllw]ll - Had w]] [Ee Ew Iul bw] Iw] 
Similarly, 
B v:w — v- (livla + [lullv) — llvilu-v+liuliv-v — |ivilu-v+liulilvie _ u -v + lulliivll 
weh Se lll SSS iso d ooo 
Ilv||ilwl lviii wl Ilvilliwl]l Il vil] w]] Iw] 


Thus, we have cos a = cos fl. Since 0 < a, f < n, we must have a = f, so w bisects the angle between u and v. 


12.59 
(a) Taking a = b = vin (ii), we get v xX v = -vxv,sov xv = l. 
(b) Ifv = 011 + v?j + vk and w = wi + wj + wsk, then repeatedly applying (iv) gives 
v Xw = (vi + vj + vsk) X (Wii + w»j + wsk) 
= v w(i xi) + ow» x j) + 01W3(i x k) 
+ vw (j X i) + v2w2(j X j) + V2wW3(j X k) 
+ 03W1 (k X i) + 03Wo(k x j) + v3w3(k x k). 


à 235 


CHAPTER 12. VECTORS AND MATRICES IN THREE DIMENSIONS, PART 2 


From part (a), we have ixi = jxj = kxk = 0. From (i) and (ii), we have j Xi = -ixj = -k, kxj = -jxk = -i 
and ix k = -k xi = -j. Hence, 
V XW = vw (i x 1)  o1w»(i xj) + vqws(i x k) 
+ vw (j X i) + o2w»(j X j) + v2ws(G X k) 
+ 03U4(k x i) + vzw2(k x j) + v3ws(k x k) 
= vWwk — v1w3j — V2W 1k + 020031 + V3W1j — v3w21 
= (v2W3 — 0302) — (013 — v3w1)j + (vıw2 — v2w1)k 


U2 03 
W2 W3 


v 03 
wi W3 


01 02 
Q1 W2 


(c) Using the same notation as in part (b), since v X w = (vzw; — v3w2)i — (01w3 — 03w1)j + (V1 W2 — v2w1)k, 


(v X w) *VvV =v (v2W3 = U3W2) = U2(01103 = 03W}) gis 03(01W2 = U2W 1) 
= U1 02W3 — 0103025 — 01025105 + 090301 + 0103005 — 0203001 
zu 
We then have 
(vxw):wz-(-wXxv).-w-2-(wxv):w -0, 


where we use the result we proved at the start of this part in the final step. Hence, v X w is orthogonal to 
both v and w. 


12.60 From the identity a x (b x c) = (a: c)b - (a: b)c (proved as an Exercise in Section 12.3), we get 
(a X b) x (ax c) = [(a x b): c]a - [(a x b): alec. 


But a x b is orthogonal to a, so (a x b): a = 0. Furthermore, as proved in an Exercise in Section 12.4, we have 
(axb):c- a. (bxc),so 


(a x b) x (ax c) = [(a x b): cla- [(a x b): a]c = [(a x b) - cla — (0)c = [(a x b): ca = [a- (b x c)]a. 


12.61 Lete = a x b, so (a x b) - (c x d) =e: (cx d). From the identity a: (b x c) = (ax b):c, 
e:(cxd)z(exc):.dz [(axb)xc]-d. 
But (a x b) x c = ^c x (a x b) = (a: c)b — (b: c)a, so 


[((axb)xc]-dz[(a:c)b - (b: c)a] - d = (a: co (b: d) - (a- d)(b- c). 


12.62 Solution 1: Geometry. The expressions "m Eee and ras are 
the projections of v onto a, b, and c. Consider the parallelepiped with 
these three vectors as edges, as shown at right. Because each two of a, B m~ 
b, and c are orthogonal, this parallelepiped is a right rectangular prism NI 
(or box), and v is a space diagonal of the box. From face OADB of the — P'9bV| 
box, we have D = proj,v + proj, v, and from rectangle OCVD, we have 


v=D+ proj,v = proj, V + proj, Vv + proj.v, as desired. 


Solution 2: Algebra. Since a, b, c are linearly independent, there is a 
unique triplet of constants (a, B, y) such that 


v — aa * pb + yc. 
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Since b - a = c - a = 0 (we are given that a is orthogonal to b and c), we have 
v:ac(aactfb-yc):.a-aa:acfb.a-yc-a- allal . 


Therefore, we have a = X&. Simi = xd EUG 
, ial Similarly, we have f = ib? and y = so 
7 v-a " v-b v.c 
-——-a4—— — c. 
2 2 2 
Ilali iibl] llel| 


12.63 We prove that no such matrix M exists by contradiction. Let v1, v2, and v3 be linearly independent vectors 
in three dimensions. If we can find a vector u for each vector v such that Mu = v, then there exist vectors u4, u5, 
and us such that Mu; = vi, Mu; = vo, and Mus = v3. Since uy, uz, and us are in two dimensions, they are linearly 
dependent. Therefore, there are some constants c1, c», C3, not all 0, such that cqu4 + Cous + caus = 0. Multiplying 
each of our equations with M by the respective c;, and then adding all three equations, we have 


cıMu; + c; Mu, + c4 Mus = civ, + C2V2 + C3V3. 
Therefore, we have 
C1V1 t CoV2 + €3V3 = M(ciui + CU? + C3U3) = MO - 0, 
which contradicts the assumption that vi, v2, and v3 are linearly independent. Therefore, no such matrix M exists. 


12.64 We know how to find the area of the the triangle with the three points as vertices, and how to find the 
distance between each pair of the points. We can combine these to find any altitude of the triangle. Let v be the 
vector pointing from (0, 1,2) to (4, 1, —3), and let w be the vector pointing from (0, 1,2) to (-2,5, 1), so v = 4i — 5k, 
and w = —2i + 4j - k. The area of the triangle with the three points as vertices is i Iiv x w||. We have 


U =5 
4 =i 


vxw=|4 0 -5|z j+ 


1— 
=> 4M A oci 


TER 
-2 4 


i-[^ 5 


E |= 201 +14 + 16k. 


Therefore, the area of the triangle is 4]|v x w|| = 4 V202 + 14? + 16? = 1 852 = V213. 


But the area, A, of this triangle is also given by A = tbh, where b is the distance between the points (4, 1, —3) and 
(-2,5,1), and h is the distance between the point (0,1,2) and the line through (4, 1, —3) and (-2,5, 1). The distance 


between the points (4, 1, -3) and (-2,5,1) is b = y/[4 — (-2)} + (1-5)? + (-3 - 1? = V68 = 2 V17. Hence, 


2A Ve 2V213_| [213 
== d7 " 


h- — = = 
b b 2 V17 


As an alternative solution, we also could have found a vector from a point on the line to (0, 1, 2) such that the 
vector is normal to the line. The length of this vector is the desired distance. We let r be the vector from (4, 1, —3) 
to (0,1,2), and let d be the direction vector of the line. Then, the difference r — projar is normal to the line, and 
goes from the line to (0, 1,2). The magnitude of this difference is the desired distance. 


12.65 Letb = AB,c AC, and d = AD. From the given information about the volume of the parallelepiped with 
edges AB, AC, and AD, we have 


bi bo bs 
deti & © c3 = 80. 
di dj d3 


We then relate each of the desired volumes to this volume. 
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(a) Since AD is the interior diagonal of P, AD = dis the sum of the vectors corresponding to the three edges of 


P emanating from A. Two of these vectors are AB = b and AC = c, so the third vector is d — b — c. Hence, 
the volume of ? is the absolute value of 


by bo bs 
C1 C2 C3 : 
dı — b1- c dy — bo — c2 dz — bs — c5 


Adding the first row to the third row, we get 


bi bo bs by bo bs 
C1 CB C3 = C1 C2 C3 
di—bi—-a dy — b2 — C2 d3 — b3 — c3 di — c dz — €» d3 — C3 


Adding the second row to the third row, we get 


by b bs bj b bs 
Cy C2 C3 =e €x sl. 
di = (Ch) dz — (03 da = (Ce dy dz ds 


We know that the absolute value of this determinant is 80, so the volume of F is [80]. 


(b) Letu, v, and w be the vectors corresponding to the edges of Q emanating from A. If b is the face diagonal 
of the face formed from v and w, then b = v + w. Similarly, we can set c = u + w and d = u + v. Adding all 
three equations, we get b +c + d = 2(u + v + w). Then u +v +w = prend which makes 


b+c+d be El 
u=(u+v+w)-(v+w) =-— =) = ==, 
2 2 
Similarly, v = 9-£*d and w = P:€-3, Therefore, the volume of Q is the absolute value of 

—hi sey di —by +024 də —b3+¢e3+d3 

2 2 2 
by-cy +d, bo—co+do b3—c3+d3 
aS = x j (12.1) 
bi+cı—dı b2+c2-d2 bo+¢o—do 

2 2 2 


Each entry in the first column is a linear combination of b;, c4, and d4. Similarly, each entry in the second 
column is a linear combination of b2, c2, and d», and each entry in the third column is a linear combination 
Of bs, cs, and da. So, we can express this matrix as the product of two matrices whose determinants we can 


find easily: 
—bi +e, +d, —b2+co+d2 —b3+¢3+d3 ml) A 1 
g 2 a 2 2B 2 by by bs 
bi-ci di bo—Co+do b3-c3+d3 n 1 Ld 1 
2 5 2 =| 5 23 2 “o a y 
btcizdi  bate-da  bate—d 1 1 1/ Wh h ds 
2 2 2 2 2 2 
we have 
—hi ael Tdi —bo+¢co+do -b3 +c3+d3 pa 1 1 1 
2 2 2 2 2 2 bi bz b3 1 -1 1 1 by bz bs 
by-cy di bo —co+d: b3—c3+d3 — 1 1 1 = 
aay gal 2 2 3 =e. cm a {C1 €» 6 "e l ELI E NEC E 
bite -di b;--c2 —d; ba+c2-d2 1 1 mE! d4 d» d3 1 1 -1 dy dz ds 
2 2 2 2 2 2 


The determinant of the first matrix is 4, and the absolute value of the second is 80, so the volume of Q is 


40] 
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We also could have manipulated the determinant on line (12.1), like we manipulated the determinant 
in part (a). We add the first row to the second, and then to the third, to find 


-bı+cı+d - E z 
atata china hietda cn Thr Putts aa — —bpkerkd) eah 
2 2 2 

bi—ca+dı by—C2 +d b3-c34+d 
Dieta 2—C2 3—c3+d3 | _ = 

2 2 3 =| Nm d; d |=! d d; d3 
byte -di bcd +c2—d7 bz+c2—dz bytci-d b2+c2-d2 boc) —do C1 C2 C3 

2 2 2 2 2 2 


Factoring —4 out of the first row, then adding the second and third rows to the first gives: 


-h =! tdi curn hine 


1 b-c -d by — Co — d; b3 — c3 — da 1 bi bo b3 
dı dz d3 E di d» d3 ET di d) ds). 
C1 C2 C3 e C2 C3 € C2 63 


and again we have a volume of 40. 
12.66 


(a) As explained in the text, such a matrix M exists if the function f(w) = proj, w is linear. We have 


f (aw) = proj, (aw)v = u, = av = a(proj,w) = af (w) 
Ilvil Iivi] 
and 
f(u +w) = proj,(u + w) = Ca- av WEY 
M Ivi 
u-v w-v i l 
= WEY P m = proj,u + proj w = f(u E w). 


Since f is linear, there exists a matrix M such that f(w) = Mw. Therefore, there exists a matrix M such that 
proj,w = Mw for all w. 


(b) The matrix M is not invertible, so det(M) = [o] To see why this is the case, note that if M had an inverse Mt, 


then multiplying both sides of the equation Mw = 0 by M^"! would give us w = 0 as the only vector whose 
projection onto v is 0. However, the projection of any vector orthogonal to v onto v is 0, so the equation 
Mw = 0 does not have a unique solution. Therefore, M is not invertible, which means its determinant is 0. 


x 
(c) Letw= | y |. Then the projection of w onto v is 
z 
3(3x-2y--5z) 
3 3 38 
wv SIVE Bx 2y a SE 2 283-2452) 
———wW = —— — m L————— — = Eee ene i iA 
2 ray a 7 38 
[Ege c cee eee e 38 5 5(3x-2y452) 
38 
a 5 3(3x-2y+5z) 
9 _6 15 Dao eee x—2y+5z 
38 38 38 x 38* — 384 t 387 38 
6 4 . 10 = m 6- AL an, i) = _ 2(8x-2y452) 
—38 38 38 Ue es 38* t ag/ — 382 | = eon ee 
15 _ 10 25 Z 15,._ 10 25 5(3x-2y-«5z) 
38 38 38 38* — 394 + 387 ag 
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So we can take 


As an additional challenge, see if you can use the expression for M above to generalize this problem. That 
is, find a matrix P in terms of 2, b, and c such that for any vector v, the product Pv is the projection of v onto 
ai + bj + ck. Here's a hint: we also could have solved this part by projecting i, j, and k onto v. 


(d) A scalar multiple of v is its own projection onto v. Since Mw is the projection of w onto v, it's already a 
scalar multiple of v. So, the projection of Mw onto v is simply Mw. Just for fun, let's check: 


2) CES cx a = ob 342 — 28 5% 2 £ DB 

38 38 38 38 38 38 38? 38 — 3g 38 38 . 38 
M-[-$ 4 -m2 Po s .28 152 _380 |—-| _6 A .1|-N 
B 38 38 38 38 38 38 38? 38 38 2198 38 38 : 

i5 _10 2 i _10 25 \ S70 _ 380 — 990 15  ..10 25 

38 38 38 38 38 38 N 382 387 38? 38 38 38 


12.67 Let B; and Bz be the points on lines k; and kz, respectively, such that B4B; is the shortest distance between 
the two lines. B1B; must be perpendicular to both lines. To see why, suppose B1B; is not perpendicular to ky. 
Then, let the plane through Bz perpendicular to kı meet k; at C, so AB1CB; is a right triangle with right angle at C. 
Therefore, we have B;C < B4B;, so B4B; is not the shortest distance between the two lines. 


Since B4B» is perpendicular to both lines, it must be parallel to v; x v2. To relate AA» to B4B;, 01, and $5, we 


note that 2 » " ? 
Aâ? = A,B, + B;Bo + BoAy. 


Since A; and B, are on kj, and A; and B; are on kz, we have AiBy = (v1 and A3B» = c5 V3. So, we have 
A14» z (v1 x V2) = (A, By AE BB ar B2492) : (vi X V2) 
= (evi + Bi By + cpv2)- (v1 X v2) 
= (V1: (v X V2) ar B4B; : (vı X V2) + C2V2° (v1 X v2) 
= 0 + Bi Bo - (vi X V2) +0. 
Since B1B; is parallel to vı X v2, we have 


|AyAp - (vi X v)] = | B: 5. (vi x v2)]| = || B:Bo|| llv1 x voll. 


(We introduce the absolute value on the left to account for the fact that B4B, can be in the same or opposite direction 
E 
as vı X V2.) Since ||B1b2|| = B1B2, we have 


lA1A2 : (v1 X v2)] 


B1B5,- 
ide llvi x voll 
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Exercises for Section 13.1 


13.1.1 


(a) LetA be the origin. Since the midpoint of AC is the same as the midpoint of BD, we have (A+C)/2 = (B+D)/2. 
Since A = 0, we have C = B + D. But the head of B + D is the fourth vertex of the parallelogram with 
consecutive vertices at B, A (the origin), and D, so ABCD is a parallelogram. 


(b) Let ABCD be the quadrilateral. Let E be the midpoint of AB, F be the midpoint of BC, G be the midpoint 
of CD, and H be the midpoint of DA. We will show that EFGH is a parallelogram by showing that the 
midpoints of diagonals EG and FH coincide. If M is the midpoint of EG, then 


g- Er AS At B+ C+D 
ME 2 J 4 

If N is the midpoint of FH, then 
ga Ern HEU  A.BeCeD 
eS 2 E 4 


Since M = N , points M and N are the same. Because the midpoints of EG and FH are the same, the diagonals 
of EFGH bisect each other, which means that EFGH is a parallelogram. 


13.1.2. Suppose ABCD is a kite with AB — BC and CD = DA. Toshow that BD 1 AC, we can show that BD-CA = 0. 
The equal side lengths give AB - AB = BC. BC and CD - CD = DA- DA. Letting B be the origin simplifies the first 
equation to A. A = C. C. We can write CD. CD = DA - DA as 


Expanding both sides gives 
D.D-20.D« C. C2 D.D-24.D« A. A. 
To 


eliminates two more terms and leaves -2C- D = -2A-D, which rearranges 


ll 
Ou 


The D- D terms Es and A-A 
as D- (A - Ê = = 
Looking back at the equation we wish to prove, we see that when B is the origin, the equation BD -CA = Ois 


De a= C) = 0, which we have just proved above. So, from D (&- C) = 0 (and the fact that B is the origin), we 
have (D - B). (A - C) = 0, which means BD - CA = 0. Therefore, the diagonals of kite ABCD are perpendicular. 
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13.1.3 We have ET m 
BED A+C 
2 2 


ani =a (Ñ - Hi) =a ( 


and 


ABs ADs C ODR An DA oC DoE aa TE 
so AB + AD + CB + CD = 4MN. 


13.1.4 Let ABCD be the quadrilateral. The square of the length of the median from the midpoint of AB to the 
midpoint of CD is 
A+B C+D) (A+B C+D 
dM (NS 


Setting this equal to the square of the length of the other median gives 


A+B C+D\ (A+B C+D\_(B+C A+D\ (B+C A+D 
2 7) 2 NP 2 2 ie) 
We multiply both sides by 4 to get rid of the fractions: 
Cet =@— DA 8 = {Pa 6 HC A =P). (8 eC 4 — 


We'll clearly have a lot of terms in common when we expand both sides. Rather than expanding right away, we 
start with a little clever regrouping, rewriting the equation as 


(B - D) - € - A) (B - D) - (C - A) = 8 - D) + (€ - Ay (8 - D) + (€ - Ay. 
Now, the cancellation when we expand is clear. Expanding gives 


CEN CES opc A) 4 (C 4) -(C - A) =(8 =D) -(8 = D)x8-Dy-XC-—A) ECCO. 


Simplifying this equation gives 4(B D) (C - A) =0, from which we deduce that DB - AC = 0, which means that 
BD L AC. All of these steps are reversible, so we have BD L AC if and only if the medians of ABCD are equal in 
length. 


Dy 
Dy 
+ 


13.1.5 Letting C be the origin, we have CA? + CB? = 


B 
Pae (55) (58). 
— 


Therefore, we have CA? + CB? = 2CM? + 4E 


13.1.6 We are given that AB -CD = AC: BD = 0, so 


Expanding both sides gives 


B.D-B.C-A-D+A-C=C-D-C.B-A-D+A-B 
Cancelling the common terms (and noting that B.c=C B), we have 
B-D+A-C=C-B+A-B. 


= 


Rearranging this gives B-D-B-A-C-D+C-A = 0, from which we have (B- Ó)- (D — A) = 0, so CB- AD = 0. 
Therefore, CB and AD are orthogonal, so BC and AD are orthogonal. 
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Exercises for Section 13.2 


13.2.1 Let the vertices be A, B, and C, and the centroid be G. We have 


ae 1 -4 6 i 
epee ae lle edere 
zi 2 A 8/3 


Therefore, the centroid of the triangle is (ae 8, 8) ' 


13.2.2 


(a) The Angle Bisector Theorem tells us that if D is on BC such that AD bisects ZBAC, then BD/CD = AB/AC = 
c/b. We showed in the text that if point D is on BC such that BD/CD = k, then D= Pac . So, we have 


(b) Continuing the reasoning from part (a), we see that if E and F are on AC and AB, respectively, such that BE 
and CF are angle bisectors of AABC, then É- eium and F = oa Looking at the forms of D, E, and È we 


have a natural guess for I. Suppose we let 


= aA + bB 4 cC 
JH EM 
a+b+c 


Then, we have 


Al i gg PEM gl ce cago a 
b+c b+c 
Zo 5 2 aA + bB + cC > aA + bB + cC - aÁ -bå — cÁ bB+cC—bA-cA 
I21I—-A = — — = A z MoO. M 
a+b+c a+b+c a+b+c 


Therefore, we have AI = -e -AD, which means I is on AD. Similarly, I is on each of the other angle bisectors 


of AABC, and we have found the desired expression for I. 


13.2.3 We must show that 
3(DA? + PB? + PC?) - AB? - BC? - CA? > 0. 


Applying vectors to the problem, we have 


-(8- A).(B- A) - (€ - B-(C- B) -8-0 (4-0) 
= 3(P POP A PALA EPOD IIa poppe D di J 

E DU Aa a np d oC E 
-9P.p-6B.(A+B+ Su A DC CEARD o A) 
=9P.P-6P.(A+B+ ye (At BR PA 2, 
= (8B- (&« B C) (3P- (&« B O)) 
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This final expression is clearly nonnegative, so 3(PA* + PB? + PC?) — AB? — BC? — CA? > 0, as desired. 


We have equality when ao = (A iyi C) = 0, which occurs when p= (A +B+ C) /3. Therefore, equality holds 


if and only if P is the | centroid of AABC |. 


Note: We could have simplified the above calculations by letting P be the origin. We then find that 


3(PA? + PB? + PC?) - AB? - BC? - CA? = | 


and equality holds in the desired inequality if and only if A+B+C - 9. Therefore, (A + B +C)/3 = 0, so the origin 
(which is point P) is the centroid, as before. (Note that we cannot deduce that the orthocenter is the origin from 


A+B+C =0. When H is the orthocenter of AABC, we only have H = A+B+C = 0 if the circumcenter is the 
origin.) 


13.2. 4 We showed i in the text that OG = OH jo: , where Gi is the centroid of AABC. Therefore, we have 30G = OH, 
SO 3(G - 0) = H- O, which means H = 3G — 20. Since G = (A D C3 for any AABC, we have H=3G-20= 
X3 EE -2Ő, as desired. 


13.2.5 Let the tetrahedron be ABCD such that we have 


ABC _ (Y Lee C«D«4 (IV BeX«B (1 
2 3 3 i 15 2 


Adding these four equations gives 


Go 


Subtracting 3 times each of our first four equations from the equation above gives us the four vertices of the 
tetrahedron: 


ree SU 8 DUNG (14, 17:12) E 


13.2.6 Welet the circumcenter of AABC be the origin, O. Since U is the reflection of O over BC W 
and OB - CC, the quadrilateral OBUC is a rhombus. Every rhombus is also a parallelogram, so 


U=B+C. Similarly, we have V =A+Cand W = A+B. From here we offer a couple solutions. 


cc qo 
Solution 1: Guess! We have UA = A — Ü = A — B — C. Next, we check convenient points, J 
looking for one such that the vector from U to the convenient point is in the same (or opposite) 


direction as UA. 


First, we try the circumcenter. We have UO = -B - Č. No good; that’s not a constant times C 
K 


UA. 
Next, we try the orthocenter of AABC, point H. We have UH = A+B + ci ce. Another loser. 


Next, the center of the nine-point circle of AABC, point T. We have UT = An -B-C = ia Č = E . Woohoo! 


We found it! Similarly, T is on VB and WC, so the lines are concurrent at the center of the nine- point circle of 
AABC. 


Solution 2: Symmetry. If there is a point Z at which the three lines meet, the symmetry c of the problem suggests 
that there is some constant k such that Z = k( + B + C). As before, we have UA = A — B — C. We hope to find k 
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such that UZ is some multiple of UA. We have 
Uz-Z-üszkA-Bad)-(ürC) =kA+ 4-08 «1€. 


If this is a multiple of À - B - C, then we must have k = -(k- 1), from which we have k = 1, so point Z is the center 
of the nine-point circle of AABC. Similarly, the center of the nine-point circle of AABC is on all three lines. 


Challenge Problems 


13.19 Wehave 


LZ XY? — ZW? — (X WA Ws Y) (ZV =X) ON a) 
a OD IV DU IU M 
CY YX Y X Pur C OUS 
=O T W N X) 
NEAN (Cs cpi 
-2((Y- W)-(X- 2) =2WY -ZX 


13.20 Let ABCD be the quadrilateral. We have 


AB Be CD? + DA? — AC: — BD? 2 (B = A) AB SA) (CS B) (C — B) s CD OASIS 
- (€- 4) (€ - À - (D - B)- (D - B) 
SA ASE 8 eC CHD Ok 67 HD 


-24.B-2B.C-2C.D-2D. A. 
We'd like to show that this expression equals 0. Here, we might seem stuck, but thinking about what we'd like to 


prove, that ABCD is a parallelogram, helps us get unstuck. ABCD is a a parallelogram if and only if A+C SEED: 


We could prove that A 4 C - B- D =0 if we can show that Iri roope D| = = 0. Now that we know what to look 
for, we see look back at that huge expression above and see that 


AB? + BC? + CD? + DA? - AC? - BD? = (A+ C- B - D). (KC - 
p= 


Therefore, we have AB? + BC? + CD? + DA? = AC? + BD? if and only if |A + C - 
only if ABCD is a parallelogram, and our proof is complete. 


= 


B-D 
£I e 0, which is true if and 


x 


13.21 Let T be the midpoint of MN. We have M = (A + B)/2 and Ñ = (C + D)/2, so 


> 2 2 


P- M+N » A+B+C+D 
e © 4 i 
We have P = (A+C)/2 and Q= (B + D)/2, so P- + Q) /2= (A+ +B+C+D)/4 = T, which means T is the midpoint of 
PQ. Similarly, we have R= (A + D)/2 and § = (8 + Ó, so (R + §)/2 = (A+B+C+D)/4 = T and T is the midpoint 
of RS, as well. Therefore, MN, PO, and RS are concurrent at T. 


13.22 Letting X be the origin, we have 
2(AX? + BX? + CX? + DX?) - (AB? + BC? + CD? + DA’) 
— A me p C C DED) — (B — 4 


A). 
Mens 5 rc — 
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When we expand the dot products, all the terms of the form A- A cancel, and we are left with 


> 23 2 


DA BtB C+C DrD A= SDN DADO 
= -XB + B)-(A+C). 


Therefore, the original expression equals 0 if and only if one of the following conditions is met: 


e B 4 D - Q. In this case, the origin is the midpoint of BD. The origin is the intersection of the diagonals, so 
this means that AC bisects diagonal BD. 


e À + C = Ü. For the same reasons as in the previous case, this means that diagonal BD bisects diagonal AC. 

e B+D and A + C are nonzero and orthogonal to each other. Since A and C are on the same line through 
the origin, the vector ewer parallel to this line. Similarly, the vector B + Dis parallel to diagonal BD. 
Therefore, if (A + C) 1 (B + D), then AC 1 BD. 


13.23 We showed in the text that if H is the orthocenter of AABC and the origin is the circumcenter of AABC, then 


we have H = A+B + C. But in this problem, the origin is not the circumcenter of AABC, because A, B, and C are 
not equidistant from the origin. Therefore, we cannot find the orthocenter in the way Mr. Assumption tried. 


13.24 Let O be the origin, so A.A=B-B=C-C. Wehave M = (A+ B)/2 and 


PA aM Acca dae DEB DEMC d eee 
X= 3 = 3 "5tg*3^g94*B*2C) 
Therefore, we have 
CM-OX - (M - Ó Ha 5 2 B- 20) 0448 +20) 
1 > > > > 2 2 > > > -— 
= 75 84-A « B-B- 4C C * 4A: B - AA. C) 
Since A. A - B. B - C- C, we have 3A - A+B B - 4C. C - 0,so 
> E 1 > 25 > > la> > > 
CM-O = 75 (44-B-44 C) = 34-B- j 


This quantity equals 0 if and only if AO 1 BC. The line through O that is perpendicular to BC is the perpendicular 


bisector of BC, because O is the circumcenter of AABC. Therefore, the condition that AO 1 BC means that A is on 
the perpendicular bisector of BC, which means that AB = AC. 


We still have to show that if AB — AC, then we have CM 1 OX. If AB = AC, then AB - AB = AC: AC, which 
means (B — A): (B- A) = (C- A) (C- A). Expanding and rearranging, and using the fact that -B = C-C, we have 


DAB 2A C= 0, from which we have Ae (B — C) = = 0. (We also could have noted that AB = AC and Ob = OC 
mean that both A and O are on the perpendicular bisector of BC, so AG 1 BC, which means A’ (B-C) = 0.) We 
can then reverse our steps above to find that CM- X - 0. 


Therefore, we have CM 1 OX if and only if AB = AC. 


13.25 We let the center of the circle be the origin. This point is also the circumcenter of each of the four triangles, 
so the vectors to the vertices of the new quadrilateral are in question are 


2 > 


A+B+C, B+C+D, C+D+A, B+A+B. 
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SS SS SSS SSS 


Therefore the vectors along the four sides of the quadrilateral are 


A+B+C-(@+C+B)=A-Be=D ; 
B+C+B-(C+B+A)=B-A= AB, 
C+D+A-(D+A+B)=C-B=85C, 
DAD eas 3-B-C-cb. 


Each vector representing a side of the new quadrilateral is the same as a vector representing the corresponding 
side of ABCD, so the each side of the new quadrilateral has the same length and is parallel to the corresponding 
side of ABCD. Therefore, the quadrilaterals are congruent. 


13.26 


(a) 


(b) 


Let O be the origin, so I = |B| =| C| = R, which means 


= > 


OH? = (A+B+C)-(A+B+Q 2 A. As 


E 


-B+C-C+2(A-B48.C+C.A)=3R2 204-8 pe EE 


well 


We also have A: B = Ii | \|B | cos ZAOB = R? cos ZAOB. The desired equation has cosines of the angles of 
AABC, so we must relate ZAOB to the angles of AABC. 


If AABC is acute, then ZAOB is a central angle that subtends the same arc in which ZACB is inscribed. 
So we have ZAOB = 2ZACB, which means that cos ZAOB = cos 2C. If /ACB is right, then AB is a diameter 
of the circumcircle, and ZAOB = 180°. This gives us cos ZAOB = cos 180° = cos2C once again. Finally, 
if ZACB is obtuse, then ZAOB subtends an arc of the circumcircle on which point C lies. In this case, the 


measure of ZC is one-half the major arc AB, which has measure 360? — ACB = 360° — ZAOB. So, we have 
cos 2C = cos(360? — ZAOB) = cos ZAOB, since cos(360° — 0) = cos 0 for any angle 0. 


In all of these cases, we have cos ZAOB = cos 2C, so 
A-B= I IBI] cos ZAOB = R? cos 2C. 


Similarly, we have B.C = R? cos2A and C. A = R? cos 2B. Substituting into our expression for OH”, we 


have 
OH? = 3R? + 2(R? cos 2C + R? cos 2A + R? cos 2B) = R*(3 + 2(cos 2A + cos 2B + cos 2C)). 


Applying the cosine double angle identity, we have 
OH? = R?(3 + 2(2cos? A — 1 + 2cos? B —1+2cos*C - 1)). 
OH? 


Dividing by R?, we have 3 + 22 cos? A + 2cos? B + 2cos* C - 3) = OF Since 5zi- must be nonnegative, we 


have 
3 + 22 cos? A + 2cos? B + 2cos? C — 3) > 0. 


Isolating cos? A + cos? B + cos? C gives the desired cos? A + cos? B + cos? C > į. 


13.27 Suppose there is a point V through which all three lines pass. Let M be the C 


midpoint of AB. Since must be parallel to CX, the vector from M to V must be 
in the same or opposite direction as the vector from C to X. Therefore, we must have 


MV = k,CX for some constant kı. Since MV = V-M,CX = X-C, and M = (A+ B)/2, 
we have 
(13.1) 
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Similarly, we must also have 


<u 
| 


"s 
| 
NI] CY N| bey 


for some constants kp and k3. From here, we present two solutions. 


Solution 1: Solve for V. We can solve for V by adding all three equations to get 


BV SA = Bee S + ko SCC RA- KB: 


Solving for V gives 
z- “tk N ee mA EO -k)B 
3 
But what are kı, k2, and k3? 


Substituting this expression for V back into Equation (13.1), we have 


(eek + (= Ds +(1-k)A+ (1—ks)B A F P Dec qs 


This equation will hold for all X, &, B, and C if the coefficient of each vector on the left matches the corresponding 
coefficient on the right. This is the case if 


ky tho + ks 2y 
3 =M, 
Jeu d 
cm (), 
3 2 
l= 1 
a =e 0, 
l-k 
= fi 
3 1 
The second and third equations give us k; = k = —}. The fourth equation then gives us kı = —i. These values 


also satisfy the first equation. So, we have found constants k;, k2, and ks such that Equation (13.2) holds for all X, 
A,B, and C. Putting these values for the constants back into our original equations for V gives us 


ae geal O 
¥-5-5=-5k-6, 
DC HOMC | — 
s Č A T 

Ya = = =F 8 


We see that all three equations are satisfied if V = (-X + A + B + C)/2. Therefore, there is a point V such that all 
three equations are satisfied, which tells us that the three lines described in the problem are concurrent. 
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Solution 2: Educated Guessing. We must prove that there is some vector V and C 
some constants kı, kz, and k3 such that we have 


E A B = 2 
V----z - 
;-737h-Ó, 
eS an 2 a 
oo uL A xm B 
EMT e 
V-—-—= - 
2 5 k3(X — B) 
From the diagram at right, it looks like VM = 1CX, and that MY is in the opposite direction of CX. So, it looks 
like we'll have VM = ~1CX, It looks like V has a aril rd to each of the other midpoints we care about 
in the problem, so we guess that we have ky = k = ks = —1. We substitute these values into the SEE tons and 


then proceed as above to show that there is a V that um all three equations for all X, A, B, and C. 


13.28 We have D 
E n ACE 
UV = V= U = ae SS pe 
3 3 3 2 
Yx-x-y- t AHE ol. 


Since UV = YX, we have UV || XY and UV = XY. Similarly, we 


have VW = ZY and WX = UZ. Therefore, each two opposite sides of 
UVWXYZ are parallel and equal in length. 


13.29 We let the foot of the altitude from D to face ABC be the origin, A 7B 
both because this point. isa special point of AABC (the orthocenter), and 


because this gives us A. D = B. D = C. D = 0. From the given ZBDC = 90°, we have BD - CD = 0, which gives 
us (De B. o C) = = 0. Expanding the product on the left, and using the fact that B.D = Č. D = 0, we have 
D-D+B-C=0,soD-D=-B-C. 


We can show that ZADB = 90° by showing that AD. BD = 0. We have 


2 > 2 3 > > 


AD. BD SD AD HDD Dea mA 
Since D. B = A. D = 0, we have AD - BD = D. D+ A. B. Substituting D . D = -Ë . C from above, we have 
AD BD = DNO AWB- B. (A — ey Since the origin is the orthocenter, Bis parallel to the altitude from B to AC. 


Therefore, Bis orthogonal to AG which means B - (A — C) = 0. This gives us AD. BD = 0, so ZADB = 90°. We can 
go through essentially the same steps to show that ZADC = 90° as well. 


13.30 If it is possible for Harrison to construct such a hexagon, then let ABCDEF be the hexagon. Then, the 


vectors to the six points given are as EAE Pen DAE EXP PA ,in some order. The sum of the first, third, and fifth 
of these equals the sum of the second, fourth, and sixth. seite: way of saying this is that the centroid of the 
triangle with vertices at the first, third, and fifth midpoints is the same as the centroid of the triangle with vertices 


at the second, fourth, and sixth midpoints. 


Looking at the six given points, we see that the x-coordinate of one of the points is odd, while the x-coordinates 
of the other five points are even. 5o, no matter how we split the six points into two groups of three, the sum of 
the x-coordinates will be odd and even in the other. Therefore, it is impossible to divide the six points into two 
groups of three points such that sum of the x-coordinates in one group is the same as the sum of the x-coordinates 


in the other. 
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13.31 We have 


AX CX-CB-AX =( =A) COS) ES 
=X XX C= Ae =e ee OX 
=X X-H X54 ee 


We have AX - BX = 0 if and only if AX . BX or if X is A or B. Therefore, X is on the circle with diameter AB. 
Conversely, if X is on the circle with diameter AB, then AX - BX = 0, and we can reverse the steps above to show 
that AX - CX = CB- AX. 


13.32 Let the center of the circle be the origin. For alli with 1 <i € n, we have 


3 > > > 


PXPX P = Tr O P. 


Since the P; are on the circle centered at the origin with radius r, we have P; . P. = IP; =r’, Since the polygon is 
regular, the sum of the P, is 0 (for the same reason that the sum of the n'^ roots of unity is 0). Therefore, we have 


Ip NIA (D. X5 cep. x32 = n K (Pas; DoD Ec PISO X (PI Pe eB) 
-nX.X n? - 2X . 0. 


Since X . X is the square of the distance between X and the origin, and the origin is the center of the circle, C, we 
have the desired 
(P1 XY + (PoX)? + (P3X)? + --- + (P XY =n? + CX). 


13.33 Let the circumcenter be the origin. Therefore, we must have lA | - |Æ m I! Since Ë = A + B + C and 
A] = |B || = [ČI = R, where R is the circumradius, we have R = | +B + Ó - A| E IL t C]. Squaring both 
sides gives 


R = (B+ Ci} -(--0-(8 6. 


= 


Expanding the dot product, and noting that B - B =C-C=R?, we have 
R? =B-B+2B-C+C-C = 2R? + 2|B||||C]|| cos ZBOC = 2R? + 2R? cos ZBOC. 


We therefore have cos ZBOC = —}. Since 0 < ZBOC < m, we have ZBOC = x. We have /BAC = I/BOC because 
ZBAC is inscribed in the same arc that central angle ZBOC subtends. Therefore, the only possible value of ZA is 


TU 


ad 
13.34 Let the given points be A, B, and C, respectively. Any segment connecting two vertices of an octahedron 
is either an edge or one of the three space diagonals connecting opposite vertices. We note that AB = BC = 6 and 
AC = 6 V2, so AB and BC are edges and AC is a space diagonal. We can find the fourth vertex D of the octahedron 
in the plane of AABC by noting that ABCD is a square, so CD = BA. Wehave BA = (2—6)i+(6—4)j + (—8-—(—4))k = 
-4i42j—4k. Since CD = BA = —4i+2j—4k and point C is (4, 8, 0), we find that D is (-4+4,2+8, -4+0) = | (0, 10, -4)| 


Let E and F be the other vertices of the octahedron, and let M be the center of square ABCD. To find E and F, 
we note that ME and MF are normal to plane ABCD, and in opposite directions. Therefore, the vector AM x BM 
is in the same direction as one of ME and MF, and in the opposite direction of the other. 
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The center of square ABCD is the midpoint of AC, which is (3,7, —4). We then have AM =i+ j * 4k and 
BM = -3i + 3j. We then find 


Ec a 
AMxBM=/1 1 
3 


k 
4| = -12i - 12j + 6k. 
= s 


Therefore, one of ME and MF is in the direction of -12i — 12j + 6k and the other is in the opposite direction. 
Because the octahedron is regular, each of these vectors has length equal to half the length of a space diagonal of 


the octahedron. Therefore, we have || ME|| = = || ME | = AC/2 = 3 V2. The vector -12i — 12j + 6k has direction 


-12i - 12j + 6k -12i - 12j + 6k -1i-12j-6k 2. 2, 1 
c o a =- c dec 


|-12i - 12) + 6kl| izim 18 BGs oes 


So, we can take 


? p 
ME - 3X2 (-5i- 2j Zk) = 22i - 2 V2j + V2k, 


= Ge n 
MF = -av2 (- Si - Sie 5k) = 2 V2i + 2 V2j - V2k, 


Since M is (3,7, 4), we find that E is| (3 - 22,7 - 2 V2, -4 + V2) |and F is (3+2 vV2,7 +2 V2, —4 — V2) |. 


13.35 Leta = a4 + agi and b = bı + bzi. The desired area equals 5 lallol sin 0, where 0 is the angle formed by 
the segments connecting a and b to the origin. We have seen expressions like this when working with the cross 
product. So, let's view this problem in terms of vectors. Let A and B be the points (a1, a2, 0) and (bi, b2, 0) in space, 


and let O be the origin. The area of the parallelogram with OA and OB as sides is OA x OB |. This is the same 
parallelogram as described in the problem, so its area equals the desired area. We have 


|| OA x OB|| = ll(aibo — abı )kl| = labo — abı. 
We also have 


| 5 (ab — ab) 


1 : : , ; 1 , ; 
= KG + aji)(b1 — boi) — (a1 — azi)(by + b21))| = 2 |—2a, boi + 2a5bi| = la1bo — abi], 


which equals the expression we found earlier for the area of the parallelogram. Therefore, the area of the 
, as desired. 


parallelogram equals |4(ab 


13.36 The perpendicularity suggests vectors. We let A be the origin. | Since AX 1 DY, we have AX-DY = 0, which 
becomes X - DY = 0 when we let A be the origin. We have Y = (A TES Ó Jas (B + Óy 3 since Y is the centroid of 
AABC and A is the origin. We also have X= (B m D) /3 because X is the centroid of ABCD. Therefore, X.DY-0 


becomes TUNE iuge 
Bc B+C B a 
3 3 


We multiply both sides by 9 to get rid of the fractions and have 


2 2 


(B + C + D) - (B + C - 3D) =0. 


Expanding the dot product on the left gives 


B 


0E DUE Sc c-oC-D-3D-D-0. (13.3) 
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From AB = 6, we have B- B = AB? = 36. Similarly, we have C- C = AC? = 8? = 64. Letting the desired AD be t, we 
have D:D = #2, and Equation (13.3) becomes 


> 23 > 


100-32 4928 46 =28 D=2C DT | (13.4) 


= 


We have BC? = |B - C! = B-C).(B-C) = B-B-2B.C+C-C = 100 - 25 C. Since BC? = AD? = #, we have 
? = 100 — 28 - C, so 2B-C = 100 - £. Similarly, from BD? = ||B - DI! = (B - D) . (B - D), we find 2B - D = P - 28, 
and from CD? = [E — DJ - € — D) : (C — D, we find 2C D = #2 +28. Substituting these into Equation (13.4) gives 


100 — 3£ + (100 - 2) - (F — 28) — (P + 28) = 0, 
from which we find 6? = 200,sot = 4200/6 = 4/100/3 =| 10 3/3 |. Notice that the answer equals ,/ (AB? + AC2)/3. 
Is this a coincidence? 


13.37 Welet O be the origin, and we let r be the radius of the sphere. Because P and Q are opposite vertices of a 
parallelepiped with edges PU, PV, and PW, we have 


Therefore, we have 


IGI. = (8 (d - B) - (V - Py - (W — By - B - (d - P) - (V — B) (W — By) 
=P peo pu V- aP WP) 
(l= Py = Py PX — FP) + (W PSP) 
AU ey) ty NL REOS 


Each dot product on the last line is 0 because any two edges that share a vertex of the parallelepiped are 
orthogonal. Expanding the remaining terms, we see that all terms of the form 2P.ü appear twice, once added 


and once subtracted, so they all cancel. Since || ü| =|| "d =| W| = R, we are left with 
IGI = HE + VIF + IW -217 = 3R? - [BI 


Therefore, all possible Q are a distance of 3R? — |? I^ from the origin. (As an extra challenge, show that every 
point that is 3R? — |? I^ from the origin can possibly be point Q.) 


13.38 We use the intersection of the diagonals as the origin, and we use complex numbers. As usual, each 
lowercase letter is the complex number corresponding to the point denoted by the respective uppercase letter. 


Wey tet omw rere cae 
82 Sr g B Tay : 


We wish to show that the quotient (h2 — h1)/(82 — g1) is imaginary. Unfortunately, hz and h are a lot harder to deal 


with. We know that OH? JE ZW, so h2/(z — w) is imaginary. Can we find what this quotient equals? For that, we 
turn to trigonometry. 
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Challenge Problems 


We focus on ZWOZ because ZXOY of AXOY has the same measure. 
So, if we can express ht in terms of this angle, then the same angle 
will appear in our corresponding expression for hı. We let the feet of 
the altitudes from O and W be A and B, as shown. From quadrilateral 
ZAH2B, we have AH2B+ZAZB = n. We also have ZAH2B+ZBH20 = m, 
so 4BH2O = ZLAZB, which means ^AOH;B ~ AWZB (since ZWBZ = 


ZOBH» = n/2). From this similarity, we have SB = WZ so 


OB 
OH) = WZ. —— = 
2 = WZ: | = WZ cot LWOZ. 


E Y 
We also have OH? 1 WZ, so to get h2, we rotate w —z by 5, and scale the 


result by cot ZWOZ. Therefore, with the diagram oriented as shown, we have hz = i(w—z) cot ZWOZ. Similarly, we 
have h = i(y — x) cot LZXOY. We have LWOZ = ZXOY, so we have h — hı = i(w + x — y- z) cot ZWOZ. Combining 
this with our earlier expression for go — 21, we have 


h-hh _ i(wx-y- j =e 
2 De AES y 2) COO DEE AU ie eee 
Root ay et Xs) = (ez) 


Since this quotient is imaginary, we have G Gz L EET 
13.39 We let the centroid of ABCD be the origin. We therefore have À & B. C 4 D - 0. We wish to show that 
F+F+G+H=0. 

In order to use the information relating the altitudes of ABCD to EFGH, we note that the altitude from A to face 


BCD is parallel to AE. Since DC x DB is normal to face BCD, this cross product is in the same or opposite direction 


as AE. We choose the orientation of ABCD such that these vectors have the same direction. (If the orientation is 
the opposite, the rest of the solution is essentially the same.) 


We have 
DCx DB =(C-B)x (B-B)=CxB-CxD-DxB+DxD=CxB-CxB-DxB+0. 
We also have ||DC x DB|| = 2[BCD]. Letting V be the volume of ABCD, we have h,[BCD]/3 = V, so ha = 3V/[BCD]. 
Since ||AE|| = k/ha, we have 


= k[BCD] k|DC x DB 
[fal = [BCD] kj |. 
ha 3V 6V 
Since AE and DC x DB are in the same direction, we have 
AE = a5 (Cx B- Cx D- Dx B) 


Similarly, we can show that 


= 


k > = k = > 2 > = 
=— = —(CxD-AxD-CxA), 
BF epe av ' x ) 


= 


k > = k 2 > > > > > 

= — = — — B-Bx D), 

CG gy BA x BD) a a Ax x D) 
> k 3 => k > > = > > 

=— = — -AXC-CxB). 

DH ey CA X CB) ey AX P A ) 


Taking the sum of these four equations gives us a lot of cancellation, and leaves 


> > = - k EX > > > > > > 
d cuu (ab xb CX A-BxXD > 


{a aal 
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> > 


Since B x D = -D x Band A x C = -D x A, the four terms on the right above sum to 0 as well, and we have 
AE + BE CONDO, 


Writing each vector as a difference of vectors gives 


> > > 2 


E Aee aTr 


Since A+ B+C+D = 0, we have F+F+G+H= 0, as desired. Therefore, the centroid of EFGH is the same as the 
centroid of ABCD. 


13.40 The interior angles of a hexagon sum to 47, so if all the angles of E $4 D 
hexagon ABCDEF are equal, then each is equal to = = m, 
S5 

Let sı = AB, s; = BC, s; = CD, s, = DE, s5 = EF, and ss = FA. E 
Let a be the complex number corresponding to A, and similarly for the F 
other points. Without loss of generality, assume that hexagon ABCDEF C 
is oriented so that AB is parallel to the real axis, i.e. b — a is real. S6 $2 

Then we can let b — a = s4, for some real number s;. Since ZABC = an A $1 B 


the argument of c — b, which corresponds to side BC, is % greater than the argument of b — a, which corresponds 
to AB. Therefore, letting Ç = £i we have c — b = £s; for some real number sz. Similarly, we have d - c = es 
e—d = (si, e — f = C'ss, and f — a = (sg for some real numbers ss, $4, $5, and sg. Adding all of the equations 
corresponding to the sides of the hexagon, we find 


gı tla Cc aa Cisc d Esse 0). 


Since C = e™/3, we have (? = e™ = —1, which makes the above equation 


$1 + Cs? + C753 — 54 — Css — sg = 0, 


which we can rearrange as 
($1 — 54) + C(S2 — ss) + C'(ss — se) = 0. 
(niis — 


We could now substitute e™/> = (1 + i V3)/2 and do some algebra to finish, but that's not nearly as illuminating 
(or as fun!) as reasoning geometrically. 


Let p = sı — S4, d = $2 — s5, and r = $3 — se, so that our equation above is Im 
p+(Cq+Cr — 0. Let P correspond to p in the complex plane, and suppose 
$1 — 84 > 0, so P is on the positive real axis, as shown. (The proof is essentially the 
same if s; —s4 < 0.) Let Q correspond to p+Cq. Writing the equation p - Cq+C?r = 0 


as p + Cq = —Ür, we see that Q also corresponds to —Cr. Since r is real, the point 

corresponding to —Cr is on the line through the origin and the second and fourth p 
quadrants that makes and angle of 7/3 with the positive real axis. Likewise, since O Re 
q is real, the point corresponding to p + Cq must be on the line shown through P Q 


that makes an angle of 7/3 with the positive real axis. (There are two lines through 
P that make an angle of 7/3 with the positive real axis; we take the one that does 
not pass through the second quadrant, as shown.) 


Point Q must be on both of these lines, so it is the shown intersection point. Letting O be the origin, we 
therefore have /POQ = ZOPQ = 1/3, so ZOQP = 1/3 and the triangle is equilateral. This gives us OP = PQ = QO. 
Since OP = |p|, PQ = |Cq| = |gl, and OQ = |l-rC| = [r|-C]| = |r|, we have Ip| = lgl = irl, which gives us |si — s4| = 
ls? — s5| = |s3 — sel, so |AB — DE| = |BC — EF! = |CD — FA], as desired. 


See if you can find another solution by proving that the equation p + Cq + C?r = 0 implies that the triangle with 
vertices p, Cq, and Cr is equilateral. 
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13.41 Leta = BC, c = AB, and b = AC. From Exercise 13.2.2, we have D = Bien E = 2 and F = ELE We 


simplify the problem a bit by letting A be the origin. We choose A rather than one of the other vertices because 
this choice gives ED and FD symmetric forms. We therefore have 


bB+cC — cC 5 
b+c a+c (a+c\(b+c) 


((a + c)(bB + cC) — (b + XÊ 
il -> > ~ > > > 

= Capen + acC + bcB + °C — beC - cC) 
1 ~ > ~ > 

= EX ES ee + acC + bc(B — C)). 


Similarly, we have 


> 1 ~ > > -> 
FD = —————— = 
Cea me) (abB + acC + bc(C — B)). 


We are given that ED . FD = 0, so 
(abB + acC + bc(B — Č) - (abB + acC + be(C — By) = 0 
Since the first two terms in each of the vectors in the dot product above are the same, but the last terms of each 
are opposites, we have 
(abB + acC + be(B — C) - (abB + acC + be(C — BY) = (abB + acC) - (abB + acC) - P (C — B) - (C — B). 


Expanding this expression, and noting that B.B = AB* =¢,C-C=AC = b*, and (Ee 2 B) : (C -~ Ë) = BC? = a2, we 
have 


(abB + acC) - (abB + acC) - (C — B)- (C — B) = 2B. B + 202bcB- C 22€. Č- pog 
= d Vc 24 cB C + PPE - veg = 2a2bcB - C + Vie. 
Setting this equal to 0 gives B.C- —ibc. Since B. C = becos ZBAC, we have cos /BAC = -1 5, from which we see 
that the only possible value of ZBAC is 120° | 


To see that such a triangle is possible, consider an isosceles triangle ABC A 
with ZBAC = 120°, so ZABC = ZACB = 30°. There are many ways to show that E SE 
ZEDF = 90° in such a triangle. For example, by symmetry, we have EF || BC. S 
Then, since BE bisects ZB, we have ZFEB = ZEBC = ZFBE, which means ABEF B ^ a C 
is isosceles with EF = BF. Similarly, ACEF is isosceles with EF = EC. Letting X D X 


be the foot of the altitude from E to CD, triangle EXC is a 30-60-90 triangle. Therefore, EX = EC/2 = EF/2, which 
means altitude DZ from D to EF also has length EF/2. Since EZ = FZ = EF/2 = DZ and DZ 1 EF, triangle DZE is 
a 45-45-90 triangle, so ZEDF = 2/EDZ = 90°. 


13.2 Let w = £7, a primitive 14™ root of unity, so w^ = 1. We place the C 
diagram in the complex plane so that A, B, C, and D correspond to the complex 

numbers a = 0, b = k, c = kw (so that AB = AC and ZBAC = 2), and d = 1, where 

we take k to be a positive real number such that |b — c| = 1. 


Since BAC = 7 and AC = AB, we have ZABC = ZACB = an . Since Bm A D B 
x, we see that the angle BC makes bis the x-axis on the us is m — 3a = ls 


4 


Therefore, the argument of c — b is x . Since the magnitude of c — b is 1, we have c — b = «^. We also have 


c— b = ko — k = k(w — 1), so klw — 1) = wt, which means 
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Then CD = |e - d| = |kw - 1| = Ea = ilis awl) — lal As usual, we get rid of the magnitudes by 


considering the square of the desired length: 


Cp? = l -w+ E C -o +D -wt 

lw - 1P (w — 1v - 1) 
We'll handle the numerator and denominator separately. But first, we note that a” =e" = —1 and «^ =e" — 1, 
and that wk = (@)' = (1/w)* = 1/w* = «M Ja = w'**. Using these relationships, we find 


5 


(a? — c 4- ia =w +1) = (a? — o + Ile — o 4-1) = (a? — o * 1o? — «P? +:1) = (a? — o + 1)( 7a? + f + 1) 


= a» (-a? + a + 1) - w-wa? + wf 1) + 1(-a? +. «6 1) 


7 


- —a/ +o & a? a? — a — v — a? af +1 


Sloe censi a 


- a6 a? — a t a? — a? — 4 3. 
Similarly, we have 


(w -1w —1) = (w - 1)(9 - 1) = (w - 1) (P? - 1) 


14 13 


=a -m a IE -w lag" 


-w 42. 


At first, it doesn't look like we can do anything with the ratio of our expressions for |o? — w + 1P and |w — TIERS 
the past, we have simplified expressions involving roots of unity by deriving equations that are satisfied by those 
roots of unity. We try the same here, starting with our earlier observation that o7 = —1. Rearranging this gives 


w’ + 1 = 0, and factoring gives 


DOSE UEM DEM c ue — a) + 1) 


Since w + —1, we have a6 — a? t a — a? t a? — w 4 1 = 0, which means w® = a? -wt t a? — a? +w- 1. Substituting 


this into our expressions for |a? — w + 1P and |w — 1P gives 


(a? — v * 1(a? - o 4 1) a +a — a o? —a? 43 


2 


=(P 4 bar — IPOD 1) PEE NP eu o ee d 


= 20)” De + 267 = Dar 42 22(w? — a ta? — a? +1). 
and 


(m = 1)(@ =1) = @® — w +2 = (a? — a" -a?-a^ *o-1)-vo42-2a? —9ow' ta? —a? +1, 


2(a? -wt to awl 
Therefore, we have CD? = ae oe a = 2, which means CD = a 
ae SLM 
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